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The problem of voltage fluctuations in multilead devices can be formulated either in terms of fluc-
tuating electric fields or fluctuating transmission amplitudes. We point out some subtleties regard-
ing current conservation in the fluctuating-electric-field approach and then show that by treating
the fluctuations in the transmission amplitudes exactly, the two approaches can be shown to be
identical. We show that in the presence of a magnetic field the antisymmetric part of the conduc-
tivity has a finite divergence; however, when evaluated in perturbation theory, its effect is of higher
order in the disorder and can be ignored. Finally, we present some results for voltage fluctuations in
three-, four-, and six-lead devices.

I. INTRODUCTION

The phenomenon of universal conductance fluctuations
has attracted considerable attention in the past few years.
Experiment' and theory ' have shown that the conduc-
tance of small disordered conductors displays reproduci-
ble aperiodic fluctuations of the order of e Ih as a func-
tion of chemical potential or magnetic field, independent
of the sample size or degree of disorder. These are
quantum-interference effects which are a result of the
long-range phase coherence of electrons on length scales
smaller than the inelastic scattering length, L;„.

The original conductance-fluctuation calculations '

were carried out for a two-lead geometry in which the
voltage is measured between the same leads through
which the current is passed. In that case the conductance
has been shown to fluctuate "universally" when the sam-
ple dimensions are smaller than L;„. Conductance is
often measured using a four-lead geometry with distinct
current and voltage leads. The voltage is measured at the
ends of the voltage leads which carry no current. Classi-
cally, one expects that such measurements should probe
the voltages at the points of attachment of the voltage
leads, and that the current divided by this voltage is the
conductance of the segment of conductor between the
voltage leads. Recent experiments, ' however, have
brought into question the role of voltage leads when
measuring quantum fluctuations in small devices. In par-
ticular, it has been shown that for a fixed current the fluc-
tuations in the voltage measured between the voltage
leads approach a finite value as the leads are moved
closer together, even though the average voltage goes to
zero. According to classical expectations, this would
seem to imply that the fluctuations in the conductance
diverge as the leads are moved closer together, in viola-
tion of the theory of universal conductance fluctuations.

The problem with this interpretation is that our classi-
cal expectations are based on the assumption that the
leads can be considered as independent resistors connect-

ed to the main body of the sample, so that when there is
no current in a voltage lead, there is no voltage across it.
When considering quantum fluctuations, one must keep
in mind that the electrons are phase coherent throughout
the entire sample, including the leads up to a length L;„.
The leads cannot be treated as if they were independent
of the rest of the sample. The electrical conductivity,
cr(r, r'), which relates the current density at r to the elec-
tric field at r', is highly nonlocal. The current as r de-
pends on the electric field throughout the entire sample.
Therefore, there can be an electric field in a voltage probe
even when there is no current there, and the voltage
measured at the end of the voltage lead need not be the
same as the voltage at the point of attachment. It is thus
clear that the conductance measured on a four-lead de-
vice is not the same as the conductance which is ad-
dressed in the theory of universal conductance fluctua-
tions. The voltage leads strongly affect the results.

In order to understand such measurements and to ad-
dress the question of whether there is anything universal
in the fluctuations observed, it is necessary to have a
theory which treats the entire sample, including the
leads, on an equal footing. The current and voltage leads
are assumed to be connected to large reservoirs in which
the electrons come to thermal equilibrium by inelastically
scattering. Electrons can enter or leave the leads; howev-
er, when they leave they are not expected to return
phase-coherently. The problem can be specified by
fixing the current passing through each lead to be zero in
the voltage leads and a constant I in the current leads.
We would then like to calculate the fluctuations in the
voltage measured between the ends of the voltage leads.

This problem has been approached from two different
angles, which emphasize different physical principles.
Maekawa et al. have emphasized the nonlocality of the
electrical conductivity o (r, r ). By imposing the fact that
the current in the sample is fixed, they calculate the fluc-
tuation in the electric field, 5E, necessary to counterbal-
ance the nonlocal fluctuation in the conductivity,
5o (r, r'). By integrating 5E between the ends of the volt-
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age leads they are able to calculate the voltage fluctua-
tions. This method stresses the fact that there are fluc-
tuating electric fields present in the voltage leads, so that
much of the fluctuations in the voltage measured are ac-
tually coming from the leads.

Buttiker has considered fluctuations in the transmis-
sion amplitudes, G, , for an electron to propagate from
lead i to lead j. From simple arguments similar to those
used to explain conductance fluctuations in two-lead de-
vices, the transmission amplitudes are expected to fluc-
tuate universally by an amount of the order e /h. In Sec.
III we calculate these fluctuations explicitly and describe
the sense in which they are universal. These transmission
amplitudes can be identified with a conductance matrix
which relates the currents to the voltages at each
lead, '

I;=QGJVJ .

By inverting this expression, the voltages at each lead can
be expressed in terms of the currents at each lead and the
transmission amplitudes. The voltage fluctuations can
then be calculated with a knowledge of the fluctuations in

G,". This method emphasizes the fact that the transmis-
sion amplitudes do fluctuate "universally, " but that they
are not measured directly in an experiment on a four-lead
device. The voltage measured is a somewhat complicated
function of the different transmission amplitudes. In a
two-lead device, the conductance measured is precisely
the transmission amplitude, " so it does fluctuate univer-
sally. As will be shown below, it should be possible to ex-
tract the transmission amplitudes from current and volt-
age measurements on multilead devices.

In Secs. II and III we take a closer look at these two
approaches. In Sec. II we point out some subtleties re-
garding the nonlocality of the electrical conductivity in
the formulation of Maekawa et a/. We then show in Sec.
III that if one explicitly calculates the fluctuations in the
transmission amplitudes, then the two methods give iden-
tical results. In Sec. IV we discuss the role of a magnetic
field in these calculations and point out some complica-
tions which arise when treating the problem of magnetic
field antisymmetry. Finally, in Sec. V we show some re-
sults for three-, four-, and six-lead geometries and discuss
their implications.

II. THE FLUCTUATING-ELECTRIC-FIELD APPROACH

In this section we describe the formulation presented in
Ref. 6 and point out some subtleties that arise. The prob-
lems have to do with the fact that the ensemble-averaged
conductivity, (o &(r, r') ), has been shown to be nonlocal
as a consequence of current conservation. ' Similar non-
local terms are present in the correlation function of the
conductivity. This nonlocality has nothing to do with
quantum interference; its origin has to do with the classi-
cal requirement of current conservation. It turns out that
if one interprets the electric field as a "classical" field in a
sense to be described below, these nonlocal corrections
can be shown to disappear, so that the results in Ref. 6, in
which these nonlocal corrections are ignored, are

unaffected.
Maekawa et al. treat the problem of calculating the

voltage fluctuations in a sample which is composed of
quasi-one-dimensional segments, whose width is much
smaller than their length. Their approach is to enforce
the fact that the total current passing through any given
cross section is fixed and does not fluctuate. They there-
fore write

5I=5f dS dr'cr &(r, r')E&(r')=0, (2.1)

where the integral over dS is an integral over any cross
section. This is then expanded about the averaged quan-
tities,

J dS dr'(cr &(r, r') )5E&(r')+5o,&(r, r')(E&(r') ) =0 .

(o &(r, r')) =oo[5 g(r r') —VV—P(r, r')]

=ooP &(r, r'), (2.3)

where d (r, r') is the rescaled diff'usion propagator satisfy-
ing the equation —V d(r, r')=5(r —r') subject to the
boundary conditions that d(r, r')=0 on a conducting
boundary and V„d (r, r') =0 on an insulating boundary.
It is necessary for the conductivity to have such a form in
order to satisfy the constraint of current conservation,
V o &(r, r')=0, which can be proven directly from the
Kubo formula. ' It therefore appears impossible to iso-
late 5E in Eq. (2.2).

This problem can be avoided by introducing a classical
electric field in the following way. In Ref. 10 it is shown
that the constraint of current conservation on the electri-
cal conductivity implies that the current at a given point
depends only on the voltages at the leads. That is, it is in-
dependent of the precise electric field configuration. The
true electric field may be a complicated function of posi-
tion due to local charge imbalances. However, we can
express the current in terms of the simple classical elec-
tric field which would exist if there was no charge. The
classical field satisfies V E"=0 subject to the boundary
conditions that its normal component vanish on insulat-
ing boundaries and that it integrates to give the correct
values of the voltage at the leads. The classical electric
field will resemble the true electric field on length scales
longer than the screening length. If the sample is com-
posed of segments whose width is much smaller than
their length than the classical field will be uniform in
each segment except in the vicinity of a junction.

One can use the classical field in Eq. (2.2). The term
involving the long-range part of the conductivity can be
shown to vanish by integrating it by parts and using the
fact that V E"=0 along with the boundary conditions
satisfied by d (r, r'). Therefore we can write

(2.2)

Maekawa et al. then assumed that ( o &(r, r') )
=ao5(r —r'), which allowed them to express 5E averaged
over a cross section in terms of 5o and (E ). However, it
has recently been shown that the averaged conductivity is
actually long ranged, '
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5E"(r)= — fdr'5o (r, r')Eo'(r'),
Op

(2.4) 5V,b,„= f dr f dr'5o(r, r') .
a c

(2.5)

where since we are considering a sample composed of
quasi-one-dimensional segments, we can remove the
cross-sectional integrals and vector indices. Voltage fluc-
tuations can be found by integrating 5E" between the
voltage leads. Provided the junctions are of negligible
size, this integration can be carried out by doing a
volume integral over the segments between the leads.
Furthermore, Ep' will only be nonzero on the path be-
tween the current leads, where it wiH be equal to I/o OA.
%e can therefore express the r' integral as an integral be-
tween the current leads. If the voltage is measured be-
tween leads a and b and the current is passed between
leads c and d (see Fig. 1), then we can write (in the nota-
tion of Ref. 4}

This form emphasizes the Onsager symmetry between the
current leads and the voltage leads in the absence of a
magnetic field.

To calculate the fluctuations, (5V,b,&), one needs to
calculate the quantity, (5o(r, , r2)5o(r3, r4)) using pertur-
bation theory. The procedure is similar to the calculation
of conductance fluctuations; ' however, if we are not in-
tegrating over the external positions, it is necessary to in-
clude diagrams in which the external current vertices are
dressed by diffusion ladders. There are many diagrams,
and straightforward enumeration and evaluation is rather
diScult; however, it has recently been shown that by ex-
ploiting the constraint of current conservation one can
express the result as'

(5o f3(r„ri)5o s(r3, r4)) =fdr', f dr& f dr3dr4$ (r, , rI)(t»&(r3, r2)P .(r3, r3)(()ss(r4, r4)I .
f3 s(rI, rz, r3, r4) . (2 6)

P &(r, r')—:5 g(r —r') —V VP (r, r') is the function introduced earlier that has exactly the same form as the ensemble-
averaged conductivity. 1

& s(ri, r2, r3, r4) is the sum of all diagrams in which the impurity dressings of the current ver-
tices are omitted. There are precisely the diagrams considered by Lee and Stone, except that the external vertices are
not integrated over. Diagrams in which the sign of the energy does not change at the current vertices have been shown
to cancel, ' so I can be expressed in terms of the two diffusion diagrams shown in Fig. 2. Their evaluation leads to'

'2
2r.,»(r, ri, r3 14)=16 [5 Pzs5(r, —rz)5(r3 —r4)d (r „r3)

+5~~5&s5(r, —r3)5(r2 —r4)d (r„ri) +5~s5&~5(r, —r4}5(r2—r3)d(r„rz) ] . (2.7)

[Note that diagrams 2(a) and 2(b) and similar diagrams
add to give the first term in (2.7}].

Inelastic effects can be included by putting an inelastic
cutoff in the diffusion propagators contained in I, so that
they satisfy ( V+X;„—)d(r, r')=5(r —r') subject to the
same boundary conditions. ' This cutoff appears because
these diffusion propagators represent ladder diagrams be-
tween Green's functions which represent different mea-
surements. Therefore they should be connected only by
impurity lines and not by interaction lines. Thus the usu-
al cancellation between self-energy and vertex corrections

I

does not occur. The inelastic cutoff should not be in-
cluded in the diffusion propagators which dress the
current vertices and appear in P &(r, r'). These ladders
are between Green's functions which describe the same

X

X
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(a) (b)

FIG. 1. Typical four-lead geometry in which each lead is
connected to a large reservoir where electrons come to thermal
equilibrium.

(c) (d3

FIG. 2. Diagrams contributing to I & ~(r„r2,r„r4).
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measurement, so the cancellation mentioned above does
occur. The form of P Ii(r, r') is a consequence of particle
conservation and cannot be altered by inelastic scatter-
ing.

The quantity (5V,b,d ) is calculated by integrating
(5o5a ) over all of its variables between either leads a
and b or leads c and d. The terms which involve the
long-range part of P &(r, r') involve integrals of
V VP(r, r') which vanish because of the boundary con-
dition obeyed by d. Therefore, the final expression can be
written as

I b d b
(5va, ,d )=,f dr, f dr2 f dr3 f df4I (r] 13 r3 r4) .

~0 0 e a C

(2.8)

The indices in I &z& are all taken to be in the direction of
the segments of wire. Equation (2.8) is valid for any sam-
ple that is composed of quasi-one-dimensional segments
in which the effects of the junctions are negligible, pro-
vided it is singly connected in the sense that there is a sin-
gle well-defined path between any two points (i.e., no
loops}. Otherwise the current could fluctuate and (2.1}
would not be valid.

We see from Eq. (2.8} that the long-range terms do not
contribute after integration. Equation (2.8) is the formula
used by Maekawa et al. , and we therefore conclude that
their result is correct. If one wished to know 5E, howev-
er, it would be necessary to keep the long-range terms in
Eq. (2.4). For instance, I has a finite divergence, whereas
5E" cannot. These long-range terms cancel whenever
their arguments are integrated. A similar cancellation
occurred in Ref. 13. This will not be the case when we
treat the problem in terms of transmission amplitudes
below. The long-range terms represent a nonlocality that
is purely classical in origin, since it is a consequence of
current conservation. This nonlocality extends
throughout the entire sample and is independent of the
inelastic scattering length. This is to be contrasted with
the nonlocal correlations that are contained in I, which
arises from quantum interference and are responsible for
conductance fluctuations. These correlations are nonlo-
cal only on lengths shorter than the inelastic length.

III. FLUCTUATING-TRANSMISSION-AMPLITUDE
APPROACH

We now proceed to discuss Buttiker's approach and
show that if one explicitly calculates the correlations in
the transmission amplitudes, then the result is identically
Eq. (2.8). It has been shown that the current in each lead

I

can be related to the voltage at each lead via the conduc-
tance matrix, ' '

I; = gG;. V,
J

(3.1)

where G, . can be expressed as an integral of the electrical
conductivity over the cross sections of leads i and j,

G; =fd S, fd S'~ &( r, r' ) .

The elements of this conductance matrix can be inter-
preted as transmission amplitudes for electrons to go
from lead i to lead j.' '"

In this problem we would like to express the voltages
at each lead in terms of the currents at each lead, so we
should define a resistance matrix R;~ such that

V, = gR;~I~ .
J

(3.3)

G; and R; are not strictly matrix inverses of each other,
since R;I is only defined up to an additive constant; how-
ever, they do satisfy

V,b,d I [(Raa ———R,d ) —(Rb, R—bd ) 1 . (3.5}

The fluctuations in the resistance matrix can be calculat-
ed to linear order by taking the variation of Eq. (3.4), and
one finds

5 V,b,d —— I g (R,i
—Rbi )5Gi~ (R—~, —R~d ) . (3.6)

To evaluate (5V,b,d ) it is necessary to know the
correlations in the different transmission amplitudes.
Buttiker has argued that the transmission amplitudes
should fluctuate by an amount of the order e iih and that
different transmission amplitudes should be uncorrelated.
His arguments, however, are insensitive to the geometri-
cal dependence of the fluctuations on the ratios of the

sample dimensions. He assumes that the transmission-
amplitude fluctuations are constants, so that the geome-
trical dependence in the voltage fluctuations comes en-
tirely from the average resistance in (3.6). This assump-
tion is not strictly correct, and we shall show how to ob-
tain the exact geometry dependence of the correlations in
the transmission amplitudes.

These correlations can be explicitly evaluated by ex-
pressing the transmission amplitude in terms of the con-
ductivity as in Eq. (3.2). From (2.6) we get

X (Rak Rbk }Gki X Gik(Rka Rkb } 5ai 5bi ' (3'4}
k k

We would like to calculate fluctuations in the quantity

(5G,,5G„, ) =f dS; f dS)I3fdSkr fdSis f dr', f dr2 f dr3 f dr4$ (r„r', )/pe(r 2r )2p yr(r3 r3}ebb(r4, r4)

(3.7)

The integral over dS,- is an integration over the cross sec-
tion of the ith lead. Equation (3.7) is completely general,
and it applies to any geometry. The only input to the cal-

culation is the diffusion propagator, which is the solution
of the classical diffusion equation in that geometry. The
resistance matrix can be calculated from knowledge of



38 VOLTAGE FLUCTUATIONS IN MULTILEAD DEVICES 2999

( 6;~ &, and voltage fiuctuations can then be calculated via

(3.6).
In the case of a sample made up of quasi one-

i

dimensional segments the diffusion propagator is particu-
larly simple, and the function P(r, r'} is just a constant in
each segment. Then, using Eq. (2.6), we can write

(56; 56k.(&= g P;;PJ'Pikes f dr; f dr~ fd. rk. f dr(.Pr;r', rk. , ri) .
i',j ', k', 1'

(3.8)

The indices i', . . . , 1' label the different one-dimensional
segments of the sample which include internal segments
as well as leads. The integrals over dr, ' are integrations
in the i' segment. P,;. is the constant t}}(r,, r; ) integrated
over the cross sections.

In order to simplify the calculation of voltage fluctua-
tions and to make the connection with the result of the

I

I

fluctuating electric field formulation, it is convenient to
note that (6;~ & =oat;J. , so that it would be tempting to
express the P,,' in (3.8) in terms of ( G, &. The only prob-
lem is that i ' can refer to internal segments of the sample.
We shall show in Appendix A that the internal segments
can be eliminated from the sum by changing the region of
integration of I,

1 i' j' k' I'
(56()56„(&=, g &6((.&&6), &&6„„.&(Gi, & f dr, f dr2f dry f dr4I (r„r2, r~, r4),

gP 'I ~ I
/

t /I X X X X
& ~J ~

(3.9)

where now i', . . . , I' are summed only over the leads and x is any intermediate point in the sample. This expression can
then be inserted into Eq.(3.6) and the 6's and R's cancel each other because of Eq. (3.4). The end result is

I2 b d b d
&5V.'„d&= f dr, f dr2f draff dr4Pr„r2, r3 f4),

0o C a C

(3.10)

in exact agreement with the previous result, (2.8).
The fluctuating-electric-field approach to voltage fluc-

tuations is somewhat more direct than the fluctuating-
transmission-amplitude approach, and it may be argued
that it is more fundamental based on the structure of the
calculations. However, the simple result (3.10) is specific
to the particular problem of a sample composed of quasi-
one-dimensional leads. In more general geometries it is
necessary to account for the nontrivial structure of the
classical field, so the simplicity of (3.10) is lost. The
fluctuating-transmission-amplitude approach is general
and is capable of treating any geometry. In addition, the
transmission-amplitude approach provides a bridge be-
tween multiprobe voltage fluctuations and the theory of
universal conductance fluctuations. ' The fluctuations in
the transmission amplitudes are universal in the sense
that they are of the order e /h and independent of the
overall scale size (for L & L;„)and the degree of disorder.
The measured conductance in a two-lead device fluctu-
ates universally because it is precisely the transmission
amplitude. The origin of the fluctuations in the transmis-
sion amplitudes can be understood in terms of the
"diffusive" interference of electrons when they travel
from one lead to another. '

It should be possible to extr'act the transmission ampli-
tudes from voltage measurements by hooking up the
current and voltage leads in different combinations. Con-
sider an n-lead device. If, there is time-reversal invari-
ance, then there will be n ( n —1 ) /2 independent
transmission amplitudes (the diagonal ones can be ex-
pressed in terms of the off-diagonal ones by current con-
servation). The number of independent voltage measure-
ments is constrained by voltage additivity and the On-

I

sager symmetry' between current and voltage probes.
They can be counted by fixing one of the current leads
and one of the voltage leads to be at a single lead, and
then counting the number of ways of hooking up the oth-
er two in the remaining n —1 leads, keeping in mind the
Onsager symmetry. There will be (n —1}(n —2)/2 ways
of hooking up the remaining two at different leads and
n —1 ways of hooking them up at the same lead, so there
will be a total of n (n —1}/2 independent measurements.
These include measurements in which the current and
voltage leads coincide. In order to extract the transmis-
sion amplitudes, it must be be possible to measure the
voltage at the current leads. In Appendix B we will show
explicitly how to extract the transmission amplitudes
from voltage measurements on a three-lead device.

IV. EFFECT OF A MAGNETIC FIELD

The calculations presented up to this point in this pa-
per were carried out under the assumption of time-
reversal invariance, so they, strictly speaking, do not ap-
ply in the presence of a magnetic field. In this section we
show that these results do apply to the symmetric part of
the conductivity. In a recent paper, Isawa et al. ' have
extended the theory to explain the observed magnetic
field asymmetry. ' We point out some additional
subtleties regarding current conservation, but show that
their results are valid anyway.

To treat systems without time-reversal symmetry, it is
necessary to use Streda's generalization of the Kubo for-
mula, ' which has previously been used to calculate fluc-
tuations in the Hall conductivity. '
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2

0' p(I'1 f2) I G (11 12)v 1 u2p[6 (f2, 11)—G (f„f,)]—[6+(f,f, ) —G (I i f2)]u1 v2pG (f2 I i ) I
4m

(4. 1)

where vl ——[(V, —V& )/2i —eA (rl)/c]/m. We ignore the term ecB(6+—G )/BB because it is too small at the
magnetic fields of interest. In the presence of a magnetic field, o p(r, , rz, H) obeys the Onsager symmetry relation
o p(r„rz, H) =o p(rz, r„H—). We can then decompose the conductivity into parts symmetric and antisymmetric with
respect to the reversal of the magnetic field by writing

p (fl r2)= [o p(fl rz») +—& p(fl rz —H)]= —,'[o p(r, , rz, H) o p(rz, r, ,H)]

From (4.1) we can then write

2

o p(, ,)= [6+(r„r,) —6 (r„rz)]u, uzp[G+(r„r, ) —6 (r„r,)],
2

o "p(r„rz)= [G+(r, , rz)v, uzpG (rz, r, ) —6 (r„rz)u, uzpG+(rz, r, )] .
(4.2)

The symmetric part looks exactly like the Kubo formula, and it can be shown explicitly that V cr
&
——0. ' Therefore, all

of the techniques presented in Secs. II and III are valid. The only effect of a magnetic field will be to eliminate the con-
tribution from diffusion ladders in the particle-particle channel, ' ' which will effectively cut the fluctuations in half.

The situation is more complicated for the antisymmetric part. From the equation of motion satisfied by the Green's
functions, we find that

2
V' o "p(r, , rz)= 1 [G+(r„rz)—6 (r, , rz)]vzp5(r, —rz)+5(r, —rz)vzp[G+(rz, r, ) —6 (rz, r, )]I .

771

If this is integrated against any function over r, or r2, then it is equivalent to
2

V' o "p(r, , rz) = 5(r, —rz) I (Vzp —V,p)Re[6+(r, , rz) —6 (rl rz)] l

(4.3)

(4.4)

This need not be zero in the absence of time-reversal sym-
metry. This means that we can no longer integrate by
parts and express the current solely in terms of the volt-
ages at the leads. It brings into question the validity of
our technique for evaluating long-range diagrams and el-
iminating them by expressing the current in terms of the
classical electric field.

We can evaluate V'1 o "p(r„rz) using perturbation
theory, and it turns out that its contribution is higher or-
der in the disorder than the terms that we are keeping.
The proof of this is similar to the proof in Ref. 10 that di-
agrams with no change in the sign of the energy at

I

I

current vertices are higher order. Vl o "p(r„rz) can be
depicted by the diagram shown in Fig. 3(a). Fluctuations
in this quantity can be investigated by calculating mo-
ments such as

(V, 5o "p(r„rz)5o "s (r3, r4))

or

( V', 5o "p(r„rz)V3r50ys(13 r4) )

Some typical leading-order diagrams for these quantities
are shown in Figs. 3(b) and 3(c). Their evaluation leads to

'2
1 e

( Vl 5o' p( l, f)5fzT 1(frs, 43) r) ~ 5(fl —f2)5'(f3 —f4)d (fz, f4)Vzpd (f2, f4),
FF~ h

2

1 e
(V, 5o p(r, , rz)V3r5ors(r3, r4)) ~

z 5(r, —rz)5(r3 —r4)d(rz, r4)VzpV4&d(rz, r4) .
(EFr)

(4.5)

Clearly, the fluctuations in V, o "p(r, , rz) are smaller in
an expansion in (EFr) ' than the terms that we are keep-
ing, so effectively we may regard cr "p(r, , rz) as being
divergenceless in our approximation. This means that all
of the techniques mentioned above to treat the symmetric
part of the conductivity can be used to treat the antisym-
metric part. We can calculate the long-range diagrams

and eliminate them with the classical electric field. In
Ref. 14 the method of Ref. 6 was extended to calculate
the antisymmetric part of the voltage fluctuations in a
four-lead device. As we have seen in Sec. II, this is
equivalent to assuming a divergenceless conductivity ten-
sor. Our considerations in this section support their re-
sults.
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X

(b) (c)

FIG. 3. (a) Diagram representing VI o "&(rl, r2). (b) Diagram
for ( V', 5tr "&(r„r,)5o „"g'(r„r4)). (c) Diagram for
(7, 5c» "&(r,, r2)V3»5(T» (f3 r4)) ~

through lead z, so (5G„) increases. Similarly, when a is

small, (56„,) =
—,', , which is the value of the universal

conductance fluctuations in a one-dimensional two-lead
conductor. This is because electrons never coherently
enter lead y, so leads x and y can be thought of as in-
dependent. As u increases, it becomes more likely for
electrons to enter lead y and inelastically scatter, so
( 56„,) decreases. Correlations between different
transmission amplitudes have a finite value which is
somewhat less than the size of the fluctuations because
the electrons are exploring different regions of the sam-
ple.

We have also calculated the dependence of voltage
fluctuations at T=O on the length of the voltage probes.
Using the same three-probe geometry as above, we find
that the voltage fluctuation (5V„,„» ) is essentially linear
in a for a&1. That is, the voltage fluctuations are linear
in the length of the voltage probe, provided the length is
shorter than the inelastic length. The fact that the fluc-
tuations increases with a is no surprise if one thinks of
the fluctuations as coming from electric fields in the volt-
age probe; however, one might expect the dependence to
be quadratic rather than linear. The dependence on the

V. RESULTS

In this section we present some results for three, four-,
and six-lead devices. These calculations were done
analytically by calculating the diffusion propagator in
each geometry and using (2.8). Similar results have been
obtained in the numerical simulations of Baranger
et al. ' Some details of the calculations and analytic ex-
pressions of the results are presented in Appendix C.

We first discuss the fluctuations in the transmission
amplitudes in the three-probe device shown in Fig. 2 in
which two of the leads are of the same length, L, and the
third lead is a different length, aL. In this case we work
at zero temperature, so that inelastic effects can be ig-
nored. As mentioned above, the fluctuations in the tran-
sition amplitudes are universal in the sense that they are
independent of the overall scale size, so they depend only
on the ratio a and not on L. There are three independent
transmission amplitudes, G„, 6 „and G„, (current con-
servation requires that 6„„=—G„—6„,). In Fig. 4 we
show the various correlation functions of the transmis-
sion amplitudes.

One can understand the geometrical dependence of
these objects by considering the reservoirs at the ends of
the leads as inelastic scattering centers where electrons
lose their phase coherence. Consider, for example,
(56„»). When a is very small, then lead z is very short
and electrons cannot coherently travel from lead x to
lead y, so fluctuations in G„go to zero. In our approxi-
mation of quasi-one-dimensional segments all electrons
would escape into lead z. If there were a finite width,
then some electrons would be able to pass lead z and the
fluctuations would not go all of the way to zero. The
fluctuations should approach a constant value when the
length of the lead becomes comparable to its width. As o.'

increases, it becomes less likely for the electrons to leave

0. 6
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FIG. 4. (a) Fluctuations in the transmission amplitudes ex-
pressed in units of e'/h for the three-lead device shown in (b).
(5G„» ), solid line; (5G„,) = (5G», ), short-dashed line;
(56,5G, ), long-dashed line; (56„56„)= (5G,56„),
long-dashed —short-dashed line.
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FIG. 5. (a) Voltage fluctuations as a function of distance be-
tween voltage leads. The solid line is from the four-lead device
shown in (b). The individual points are from the six-lead device
shown in (c). Circles, (d„d2,d3)/L, „=(0.4,0.2,0.8); squares,
(d „d„d3) /L, „=(0.2,0.1,0.4).

length of the voltage leads at low temperature is similar
in devices with more leads. It increases linearly until the
length of the lead reaches the inelastic length, at which
point the effect saturates and the voltage fluctuations be-
come independent of the length of the voltage leads.

We now present some results for four- and six-lead de-
vices in the limit that the lengths of the current and volt-
age leads are much longer than the inelastic length. This
situation is more relevant to the recent experiments. '

The samples are specified by the ratios of the lengths of
the segments between the leads to the inelastic length.
The results for the voltage fluctuation as a function of the
distance between the voltage probes are shown in Fig. 5.
The solid line represents a four-probe device in which the
distance between voltage probes is varied. The individual
points are from a fixed six-probe device in which the volt-
age is measured between different combinations of leads.
There are two sets of data, which correspond to the same
sample at two different temperatures.

The voltage fluctuations approach a finite value as the

distance between the voltage leads goes to zero. This can
be understood in terms of the fluctuating electric fields in
the leads. As the distance between the voltage leads is in-
creased, the fluctuations increase linearly. In this sense,
the fluctuations are not length independent since there is
a finite slope. This is consistent with the data shown in
Refs. 4 and 5. The fluctuations shown in Fig. 5 are for
zero magnetic field. To compare with measurements of
the symmetric part of the fluctuations in a magnetic field,
one should divide by 2 because of the elimination of the
particle-particle channel. This also agrees well with ex-
periment. The result for the four-probe case is the same
as that in Ref. 1, except that finite-length voltage probes
were included there, which effectively increases the
amount of inelastic scattering, since electrons can escape
out of the leads. One should expect a finite slope because,
as the leads are moved apart, there are also fluctuations
that arise due to the electric fields in the segment between
the leads. The antisymmetric part of the fluctuations
have been calculated in Ref. 14. There it was shown that
the segment between the leads does not contribute to the
antisymmetric fluctuations. Therefore, there is a much
weaker dependence on the separation between the voltage
leads, and the fluctuations remain roughly constant even
when the leads are further apart than L;„.

The only difference between the four-lead case and the
six-lead case is that for the six-lead case there are unused
voltage leads. The effect of these is to increase the
amount of inelastic scattering because electrons can
diffuse into these leads, so it will take them longer to go
from one place to another. Therefore, we expect the volt-
age fluctuations to decrease when there are extra leads.
This effect will be greater when the leads have length
comparable to the inelastic length, since in that case elec-
trons will be more likely to escape through the unused
leads. At this point there will be a crossover to the linear
behavior described above.

VI. CONCLUSION

Voltage leads play a very important role in determining
the fluctuations of voltage measured in multilead devices.
This is a result of the hignly nonlocal nature of the corre-
lations responsible for these fluctuations. There are two
equivalent ways of understanding these results. The
fluctuating-electric-field approach emphasizes the fact
that there can be electric fields in the voltage leads where
there is no current and provides a direct means of obtain-
ing Eq. (2.8). The classical electric field must be used in
these calculations in order to avoid the classical long-
range behavior of the conductivity. The fluctuating-
transmission-amplitude approach is a general method
for treating arbitrary multilead geometries and shows the
relation between multilead voltage fluctuations and the
universal conductance fluctuations found in two-lead de-
vices.

In the presence of a magnetic field, these calculations
apply to the symmetric part of the conductivity. The an-
tisymmetric part of the conductivity is not divergence-
less, so that before averaging one cannot treat the prob-
lem in terms of transmission amplitudes. When evalu-
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ated in perturbation theory, however, the effect of this is
higher order in the disorder, so that the techniques
presented here can be used.

The fluctuations in the transmission amplitudes show
geometrical dependence as a result of the role of the
resevoirs at the ends of the leads as inelastic scattering
centers. Voltage fluctuations also reflect this effect by be-
ing smaller in the presence of extra leads. Voltage fluc-
tuations approach a constant value as the distance be-
tween the voltage leads goes to zero, however, they do
not appear to be length independent for distances less
than the inelastic length, since there is a finite slope in the
fluctuations as a function of distance between the voltage
leads.
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APPENDIX A

In this appendix we show how Eq. (3.9) follows from
(3.8). That is, we show how in a sample composed of
quasi-one-dimensional segments the internal segments
can be eliminated in the sum in (3.8) in favor of changing
the region of integration. We demonstrate this for the
four-lead device in Fig. 1; however, it is straightforward
to generalize to any number of leads, provided the sample
is simply connected in the sense that there is a single
well-defined path connecting any two points in the sam-
ple (i.e., no loops).

Our starting point is Eq. (3.8),

(&GJ&6„(&= g y, , yjj y„„y„.fdr;, f dr~ f dr&. f drl I'(r, , r r&,ri. ) .
i',j ', k', I'

(A 1)

The i', . . . , I' can refer to the external leads, a, b, c,d, or the internal segment, which we will refer to as m. By current
conservation we can express

(A2)

for any external lead i. Considering only the i ' sum, we can then write

&&Gq&Gkt&= X Aqua 4kk4a'f drj f drk f dr
i'=a, b, c,d

P;,'f dr, 'I (r,', r', rk, ri )+ g P;; fdr I (r,r, r kr& )
i'=a, c

P~J'PkkP, & fdr, fdr„ fdrr g P;; dr, l (r, , r, , rkri ),
j ', k', I' i'=a, b, c,d

(A3)

where x is the point where the leads b and d are attached to the internal segment. Actually, the result is independent of
x, since moving x only changes the integral by a constant, and current conservation requires that g;.P;; =0. This pro-
cedure can be repeated on the other variables and we obtain

1 i' j' k' l'

(56;,561()=
4 g (6;; )(6,, )(Gll, .)(G(( ) f dr, f dr2 f dr3 f dr41(r, , r2, r3, r4) .

0 p
'I 'I kI (I X X x X

7

(A4)

APPENDIX B

I;=QG;, V, .
J

(B1)

Vxy yz and V«y, can be determined from the equations

x Gxy Vxy, yz+ xz Vxz, yz

y ( xy + yz ) ~xy, yz +Gyz ~xz, yz

(B2)

where we have chosen the zero potential in (B1) to be

In this appendix we show explicitly how to extract the
transmission amplitudes from voltage measurements on a
three-lead device, whose leads are labeled x, y, and z as in

Fig. 4(b). There are three independent voltage measure-
ments which can be made Vxyxz Vxyyz and xzyz.
These voltages are determined by the relation

Gxz
Vxy, yz

= I,
Gxy yz + xz yz + xy Gxz

G
Vxz, yz

= I .
Gxy Gyz + xz yz + xy Gxz

Similarly, it can be shown that

G,
Vxy, xz = I .

Gxy yz + xz yz + xy xz

(B3)

These can easily be inverted to solve for G, , and one
finds

I

lead x and used the fact that Gyy G y Gy The
equation for Iz = —I is a linear combination of these
equations. These can be solved for V, and V, , :
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G
Vxz, yz

xy
Vxz, yz Vxy, xz + Vxz, yz Vxy, yz + Vxy, xz Vxy, yz

G
VXy, XZ

yz
Vxz, yz Vxy, xz + xz, yz Vxy, yz + Vxy, xz Vxy, yz

G
Vxy, yz

XZ
Vxz yz Vxy xz + xz yz Vxy yz + Vxy xz Vxy yz

APPENDIX C

(B4)

(x; is the position along segment i) subject to the bound-

ary condition that d vanish at the end of a lead, and to
the matching condition that at very junction (1) d should
be continuous, and (2) the sum of the derivatives of d is
zero (so that no net current flows into the junction).

We shall now describe the solutions for the three cases
presented in Sec. III.

1. Three-lead device at T=O

In this appendix we present some details of the calcula-
tions of the results presented in Sec. III. All results de-
pend only on the diffusion propagator d (r, r') which must
be calculated in each geometry and satisfies

By solving (C2) in the three-lead geometry shown in
Fig. 4(b), we obtain

d (x;,x,') = xx' for i &j,
( —V +L;„}d(r,r')=5(r —r'), (C 1) (C3)

subject to the appropriate boundary conditions. In sam-
ples composed of quasi-one-dimensional segments,
d (r, r') will be constant across the cross sections, so it can
be found by solving a one-dimensional diffusion equation
in each segment,

c}2 +L;„d(x, ,x,') =5(x;—x,') (C2)
Bx;

Lj +Lkd(x;,x )=x; 1 — x;

where M =L„L +L„L,+L L„and (i,j,k} is any per-
mutation of (x,y, z). x;~ is the closest to the end of the
lead. To calculate fiuctuations in the transmission ampli-
tudes, we evaluate Eq. (3.8). From the expression for I',
(2.7), we can write [in units of (e /h) ]

( 5Gij 5Gk! ~ g 4ii'4'jj '4kk'All'(5!'j 5k'!'~i'k''+ 5i'k'5j '!'~ij''+ 5i'!'5j 'k ~i'j }'~'
i',j ', k', I'

(C4}

where

X;!=f dx; fdx,'d( ;,xi'x)

After some lengthy algebra, we find that for the case
LX =Ly =L and L, =aL,

8 a (51a +56a+16)
45 (1+2a)

z
~ ( 2

~
8 12a +44a +46a +18a+3

5G„, = 5', (1+2a)
16 a(a —1)(6a +Sa+3)
45 (1+2a)

(C5)

( 5G„5G„,) = ( 5G„SG, )

8 a(a —1)(6a +Sa+3)
45 (1+2a)

These results are plotted in Fig. 4. Note that different
transmission amplitudes have finite correlations. This
contradicts Buttiker s assumption that different transmis-
sion amplitudes are uncorrelated

We have calculated the dependence of the voltage Auc-

tuations on the length of the voltage lead,

I 8 20a +76a +24a+3
(oat /L)4 45 (1+2a)

2. Four-lead device with long leads at finite temperature

d(x„xt)=—
dl I2e —x —xb

281
1 —9e

2d

d (x„x,') = 1 —3e —X —X0 C

2d
1 —9e

(C7)

d(x„x' )=
I I
m 3 1 m

)

1 9e 1

d
1 —x x~

d(x ~,x ~)= — (e —3e )
2(1 —9e }

The boundary conditions are simplified in this situation
since there will be exponential damping of d in each lead,
so that it is not necessary to account for the boundary
conditions at the ends of the leads. [We do not need to
know d (x;,x;.) where x; and x;. are in the same lead].

For the geometry shown in Fig. 5(b) with x„.. . , xz
measured from the functions and x measured from the
junction with leads a and b, we find (expressing lengths in
units of L;„)

This is roughly linear for a & 1.

(C6) Other combinations wi11 be related to the above ones by
symmetry.

We can now integrate these and use (2.8) to get
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2di 4d 2dl 2d 4d
4( —8 —3d&+240d, e '+243d&e '+108d, e '+240e ' —216e ')

(5V,b,d ) =5V~
(1 —9e ')

(C8)

where

e I
(oo A /L;„)

The normalization a, is determined by first calculating
the diagonal components, which can be found by
demanding that the discontinuity in the slope of d (x;,x )

be unity as x, passes through x . We find

3. Six-lead device with long leads at finite temperature

In order to calculate the diffusion propagator in a six-
lead device shown in Fig. 5(c), we note that if x; is in an
external lead and is measured from the junction (again
expressing lengths in units of L;„)

d
e '

2d,
2(r, s;e ' —1)

(C12)

The matching conditions at each junction can then be
used to determine the remaining a;. from

d(x;, x,')=d(x, =0, x,')e (C9)

Therefore, once d(x, x') is known for x,x' in the internal
segments, it is also known in the external leads. To cal-
culate d (x,x') in the internal "spine" of our sample, we
write the general solution as

(C 10)

d
2e '

IJ IJ —1

1 —seJ

d
2e

I —1J
1 —r, e

(C13)

r1= —3, r;+1=

$1 3~ si —1

2d
1+3r;e

2d
1 —r;e

2d
1+3s;e

2d,
1 —s;e

(C 1 1)

where the superscripts L and R refer to whichever vari-
able is further to the left or right in the "spine. "'

r, and s,.

can be found by exploiting the matching conditions at
each junction. We find

The coefficients a;, r„s can now be calculated. Once
the coefficients have been calculated, the entire diffusion
propagator is known, and the voltage fluctuations can be
calculated. We carried it out for six external leads,
though the procedure is valid for any number of leads.
The algebra was carried out by computer and the results
are very complicated, so they will be omitted. We evalu-
ated the expression for (d, ,dz, d )/3L;„=(0.4, 0.2, 0.8)
and (0.2, 0.1, 0.4), which could correspond to the same
sample at two different temperatures. The results are
shown in Fig. 5.
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