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We study the classical statistical mechanics of a shell-model chain with a quartic electron-ion in-
teraction in one ionic species. In order to avoid long-range interactions generated by the adiabatic
treatment of the shells, we assign them a finite mass. Under integration of the harmonic degrees of
freedom, the partition function is shown to correspond to an effective ¢* model. This allows us to
apply the transfer-integral technique for calculation of the free energy in the displacive limit. For
the continuum we obtain exact kinktype solutions of the equations of motion. These excitations, to-
gether with phonons which represent oscillations about kink configurations, are considered as in-
teracting quasiparticles for the construction of the free energy, thus reobtaining the exact results in
the low-temperature limit. This approach allows the extension of our results to the adiabatic case.

I. INTRODUCTION

Nonperturbative studies of nonlinear interactions in
solids, aimed at understanding phenomena near structur-
al phase transitions, have been the subject of a consider-
able amount of work in the last decade.! The purpose is
to describe observable effects in a neighborhood of the
transition where the phonon basis is no longer valid. A
typical feature is the appearance of a peak at zero-
frequency transfer, the so-called central peak, in the dy-
namic response to an external probe such as neutrons or
light.

A conventional model studied analytically in this
respect consists of a monatomic,>* or diatomic,* chain of
atoms with nearest-neighbor interactions and an on-site
double-well potential of ¢* type acting on one atomic
species. This can be considered as a crude representation
of a ferroelectric material. Although such a model can-
not really display a phase transition at finite temperature,
the challenge for these one-dimensional treatments is that
essentially exact calculations of the equilibrium statistical
mechanics can be interpreted in terms of dynamical exci-
tations of the system.3~® The partition function can be
evaluated rigorously in one dimension with the aid of
transfer-operator techniques.” The thermodynamic prop-
erties at sufficiently low temperature are exactly repro-
duced by considering a phenomenological gas of phonons
interacting with kinks as elementary excitations. A kink
represents a moving wall between domains where the
atoms perform collective intrawell oscillations on oppo-
site sides of the local potential barrier. These domains
can be thought of as analogs of the fluctuating clusters of
the low-temperature phase which appear increasingly
larger when approaching T, in molecular-dynamics simu-
lations of two-dimensional® and three-dimensional® ver-
sions of the same model.

A drawback of this model is that the single-site nature
of the double-well potential destroys the lattice transla-
tion invariance and implies neglect of the dynamics of
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some underlying sublattice. This imposes severe restric-
tions on its predictions about the dynamics of real sys-
tems.

On the other hand, the dynamics of oxides and chal-
cogenides with different structures showing ferroelectric
soft modes has been described in the self-consistent pho-
non approximation by means of a shell model with a
quartic core-shell interaction at the anion.!®-!¢ This cor-
responds to a nonlinear polarizability of the anion. Such
anharmonic coupling treated in the self-consistent pho-
non approximation accounts for the temperature depen-
dence of the ferroelectric soft mode and related branches
of the phonon spectrum. The behavior of these modes
has been reproduced by a one-dimensional diatomic ver-
sion of the model.'®~!® For this version, exact solutions
of the nonlinear equations of motion have been found."
Also, a monatomic chain of nonlinearly polarizable
atoms has been investigated.?’ In this case, the coupling
of the self-consistent phonons with exact periodic solu-
tions leads to the softening of an incommensurate mode,
as observed in K,SeO,.

The purpose of the present work is to develop the clas-
sical statistical mechanics of the nonlinearly polarizable
chain and to analyze the contributions to the free energy
from its dynamical excitations. In Sec. II the free energy
is obtained by the transfer-operator method. After intro-
ducing the model and discussing the difficulty of treating
the potential due to the adiabatic motion of the electronic
shells, we consider a finite shell mass. With the purpose
of carrying out an analytical treatment, we also discuss
the conditions necessary for the application of the contin-
uum approximation. It is further shown that similar re-
sults are obtained for the diatomic chain with one non-
linearly polarizable ion.

In Sec. III, phonons and kinks are obtained as small
and large amplitude solutions of the equations of motion,
respectively, and the kink-phonon interaction is studied.
In Sec. IV, we consider the phenomenological approach
for the calculation of the free energy based on the role of
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the kinks, phonons, and their interaction. Finally, in Sec.
V, conclusions and a discussion are presented.

II. MODEL AND FREE-ENERGY CALCULATION

We consider the monatomic chain of nonlinearly polar-
izable atoms with nearest-neighbor interactions (Fig. 1).
The potential for the motion of the cores with displace-
ments u; is given by

O[u,v(w)]=3 [1f (u;—u; )
+1f o, —v; _ )2+ V(v —u;)], (2.1
where
V(w)=——%g2w2+%g4w4 , (2.2)

with positive g, and g,. This represents a double-well in-
teraction potential between cores and shells. v;, the shell
displacement, is determined implicitly by the adiabatic
condition
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where a;;=26;;—8;,_,—8;;, is the nearest-neighbor-
interaction matrix and b;; is its inverse. As is well
known, b;; represents a long range interaction. Thus, it is
useless to undertake an analytic treatment of the parti-
tion function for the effective potential (2.4). This
difficulty can be overcome by assigning a finite mass m to
the shell. The Hamiltonian of the chain becomes

H— 3 [4Mi 4 $m 3440+ 0y =,
+f(u,~+1—u,-)(w,~+1—w,-)

+if(w; —w P+ V(w)] . (2.5)
Note that v; will now contribute to the partition function
as an independent dynamical variable

Z——deu d¥o dMu dMw e BH . (2.6)

For m —0 this partition function does not tend to the
corresponding one of the adiabatic problem. We shall
discuss this question later.

The terms of H containing u; are diagonalized, and
their contributions to Z are Gaussian integrals leading to
the result

>

Vliy;-v,)

FIG. 1. Monatomic chain of nonlinearly polarizable units
with harmonic nearest-neighbor interactions shell-shell f and
core-core f', and double-well local core-shell interactions
V( Uu; —v; ).

—=0=—g,(v;—u;)+g4v;—u;)

+fQu—v; 1 —v; ). (2.3)

This condition determines an effective potential with non-
linear long-range interactions among the u;. This can be
seen by writing the effective potential in terms of the rela-
tive displacements w; =v; —u;:

2

b;jjw;w;

3 awwi+3(f + ) f

2
"] 828
—1+If" 2f-4b!jlj+(f+f)[f bww3 ’
2.4)
f
Z=ZyZ,Z, , 2.7
with
N
KE= ﬁz \/mM ’ (2.8)
N/2 172
2mkg T N-1
= 2 T |4sin? "—’1] . @9)
f+f n=1 N
N
Zw:f+ d w €xXp Bz f w,-,l)z
- i—1
+V(w,) (2.10)

The effective potential for Z, is formally equivalent to
that of the commonly studied ¢*type chain!' with
nearest-neighbor interaction f=ff'/(f+f'). Z, is cal-
culated by the transfer-integral-operator technique.”??
We consider strong coupling between nearest neighbors
relative to the energy barrier of the double well,
Swd >>V(w,), where wo==1(g,/g,)'/? locates the poten-
tial minima. This is the displacive regime where the dis-
placement pattern varies smoothly over a lattice spacing
a. In this limit the eigenvalues of the transfer operator
satisfy an effective Schrodinger equation. In the thermo-
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dynamic limit only the lowest eigenvalue E| is significant
for the partition function which now becomes

—BE,

Z,=e @.11)

E, is the ground state of a particle whose effective
mass increases with T—0 in a double-well potential. At
low temperatures the semiclassical WKB approximation
can be used, and so two contributions are found for E,.
One corresponds to the oscillations in each well, and the
other to tunneling between the two wells. The free-
energy density, relative to the lowest energy where
w =wy, is then

f'__fvib +ftun (2.12)
with
1/2 1/2
po kTl A Pl |7, (e
T g kyT | | mM 2f
(2.13)
and
40 ,wi _
Fom=—~ 840 PEK(O) (2.14)

T a [37BEL0] "

Ex(0) will be interpreted later as the energy of a static
kink

wi(g)=
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Ex(0)=2w}(2fg,)'"%. (2.15)

The diatomic chain, with an additional nonpolarizable
ion between those shown in Fig. 1, coupled to them with
the same spring f, can be treated in a similar fashion.
Since the additional ion interacts harmonically with its
neighbors, its coordinates can be readily integrated and
the resulting configurational contribution to the partition
function becomes of the same form obtained earlier for
the monatomic chain, with an effective nearest neighbor
shell-shell coupling f /2.

III. DYNAMICAL EXCITATIONS

The system admits small-amplitude motions (phonons)
which are solutions of the equations of motion linearized
about the relative shell-core displacement w =w,. In ad-
dition, large-amplitude motions which involve relative
shell-core displacements between +w, and —w, will be
found to exist as stable traveling kinks in the continuum
approximation.

A. Small-amplitude excitations

When the equations of motion corresponding to the
Hamiltonian (2.5) are linearized about one of the bottoms
of the double-well potential ¥V(w), the dispersion relations
for the propagation of coherent motion in that bottom
are

£ 0in? |22
7 2

where u=mM /(m +M) and Q*=2(f/m +f'/M). We
note the existence of an acoustic branch w_(q) due to the
translation invariance of our chain, in contrast with pre-
viously treated ¢* chains.

B. Large-amplitude nonlinear solutions
In the continuum limit the Hamiltonian (2.5) becomes
H=[ ‘i—"[;Ma 24 imo 24 ta?fu”
+ia’fv?+V(w —u)]. (3.2)

The coupled equations of motion for cores and shells
are

Mii—~azf’u”—g—z=0 , (3.3)
dw
m(i0+ﬁ)—a2f(w"+u")+%=0- 3.4

The use of the relative coordinate w for the shells al-
lows the decoupling of this system for propagating solu-
tions of form u(x,t)=u(x —ct) and w(x,t)=w(x —ct).

= 8sin*(ga /2)[2sin*(qa /2)+g,/F1ff'/(Mm)
[Q2sin*(qa /2)+g, /u)?

) (3.1

If, in addition, kink boundary conditions w(% 0 )=xw,
and dw /dx,_,=du/dx,_.,=0 are imposed, a first
quadrature gives

- 2 yw) (3.5)
ds 8,6
and
u:‘yw ’ (3-6)
where
1 M-! m~!
= + 3.7
B ci—ct | ci-c
and
2 2 11
M ¢, —¢
= — 1 h— . 3.
14 + m cl_c? ] (3.8)
Here we define the characteristic velocities

cl=a2f'/M and c}=a’f/m. The general solution of
(3.5) can be formally expressed as an elliptic integral of
the first kind.2 However, for our purposes, we consider
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the particular solutions of kink form:

x —ct
yD=Zwjt = , .
wg(x,t)=tw, tanh Ve (3.9)
up(x,1)=+ugtanh | == (3.10)
K\ 0 \/ g .

where the core displacement amplitude uy=yw, is a
velocity-dependent quantity. This is due to the fact that
the nonlinear interaction does not act on-site, but de-
pends on the relative core-shell displacement. The kink
width is approximately given by 2V'2£. The plus sign in
the preceding equations corresponds to a kink and the
minus sign to an antikink. The strong coupling condition
which allowed the continuum limit implies through (3.7)
that the static kink width be £;>>a. Note that the kink
velocity c is a parameter-independent arbitrary quantity,
with the sole limitation that the second member of (3.7)
must be positive.

The energy Eg(c) associated with these kinks is
relevant for the interpretation in Sec. IV of the free ener-
gy of the chain in terms of its dynamical excitations. In
order to obtain Eg(c), the relations (3.5), (3.6), and

172
+o dx _§_ 8> +wo dw
—V == |—= — (3.11
J W=7 12| e v O
are used in expression (3.2) of H, with the result
Eglo)= |1+ §2[M7/ +m(14y)]e g—gi
(3.12)

Here we note that the quantity Ex(0), Eq. (2.15), is the
static kink energy. Equation (3.12) gives the transforma-
tion relation for the kink energy from a rest frame to a
moving one with velocity c¢. For ¢, =c,, Eq. (3.12) takes
the form of the Lorentz transformation, as also obtained
for nonlinear Klein-Gordon models.> In the general case
¢,5c, the transformations which leave the equations of
motion invariant are of a more complicated nature. The
existence of kinks with arbitrary velocity ¢ and energy
Eg(c) allows the construction of the free energy as a phe-
nomenological gas of these excitations in Sec. IV.

C. Kink-phonon interaction

In order to reproduce accurately the previously calcu-
lated free energy by means of a gas phenomenology of
kinks and phonons, it is necessary to take into account
the effects on the phonons produced by the presence of
kinks, as has been thoroughly discussed.>® At low tem-
peratures, kg T << Eg(0), the low kink density enables
the interaction of phonons with a single kink at a time to
be treated. In addition, we shall work in the kink rest
frame since the results are independent of the kink veloci-
ty due to the invariance of the equation of motion, as dis-
cussed elsewhere.’

The treatment is more apparent when we consider the
equations of motion (3.3) and (3.4) in matrix notation:
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$—A¢"+V,V($)=0 (3.13)
with
VM u ci 0
= “/mv A=y 2| (3.14)
and
Vig)=V(d,/VM —¢,/Vm ) . (3.15)

As a solution for (3.13), we propose a superposition of
a phonon X(x,?) and a static kink ¢’(x)

d(x,1) =8P (x)+X(x,1) . (3.16)

By placing this in (3.13), linearizing in X(x,¢), and con-
sidering that dz“”(x) is a static solution of (3.13), the fol-

lowing equation is obtained for X:
X—AX"+{V, -V, V[ (x)]}X=0 . (3.17)

The time dependence of X can be separated by writing

X(x,t)=G(x)e =", (3.18)
which leads to
—AG"+{V,—V,V[$Q(x)]}G=0"G . 3.19)

This equation represents a generalization for a two-
component field of the one obtained in previous treat-
ments of kink-phonon interactions.®> The discrete spec-
trum of eigenvalues of (3.19) belongs to phonons trapped
by kinks, and the continuum states are free phonons far
from kinks with phase shifts originated by the scattering
from them. For the eigenvalue w?>=0 there is a solution
which is proportional to d¢’(x)/dx. This follows easily
by differentiation of Eq. (3.13) in the static case. This
solution is a Goldstone mode and must necessarily exist
because it represents a kink translation which leaves the
equations of motion invariant. This translation mode
must be distinguished from the phonon w_(g =0)=0
which corresponds to a rigid translation of the whole
chain. In addition, there may be other bound states
whose number N, is relevant for the calculation of free
energy.

The continuum states G,(x) behave asymptotically
like the continuum limit of the phonons found previously
whose dispersion relations are given by (3.1) with ga << 1.
This follows from the fact that, for x — «, Eq. (3.19) be-
comes the equations of motion linearized about one of the
bottoms of the double-well potential. The most general
asymptotic form of G (x) is

i A
Gq(xaw)_,z(A;e'[qul/z) @]

—ilgx+(1/2)A (g)]

+Bge ) (3.20)

where A (q) is the phase shift of the phonons due to the
scattering by the kink. We note that there are two phase
shifts, which correspond to the optic and acoustic pho-
nons. The contribution of the kink-phonon interaction to
the free-energy density can only be calculated when A (q)
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is known. By imposing periodic boundary conditions on
a long chain of length L, the change of the phonon densi-
ty of states at each branch due to the trapping by kinks is
as follows:

1 dA.(q)

A=

The decrease of the total number of phonons due to the
trapping is

—~N,= 3 P[dgapq .

v=1t

(3.21)

(3.22)

Thus, in order to determine A (q), it is necessary to ob-
tain the exact continuum eigenstates of (3.19). By using
the explicit form of V[¢Q(x)] this equation takes the
form

—AG"+W(x)DG=0’G , (3.23)
with
W(x)=2g, [1—3sech’ \/;go ] (3.24)
and
/M —1/VmM
D=\_1/VmM  1/m (3.25)

So as to decouple the system of ordinary differential
equations (3.23), we consider the case ¢, =c,=c,. Now,
A =c(2)1 and the diagonalization of D leads to

clH! =—w’H, , (3.26)

c(Z,H'Z'—iW(x)H2=w2H2 : (3.27)
where

G,=VMH,—VmH, , (3.28)

G,=VMH,+VmH, . (3.29)

Equation (3.26) is satisfied by free acoustic phonons with
the dispersion relation w* =c3q?, which means that these
do not interact with kinks.

On the other hand, H, behaves asymptotically as optic

phonons with the dispersion relation

% (g)=wi+cdq?, (3.30)

with w}=2g,/u. Equation (3.27) has the same form as
the one obtained in the study of the kink-phonon interac-

tion in the ¢* chain.3 It follows that the phase shift of an
optic phonon scattered by a kink is

A+(q)=27rsgn(q)-2tan_1:]/—§:.;)—2 tan~'(V'2g&,). (3.31)

Thus, only the density of states of the optic branch will
be affected by the kink-phonon interaction in the case
c,=¢C,.
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IV. IDEAL-GAS PHENOMENOLOGY

As is common practice,® we shall construct the free en-
ergy of the chain on the basis of an ideal gas of quasipar-
ticles, all of which are finite energy solutions of the equa-
tions of motion. This is justified by the fact that the dom-
inant contribution to the classical partition function arise
from the classical trajectories of the system. In the
preceding picture, the phonons appear formally as Gauss-
ian corrections to the contributions of the external trajec-
tories (kinks, in our case).

The interactions between kinks are negligible at
sufficiently low temperature [kzT <<Eg(0)] where the
kink density is very low. However, in order to obtain ac-
curate agreement with the transfer integral evaluation of
the free energy, it has been shown that it is necessary to
take into account the change in the phonon free-energy
density due to the presence of a kink. When this effect is
considered as kink self-energy, the grand partition func-
tion can be approximated by

{x]

— =
==

K » (4.1)
where Z,, is the free-phonon grand partition function and
Zg is the one corresponding to a gas of kinks and an-
tikinks.

For the phonons we have
= __-BLS,

=,=e€

) 4.2)

where L is the length of the chain. The phonon free-
energy density f, in the continuum limit is obtained from
the lattice result

kBT T/a
fp= - f In

—m/a

fio, fiw_

e
mM

dq

kBT p 172

In

g g
I+—=4 | 1422
S

f

+3ln

o

(4.3)

In the strong-coupling regime g, /f << 1, we obtain the
result for the continuum which coincides with expression
(2.13) for the contribution f;, to the free-energy density
calculated using the transfer-integral technique.

We now turn to the kink contribution to the free-
energy density. At sufficiently low temperatures, when
the kink velocity ¢ is very small compared with the
characteristic velocities ¢, and c,, the kink energy be-
comes

Ex(c)=IMc*+E(0), (4.4)
where M is the kink effective mass:
My=(f/a* )M /f?*+m/fHEg(0) . (4.5)

The kink free-energy density is —kgTng, with the
average total kink-number density ny evaluated by the
standard procedure’ as
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p=0
%(277[(3 TM )" % ~AEg(0)+2¢]

, (4.6)

where = is the kink self-energy.

This has two contributions, the first being due to the
change Af in the phonon free-energy density, while the
second contribution arises from the localized vibrations
oy, , of a kink which corresponds to modes of the discrete
spectrum other than the Goldstone mode. Thus,

Nb
S (D=LAf(T)+kyT S In(Btiw,,) .

n=2

4.7)

With the purpose of comparing the kink contribution to
the free energy with the previously found f,,,, we can
write from (4.6)

_kBTnKz—Z'\/—S“ﬁE'TO ftun Py (4.8)
where
) 1/2 M2 "
@o= |— | with ﬂ:——(%—. 4.9)

In the case ¢, =c,, M =p and &, becomes w,. Now
there is only one nonvanishing bound state
a)b,z:(\/j/ 2)wg, and with the expression of Af(T) corre-
sponding to A_ (g) we obtain

Sx=—kpT In(2V'3B%w,) . (4.10)

In this result exact agreement may be observed be-
tween the free energy of the phenomenological gas of
phonons and kinks, and that determined via the transfer
integral. Although the result deals with the specific case
of ¢, =c,, the development we have used to reach (4.8)
makes it highly feasible to believe that the above con-
clusion is also valid in general. Thus, the notion that
phonons and kinks are the dominant excitations at low
temperatures is fully confirmed.

V. Discussion and conclusions

We have studied the statistical mechanics of a non-
linearly polarizable shell-model chain that has been used
as a simplified version of a lattice dynamical model for
ferroelectric materials. By considering a finite shell mass
we have shown that the configurational part of the parti-
tion function takes essentially the form corresponding to
a ¢* model. The system is treated in the displacive limit,
where the equations of motion for the continuum admit
kink-type solutions. These excitations propagate with ar-
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bitrary velocity, their energies being related to the rest
energy by a transformation of a more general form than
the Lorentz one. These excitations, as well as small-
amplitude vibrations around the kink configurations, ac-
count exactly for the thermodynamical behavior of the
system at low temperatures. The periodic nonlinear solu-
tions which have been found for the discrete chain'*2° do
not survive in the continuum limit. When approaching
T =0, the kink density falls off exponentially and the
most significant excitations for the equilibrium thermo-
dynamics are the phonons. However, it has been
shown??! that the kink dynamics which correspond to
the precursor clusters are responsible for the appearance
of a quasielastic peak in the dynamic response, as experi-
mentally observed.

The dynamic excitations found in this paper show the
same properties when the adiabatic condition is imposed
over the shells. This is achieved by simply setting m =0
in expressions (3.7) and (3.8) of the kink parameters § and
v. When the same is performed on the phonons, the op-
tic branch w_,(q) in Eq. (3.1) rises to infinity and these
phonons cease to contribute to the free energy, while the
acoustic branch «_(q) takes the form corresponding to
the adiabatic model. Thus, in principle, the phenomeno-
logical gas of kinks interacting with phonons allows the
free energy of the adiabatic chain to be obtained. When,
however, the adiabatic condition m =0 is considered for
the free energy (2.12)-(2.14) calculated via the transfer
integral, it is not clear how to distinguish the contribu-
tion which arises from the shells as dynamic variables.

Let us nevertheless remark that the shell mass m
should not be neglected when the polarizable unit of the
chain actually refers to an atomic cluster, as appears to
be the case in the monatomic chain simulation of K,SeO,
(Ref. 20), or diatomic chain representation of ABO,
perovskites.'®!7

Numerical methods must be applied when extending
these studies to discrete cases and higher temperatures.
This would enable us to calculate dynamical correlation
functions and to make comparisons with dispersion
curves obtained experimentally or by self-consistent pho-
non calculations. It is also of interest to analyze proper-
ties in the neighborhood of a true transition, as for exam-
ple in the crossover from a displacive to an order-
disorder regime, which can be studied numerically in two
or three dimensions. Molecular-dynamic calculations
with this purpose in mind are under way.
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