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Within a simple and natural tight-binding model, we show that the increase in critical tempera-
ture from La;-,SrxCuQO; (or YBa;Cu307-5 with § =0.5) to YBa,Cu30; can easily be explained
by the increase in density of states due to the CuO chains present in YBa;Cu3O7. We discuss the
effects of moving the Fermi energy and shifting the chain band with respect to the plane bands.

I. INTRODUCTION

There is no agreement to date on why the T, of the su-
perconductors La;—,Sr,CuO4 and YBa;Cu3O; is so
high."? The major problem is that the most distinctive
property of these compounds is the high value of their T,
and directly related properties. Unfortunately theory has
found it very hard to predict critical temperatures, there-
fore it is not easy to reach definite conclusions. An im-
pressive number of explanations have been presented,?
most of them proposing nonphonon mechanisms. When
the standard phonon-mediated superconductivity is inves-
tigated, the usual conclusion is that a rather strong
electron-phonon coupling is necessary to explain the high
T..

In this paper we add to the confusion by pursuing a
third line of thought, namely that the high 7, might be
due to the occurrence of a fairly large density of states
around the Fermi level. This idea has already been pro-
posed for transition metals and 415 compounds? where
the quasi-one-dimensional structure due to linear chains
of atoms leads to a high density of states at the edge of the
corresponding bands. In a similar way it has been sug-
gested* that the high density of states due to the Van
Hove singularities in quasibidimensional systems might
lead to an increase in T,. This proposal has been taken
up’ to explain the high T, of La;—,Sr,CuQy since these
compounds display a fairly strong bidimensional behavior.
It is important to note that a large density of states does
not exclude a nonphonon mechanism nor a strong-
coupling superconductor.

Now the discovery of T, =95 K in YBa;Cu30s raises
the question, is it possible to account for this huge change
in T, by an increase in density of states alone? Naturally
this is always possible if we take an ad hoc increase in
density of states. The relevant question is to known if the
required increase is compatible with our present
knowledge on YBa;Cu3O;. In this paper we investigate
this problem within the simplest possible model: tight-
binding band-structure, weak-coupling Bardeen-Cooper-
Schrieffer (BCS) theory. An essential feature of our pa-
per is that we do not calculate T,, but we rather try to
compare the T.’s in La;-,Sr,CuO4 and in YBa,Cu3;05
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by assuming that only the density of states changes while
the cutoff frequency and the strength of the electron-
electron interaction are unchanged. In this way we avoid
the notoriously uncertain evaluation of this interaction in
the calculation of T,. Or, in other words, we extract the
interaction from the 7, of one compound to calculate the
T, of the other one. Our conclusion is that we can ac-
count easily for the change in critical temperature.

Naturally it is known that there are strong correlations
in these compounds. Correlations are already strong in
any ordinary metal. Here they are expected to be stronger
due to the rather narrow bands involved in YBa;Cu;0;.
The correlations are clearly shown experimentally by anti-
ferromagnetism of the related compounds La,CuQO4 and
YBa,;Cu306. Our approach to this problem is what is usu-
ally referred to as the weak-coupling approach. We as-
sume that correlations lead to a renormalization of the
low-lying excitations and that the correct physical picture
is a Fermi liquid with standard metallic behavior. To be
proper we should rephrase our paper and speak in terms of
quasiparticles rather than electrons. Within this approach
the antiferromagnetism is explained by a spin-density
wave favored by a strong nesting of the Fermi surface, su-
perconductivity appearing when the Fermi level is away
from these particular values. Naturally the weak-
coupling approach may be inadequate for the high-T,
compounds. It is likely that this question will first be
answered by experiment.

Having said all this, we are faced with the fact that we
do not know the renormalized quantities we need to obtain
T.. Our approach is to take the simplest model for the ex-
citation spectrum of our compounds and extract the single
parameter we need from band-structure calculations,
which give bare quantities. This would not be reliable if
we wanted to calculate T.. But we only want to show that
the possibility that the increase in 7, results from an in-
crease in density of states cannot be dismissed. Therefore
taking the bare quantities is a reasonable procedure be-
cause if the possibility exists with bare quantities, it can-
not be rejected with dressed quantities. Let us finally note
that interactions are likely to lead to heavier effective
masses and higher density of states and therefore to rein-
force the effects we consider.
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II. THE MODEL

YBa,Cu;0; can be considered® as being made up of
two layers of CuQO; square lattices separated by a layer of
parallel CuO chains (we neglect the small orthorhombic
distorsion). The CuO distance is very near a/2=1.93 A.
The CuO; planes are separated from the CuO chains by
BaO planes. Finally this whole structure is separated
from the next one by a layer of Y atoms.

The CuO; planes are essentially identical to the ones
found in La,CuQy (the CuO distance is rather 1.90 A but
we neglect this small change). In this last compound
these planes are separated by two LaO layers. In
La,CuO4 the conduction band can be described by a
tight-binding approximation.>’ The electron hops from
one Cu atom to the next using the oxygen orbitals as inter-
mediate state. This corresponds to a hybridization of Cu
d,:— 2 orbitals with O px and O p, orbitals. Since chemi-
cally we must have a Cu?* valence, the Fermi level is in
the antibonding band. With only nearest-neighbor terms,
the dispersion relation reads

(k) =2¢,[2 —cos(kra) —cos(kya)l, 1)

if we assume that the transfer integral y; between O and
Cu is small compared to the difference E; —E, between
the atomic orbital energies. The energy E; of the Cu or-
bital is taken as zero. A perturbation calculation gives
t1=7t/(E4—E,) for the effective transfer integral ¢, be-
tween two Cu atoms. This simple tight-binding approxi-
mation is actually in rather %ood agreement with detailed
band-structure calculations®” which typically give ¢; =0.5
eV leading to full bandwidth of 4 eV. Since the CuO;
planes in YBa;Cu307 are essentially identical to those of
I(.a)2Cu04, we take the same band structure given by Eq.
1.

A similar tight-binding approximation for the one-

dimensional CuO chains gives

e(k) =2¢,[1 —cos(k,a)l, 2)

where the effective transfer integral ¢, between two Cu
atoms should not be very different from ¢, since the CuO
distances are the same in the planes and in the chains.
However, in this way we forget the effect of the O atoms
of the BaO planes which are located just above and below
the Cu atoms of the chains at a distance of 1.85 A. These
are easily taken into account in a tight-binding calcula-
tion, but in the limit of small transfer integral y; these two
atoms together merely shift the energy of the Cu orbital
by 2y$/(E, —Ep) =2t3; where ¢; should be somewhat
larger than ¢, since y; is increased by perhaps 10% with
respect to y; due to the 0.08-A reduction in the CuO dis-
tance. Therefore Eq. (2) is replaced by

e(k) =215[1 —cos(kca)l+2t3. 3)

Now the plane band Eq. (1) has a Van Hove singularity
at the middle of the band =4t with a logarithmic diver-
gence while the chain band Eq. (3) has a singularity at its
bottom with an inverse square-root divergence. Both
singularities provide an increase in average density of
states which is favorable for a high T.. We note that
these two singularities are not far from each other, the en-

ergy difference being g =4¢, —2¢3;. This difference is
likely to be even reduced since the Coulomb repulsion due
to the O atoms of the BaO plane is stronger on the Cu of
the chains than the corresponding repulsion on the Cu of
the p}{mes because of the smaller distance (1.85 A against
1.93 A).

Anyway, ab initio band-structure calculations have al-
ready been performed!®!* for YBa,Cu3O7 and they all
find that the bottom of the chain band is very near (from
0.1 to 0.3 eV) below the middle of the plane bands (which
we identify as being 2 eV below the top; the lower part of
the band seems rather complicated due to various cou-
plings but this is unimportant since this happens far from
the Fermi level). Therefore, we are very near an ideal sit-
uation where the bottom of the chain band is just located
at the middle of the two plane bands. '’

Now by balancing the valence numbers, the three Cu
atoms of a cell must carry seven holes, four of them being
in the d bands. In the ideal situation this is obtained by
putting two holes in the chain band and one hole in each
of the plane bands. Therefore, the chain band is empty,
the plane bands are half filled, and the Fermi level falls
right at the bottom of the chain band and in the middle of
the plane bands. Thus, it is located at the same place as
the two above singularities, a situation which could ex-
plain the high T, of YBa;Cu30;. Band-structure calcula-
tions find the Fermi level very near this ideal position (the
rapidly varying density of states might explain the notable
differences obtained for its value at the Fermi level by the
various calculations).

Naturally, such a remarkable ideal situation cannot be
exact and indeed band-structure calculations, within their
precision, find only a near coincidence. Moreover, there
can actually be no divergences in the density of states.
They occur only because we have assumed pure one- and
two-dimensional behavior which is actually spoiled by
coupling between the various parts of the system. Howev-
er, we do have interchain coupling but this should be small
because of the large distance (3.86 A) between the Cu be-
longing to neighboring chains. In the same way the chains
are coupled to the planes through the O atoms of the BaO
planes. But the p, orbital of this O atom, which is strong-
ly coupled to the chains as we have seen, has for symmetry
reasons a zero overlap integral with the d,:_ . orbital of
the Cu atoms belonging to the planes, which is the impor-
tant one for the planes. This O p, orbital has a strong
overlap with the Cud;,:_, orbital of the same atoms but
these orbitals have a small weight at the Fermi level in the
planes. Therefore, the coupling: between the chains and
the planes are weak near the Fermi level. Finally, the
CuO; planes on both sides of the Y layer should also be
badly coupled because of the large distance (3.33 A) be-
tween corresponding Cu atoms and the fact that Y atoms
offer a poor relay. A similar situation arises in
La;-,Sr,CuQOy4. Naturally the question is to know exact-
ly how small these couplings are, but a result of order 0.1
eV would be enough for our purpose, which is not un-
reasonable since it would be 20% of our parameter . Now
the band-structure calculations all find quasi-two-
dimensional CuO; planes and quasi-one-dimensional CuO
chains behavior near the Fermi level. Therefore, our mod-
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el can be considered as retaining the salient features'S of
the ab initio band-structure calculations.

Regarding this smearing problem, it is very important
to realize that a broadening of the density of states over
typically a full width of 4 kg T, has essentially no effect on
T., and densities of states beyond that range still have an
important weight in the value of T.. This means that a
number of broadening effects, which are dramatic for a
T.=10 K superconductor, become inessential for a
T.=95 K superconductor. In other words, high-7, su-
perconductivity helps high-T, superconductivity. This is a
curious bootstrap effect, and this is perhaps of some
relevance for the remarkable T, stability and insensitivity
of the 95-K superconductor.

In this paper, as a means to compare YBa;Cu307 and
La;—,Sr,CuQy4, we want to study the change in T, for
YBa;Cu307-; as a function of the departure § from oxy-
gen stoichiometry. There are already experimental re-
sults'”13 for this dependence and we will consider them in
the discussion of our results. Neutron-diffraction experi-
ments'® show that the missing oxygen is removed from the
CuO chains (there is also the possibility of disordering
when an O atom is between two Cu belonging to neigh-
boring chains but we will ignore it.) Now when an O
atom is removed from a chain, the Coulomb repulsion due
to this atom and felt by the two d,._,: orbitals of the
neighbor Cu atoms disappears. Therefore, the energy of
these two orbitals are reduced by probably several eV, giv-
ing rise to states with energy much below the chain band
(these are similar to dangling bonds). The natural and
most simple hypothesis is to assume that these states are
localized. These two states are now filled whereas they
were empty in the presence of the O atom. But when this
O atom disappears, we have to find room for two electrons
which were previously accommodated by the O atom, giv-
ing an O2~ jon. These two electrons will merely go in the
two localized states and we obtain two Cu?* instead of
the two Cu®* we had before the O removal (naturally
these simple valences do not correspond to reality, they
are just convenient for easy countm%) In summary, we
go from Cu 3027 Cu?t to Cu?* when one O atom
is removed.

Now these localized electrons (we should speak rather
of localized holes) should produce paramagnetic mo-
ments. Actually such a paramagnetic susceptibility, in-
creasm% with the nonstoichiometry 6, has already been ob-
served !® in YBa,Cu307 -, but the magnitude of this sus-
cepublhty seems to be too low for our purpose One possi-
bility is that the two nelghbormg Cu?? interact antifer-
romagnetically, giving rise to a nonmagnetic singlet state.
Another one is O vacancy interactions which could con-
ceivably reduce the paramagnetic behavior. It is also pos-
sible that, due to hybridization with other low-energy d
orbitals, our states are somewhat delocalized leading to
reduction of the magnetic moment. But it might well be
that these states are so delocalized that we can put two
electrons of oppos1te spins in these states, leading
effectively to Cu™t. Actually, the whole question of the
physical nature of these states is an open problem which
looks quite difficult to solve theoretically. Therefore, we
will stick to the simple hypothesis of localized states for

simplicity. Let us just mention that other hypotheses
would not qualitatively modify our basic conclusion. But
it would complicate the calculations and obviously change
the results quantitatively.

The net result of our hypothésis is that the Fermi level
is unchanged when an O atom is removed from the chains
since the two electrons left by this atom find a place in
new deep lying states and not at the Fermi level. Natural-
ly, the chain band is strongly affected by the oxygen remo-
val. A similar situation'® has been studied for the T.
dependence of V3 Au on atomic ordering. Here we make
use of the following simple version of this study. For a
nonstoichiometry &, one O atom among 1/§ is removed
which leaves, on the average, chains made of 1/§ Cu
atoms. The lowest possible wave vector ko for a wave
function corresponds to half a wavelength in the chain
which gives ko=nr5/a. We cut off the spectrum at this
wave vector assuming that the lower energy part of the
spectrum, corresponding to k < ko, has disappeared be-
cause of the oxygen removal. This leads to a rapid disap-
pearance of the essential part of the chain band spectrum
for the critical temperature and a corresponding drop in
T, which is observed experimentally. Rather soon the
chain band plays no role and we are basically left only
with CuQO; planes. This is essentially the snuatnon found
in La2 «Sr,CuOy. Indeed, experiments'”!'® show that T,
falls in the vicinity of 40 K for YBa;Cu3O7-5 with
6=0.5 and for larger § superconductivity disappears
completely. This temperature is rather near the typical T,
for Lay —,Sr,CuQy4. Therefore, it is reasonable to ascribe
the difference between the T. =95 K of YBa;Cu3;0O; and
the 7.=~40 K of YBa,Cu3;O;—; with §=0.5 (or
equwalently Laz xSr;CuQy) to the disappearance of the
chain band.

Actually, very recent experiments show that YBa,-
Cu30g is antiferromagnetic. This can be understood by
assuming that further oxygen removal leads to Cu™ in the
“chains.” Then we are left in YBa;Cu3Og with half-filled
CuO; plane bands, a situation identical to La;CuO4 where
antiferromagnetism is also found. This makes it likely
that YBa;Cu307 does not correspond to the ideal situation
since this might also lead to antiferromagnetism. Rather
a Fermi level located 0.1 eV above the bottom of the chain
band (more in agreement with band-structure calcula-
tions) would put the plane band (we would have 2.3 holes
in the plane band which corresponds to the situation found
in Lay—,Sr,CuO4 with x =0.15) away enough from half
filling to avoid this instability. The position with respect
to the Fermi level of the Van Hove singularity of the plane
bands plays a rather secondary role in our model for the
calculation of the variation of T, (see below). In the real
YBa;Cu305 there is no reason to have it located at the
middle of the plane band. So in the following, we will dis-
cuss our results as a function of its location. We stress
that the essential ingredient of our model is the bottom of
the chain band located not far away from the Fermi level.

In the following, we quantitatively study the model cor-
responding to the band structure, Eqs. (1) and (3), and
look for the change in T, when the chain band Eq. (3)
disappears. We consider, in particular, the effect on this
change of shifting the Fermi energy and of moving the



chain band with respect to the plane bands. Although we
have explained that the Van Hove singularities are actual-
ly smeared out, we will keep for mathematical conveni-
ence the singular density of states corresponding to Eqgs.
(1) and (3). The reason is that the BCS gap equation it-
self produces an averaging over typically 4kgT,, and
therefore any effect of the singularities is completely
washed out. Thus, keeping the singular behavior is actu-
ally unimportant, and since it is convenient for calcula-
tion, we keep it. We could cut off the singularities. This
would complicate the results unnecessarily and bring little
quantitative changes.

III. CALCULATION OF THE T. CHANGE
AND DISCUSSION

The density of states per spin corresponding to the
plane band Eq. (1) is given for € <4t by

zv,(e)=4N 1 K[ ¢ J )

8t —€ 8t1—e€

where K is an elliptic integral?! and N the number of Cu
atoms in the plane. In the vicinity of the mlddle of the
band e==4t,, N,(¢) can be approximated by '

N 16¢,
Ni(e) = (5)
e 2n%t le—at,| ]
]
21r2t| - fﬂ+yr tanh(y — yr) nl-2
e Iyl
where in our simple model
p 1/2
vi=4In2, st%[_t—;—] . (10

In the following we take ¢, =t;. We treat first the ideal
situation yr =y, =0 where the two singularities coincide
with the Fermi level and then consider the effect of the
departure from this ideal situation. The calculation corre-
sponding to the first two terms within brackets in Eq. (9)
is carried out through a by part integration

o Vi
tanhy . be™ _ v
f_ndy ) lnm— 2In(be™) Inq

—In?Q+2aln(be™)+8 ,
where

a=_f cosh2 » BT f ycoshz

In obtaining Eqs. (11) and (12) we have replaced the
boundaries * Q in the integrals for a and g by =+ o and
we have made tanhQ = 1. Both of these approximations
produce only exponentially small errors of order e ~2°,
The integral a is well known in BCS theory
a=y—In(n/4) = 0.818 where 7 is the Euler constant
(e®/2=1.13) and numerically B=1.99. Assuming stoi-

an

(12)

+V1+V2
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the corrective terms?? being of order (e —4¢)In| e —41,].
The density of states for the chain band Eq. (3) is, with
€'=e—2(t,+1¢3)

, 121 -172 -12
Ny(e) = N 1—- | =~ N
2mt; 2t; 2ty

6'+2t2
15

’

(6)

where the last equality holds near the bottom of the band
€= -2 2.
The BCS gap equation reads

2 I tanh(é/ZkBTc)
2 f_wodé————————é NG ™

where £ =¢— Er is the energy measured from the Fermi
level and wo is the BCS cutoff. The density of states V(&)
is twice V| corresponding to the two plane bands plus N,
corresponding to the chain band. We measure the energy
from the middle of the plane band. It is also convenient to
work with reduced energies taking 2kgpT¢c as unity. We
set

€—4t, =2kBTcy, Er=er—41, =2kBTcyp s
wo=2kgT.Q, t,=2kgT.b, (8)
€0=2t3—4t1, =2k3Tcyo s

and the gap equation becomes

12
} 9 (9)

Yy ~JYo

chiometry (§=0) the last term in Eq. (9) gives for
YBa,Cu304

Sy a5 —Lo- [ d—‘%zl’-ﬂ(o) ~2()""2,

(13)
with again exponentially small errors and
d 1
L©) = [~ a2y o —— =381,
© f y¥ J‘ Z Gt D
(14)

where the series is obtained by residues calculation (see
below). Finally, Eq. (9) reads for YBa;Cu;0;

I=1n2(boe” ") —1n2(rge")

+vzb&/2L(0)—2vzrd/2+ﬁ—a2 s (15)
with ro=t1/wo=b/0Q and we have set bo=t,/2kgT?
where T2 is the critical temperature of YBa;Cu30-.

Now for YBa;Cu307-;, the lower boundary in the in-
tegral Eq. (13) must be replaced by ¢ =x258%bt,/t; corre-
sponding to a cutoff energy Aep=t,(koa)? due to oxygen
depletion. Taking the difference between Eq. (15) and the
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corresponding equation for ¢ =0 we obtain

L [1n2(be®*") = In2(boe®*™)]
vovbh

1/2
bo ¢ tanhy
+LO) |1- [ : ] ]-j; dy (16)

y3/2 ’

which gives the critical temperature kgT.=t,/2b of
YBa;Cu307-s.

Let us first consider the limit case where the chain band
has disappeared. This corresponds to taking ¢ =Q and
Eq. (16) reduces to

In2(b1e® " —In2(bge® ") =L(0)v2b4/2 —2vord? |
an

where by =t,/2kpT! and T/ is the critical temperature of
YBa;Cu3O;-;5 for §=0.5 or equivalently of Laj—,-
Sr,CuQy4 as we discussed. If we take for v; and v, the
values given by our simple model Eq. (10) with 7,=¢,,
everything is known in Eq. (17) except ro. We take for
example wo=0.05 eV, a typical high-energy phonon in
these compounds. With ¢;=0.5 eV this gives ro=10.
Then from Eq. (17) T2=95 K leads to 7! =21 K, much
too low compared to the expected 40 K. Conversely
T} =40 K leads to the much too high T2 =135 K. These
results are not very sensitive to our assumed value for r.
Therefore we come to the conclusion that the change in
density of states alone can easily explain the observed
value for the ratio 79/T/). Since we have considered an
ideal situation, it is not surprising that we come with a
much too high T%/T/}. All the differences between the
real situation and the ideal one will reduce this ratio, lead-
ing to a possible agreement with experiment.

We now consider the § dependence of the critical tem-
perature. We see immediately that our limiting tempera-
ture T! is reached for c=@, that is &="C(wo/t2) "/
n==0.1. For smaller &, the decrease in T, is linear in &
and slows down somewhat near § =0.1. This rapid drop in
T, is in sharp contrast with the experimental results'”!®
where T, has not changed very much for §=0.1 and the
rapid change from 90 to 50 K takes place between 6 =0.1

*a+yr  tanh(y —yF) 1 o tanhy 1
d 1 - d In—
J“““”y y—yr Iyl f“ﬂy y Iyl
where
<+ oo
100 =f" dyt—ajjl-lxln|1+yp/yl . (19)

The second term on the right-hand side of Eq. (18) can be
expanded in powers of yr/Q

f:gf In

which takes for yr=Q the value —z2/12. J(yr) can be

2n

ZEL ()

Q

2 o

YF 1 1
l—___ _-——E__

yz] T n?

and § =0.4. Clearly our rapid drop is partly due to the lo-
cation at the Fermi level of the low-energy part of the
spectrum, which is sensitive to oxygen depletion. The sit-
uation would be much improved, and much more similar
to experiment, if we were to place the bottom of the chain
band at say 0.1 eV below the Fermi level (= —0.1 eV),
more in agreement with band-structure calculations.
Indeed for 6 <0.1 the affected part of the spectrum would
be outside [—wo,wol: T, would only begin to drop at
6=0.1 and it would decrease more gently than in the ideal
situation. Also if instead of a sharp cutoff ko we used a
more careful treatment'® of the effect of oxygen removal
on the spectrum, we would obtain a less drastic effect. We
would also much improve the situation by choosing for the
cutoff wp a more reasonable value wo=0.1 eV correspond-
ing to the highest phonon frequency. All this would bring
us close to the experimental results.

However, we have not proceeded to a quantitative study
because at the present stage the physical interpretation of
the experimental data is not so clear. Indeed the more re-
cent data'® seems to show a kind of plateau between say
6=0.25 and 6§ =0.4 with 7. =55 K which requires inter-
pretation. It is likely that what happens is more compli-
cated than a simple homogeneous oxygen removal. The
plateau suggests the presence of yet another unidentified
superconducting phase which is perhaps an ordered com-
pound. In a similar way one might think that the stabili-
ty'8 of T, at 90 K is due to inhomogeneous effects, oxygen
being removed from some regions while others stay at the
stoichiometric YBa;Cu30;. Pending the solution of these
experimental questions, we cannot obtain definite con-
clusions from a comparison between experiment and our
model. For example, one could imagine?? that the T, of
Y Ba,Cu30; is reduced by some small disorder and the or-
dered YBa;Cu3;07 would have a much higher T,, which
would experimentally give a much more rapid drop of 7,
with 4.

Let us turn to the effect of shifting the Fermi level and
the bottom of the chain band from their ideal position at
the middle of the plane band.?* The contribution of the
constant part of the density of states v; +Inb in Eq. (9) is
unchanged when yr=0. The contribution of the In|y |
term is changed by

~d y#
=—Joe)+ | Lnji-=|, (18)
I
integrated by residues as
o 1 4y
=2 Infl+—=———1. (@D
IOr) n2-:02n+1 " n? (2n+1)2]

When an expansion in powers of y# is performed one
sees that the n =0 by far dominates except for the lower
powers of y2. If correction is made for this point one ob-
tains a very good approximation for J(yr). For example,

4yf -
J(yF)-zln[1+Lf +4.2y£10 72— 7.43p£10 74,
4

(22)
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gives a very good approximation with errors of order 10 ~2
up to yr =3 where J(yr) =3.39. As can be seen directly
from Eq. (19) for large yr the correct behavior is actually

2
L4
27 (23)

2
J(yr) zlnzyp+2alnyp+ﬂ——7-t6—+

which is already a very good approximation for yr =3 and
even rather good for yp=1.

Similarly the last term in Eq. (9) gives (for ¢ =0) a
contribution

0+Yr gy tanh(Y —Yr)
VY Y~ Yr

© dY 1

n+YF\/? Y—-Yr

F(YF)=-=f0

=L(YF)— (24)

where we have set Yr=yr—yo and assume |Yr| < a.
The last term on the right-hand side of Eq. (24) is

12 12
2_plh+ Xl w1 X2 | v,
Nz o o
(25)
1 Q+Y; 12
x—2arctan ——F , Yr<O0 .
Yr | Y|

In the case Yr> Q, one must also subtract from the
right-hand side of Eq. (24)

pr—n dy tanh(Y —Yg)
0

JY Y—=Yr
1/2 1/2
Y
=2 [ZF——I + —f—] ] (26)
,YF Q Q

The first term on the right-hand side of Eq. (24) can be
integrated by residues as

= 4y tanh(Y —YF)
L(YF)"fO 5 Y—1r

iy 1 Vet eWen)

n=(Q 2n+1 g(Yp,n) ’

where g(Yr,n) =[Y2+22(Q2n+1)%/41"2. Again a good
approximation is obtained with the term n =0, corrected
to give the exact result for the lower powers of the expan-
sion in powers of Y. For large Y7 >0

7

L(YF) = la+2In(2\/YF)] , (28)
Yr
which is already good for Yz =3. And for large Yr <0
L(Yp) ~ —Z— (29)
Yr

which is a good approximation at Yr=—2. We have
L(0)=3.81 and L(YF) has a maximum value 4.19 very
near Yr=1. Then it decreases rather slowly since
L(5)=3.65. We see that the ideal situation Yy =0 is not

the optimal one for L(Y7) which is actually obtained for
Yr=1. We note that L(Yr) does not change so much for
positive values of Y7 (provided Yr < Q). For example, if
the bottom of the chain band is 0.05 eV below the Fermi
level we will have Yr=2.9 and L(2.9)=3.81=L(0).
On the other hand the situation is obviously much less
favorable when the bottom of the chain band rises above
the Fermi level. We note that when the asymptotic be-
haviors Eqs. (23) and (27) are valid we merge smoothly
into a regime where a simple standard BCS formula with
the density of states calculated at Er can be used for the
various contributions in Eq. (9). This was naturally ex-
pected.

From the various contributions which we have obtained
it is clear that the effect of departing from the ideal situa-
tion is not at all dramatic, as one might fear, but rather
progressive. Naturally the energy scale for all the effects
is 2kg T, but on this scale they are rather weak, whereas
one could think that they are strong. To be specific we
consider various situations to illustrate our point. We
compare a§ain the critical temperature with (T?) and
without (T') the chain band always starting from T2 =95
K and looking for T..

Let us first keep the Fermi level at the middle of the
plane band Er =0. We have to solve Eq. (17) where the
right-hand side is replaced by F (Yr). If we raise the bot-
tom of the chain band T9/T/! decreases rapidly. For the
given value of T9=95 K, we reach T!=40 K for
g0=0.022 eV (and T!=95 K for £=0.05 eV since the
cutoff wg=0.05 eV). If we lower the bottom of the chain
band, 7Y/ T/ first rises and for &g=—0.016 eV we obtain
T!=17 K. Then TYT/! decreases, but T!=40 K is
reached only for eg=—0.11 eV. Therefore there is a fair-
ly wide range (0.13 eV) compared to 2kzT? (0.016 eV)
where T2/T/ is larger than the experimental value.

Then we take the Fermi level away from the middle of
the plane band. This will actually increase TY/T.! since
the effective density of states of the plane band is de-
creased compared to the chain band one. But obviously
this situation is much less favorable for high 7,.. One can
study with Eqgs. (18)-(23) the effect on T, of shifting
away the Fermi level, but this is not our purpose in this
paper (one would need to know the interaction V in order
to make such a study effective). Let us just indicate that,
as expected, an important decrease in T, is obtained when
Er shifts by a few 2k T.

Coming back to T/T! when the asymptotic behavior
Eq. (23) can be used, we obtain a simple BCS result for
the plane band and we have to merely solve

In(TYTYH) =v,bd2F(YD/2In(t,e"/ | EF|) ,  (30)

where Y2 is Y with T, =T2. If we take the bottom of the
chain band at the Fermi level (Y2=0) we have

@Gn

For | Er| =0.05 eV, T! =9.5 K becomes naturally small-
er than what we found for Exr =0. If we raise the bottom
of the chain band 7! =40 K is reached for gg— Er=0.03
eV. If we lower it below the Fermi level, we reach soon a

In(TYT}) =11.6/In(t,"/ | EF|) .



268 R. COMBESCOT AND J. LABBE 38

simple BCS regime and
(a+1n ﬂo)

1 ]1/2
Er—¢g In(t1e"/| EF|) '

For |Er|=0.05 eV, we obtain T!=40 K when
Er—e=0.24 eV (this result is not very sensitive to our
choice of Er). Therefore for | Er| =0.05 eV we obtain
that TYT! is larger than experiment when the bottom of
the chain band varies in an energy range of width 0.27 eV.

From the above discussion it is clear that we obtain a

9/T} much larger than experiment for a fairly large
range of the parameters g and Er of typical size 0.1 eV.
Therefore it one takes into account the broadening effects
of interchain and interplane coupling, the experimental
result can still be explained by our model provided that
this broadening is of order 0.1 eV (which is reasonable as
we have seen). Indeed broadening effects amount to shift
around the energy of the eigenstates. Therefore the result
is qualitatively similar to a shift in the Fermi energy.
Similarly, scattering gives a broadening over an energy
range h/t. The relaxation time can be estimated from the
plasma frequency and the conductivity by r=4no/wp
With w, =2-3 eV from the infrared data and 1/o =102
uQcm, one gets h/t=0.1 eV and broadening due to
scattering is not strong enough to modify our conclusion.

Let us make a few concluding remarks. One can con-
sider our calculation Eq. (9) as obtaining an effective den-
sity of states. It is important to realize that these effective
density of states are obtained by integrating the actual
density of states over a rather large energy interval of or-
der 4kpT,. Moreover the density of states beyond that
range contribute in a very important way, typically its
weight is half of the integral in Eq. (9). Therefore we be-
lieve that if the results from band-structure calculations
are properly integrated, they will agree with our con-
clusion that the increase in effective density of states is
enough to explain the increase in 7, in going from
Laj—,Sr,CuOy4 to YBa;Cu3O7. Moreover this averaging
process could bring the final results of the various band-
structure calculations in much better agreement than they
are presently.

Our use of the weak-coupling theory can certainly be
criticized. Indeed taking as an average ?honon frequency
() our cutoff wg=0.05 eV one obtains? for 7. =95 K an
effective coupling constant A =1.6 (for u* =0) which is a
typical value?® suggested for the high-T, compounds. A
hlgher A is obtained for a lower (w). However, it is
known %3 that at fixed (), the critical temperature T,
grows as A /2 for large A and does not saturate as does the
McMillan formula. The naive weak-coupling theory
gives?® T, =wpr/2 for large A. Therefore it is reasonable
to believe that our results for the increase in critical tem-
perature, that is the ratio 7.%/T, would not be too much
reduced by a proper analysis with strong-coupling theory.

Another point is that the densities of states which we
use are reasonable and in agreement with the experimen-
tal estimates for the specific heat. Indeed it must be real-
ized that in order to obtain the specific heat at tempera-
ture 7, one averages the density of states over a range
4kpT around the Fermi level. Therefore in our ideal situ-
ation, we can take the density of states at 2kzT from Ef

In(TYT)) =v, (32)

and use it as an effective density of states in the Sommer-
feld constant. Actually,?’
e2N (¢)

1
de R
4kpT? f ch?(e/2kgT)

with N(g) =2N |(s)+N2(s) given by Egs. (5) and (6),
leads exactly to2®

c(n= (33)

21v 166 |
c (1) kET 0 ][ln[szTJ 0.35] ,  (34)
w1 )7
,,_ 2 2
C,(T) k T 2’”2] kT x0.87 , (35)

with C(T') =2C(T)+ C,(T). Taking merely the density
of states at 2kpT is therefore a good approximation since
it amounts to neglect of the additional term 0.35 in Eq.
(34) and the factor 0.87 in Eq. (35) [the factor 7 in Eq.
(35) comes because we have N,(g)=0 for £>0 only
whereas the density of states N|(g) is symmetricall. Now
for T=95 K, Egs. (34) and (35) correspond to an
effective density of states of 3.90 states/cell/eV for the two
spin directions together, equivalent to an effective Som-
merfeld constant of 9.2 mJ/mol K2 which is typically half
of the current experimental estimates.” We note also
that in order to have 7. =95 K in Eq. (15) we need 7 =48
which gives the reasonable value 0.20 eV Xcell for the pa-
rameter NV.

Finally we note that the isotopic effect is easily obtained
by differentiating Eq. (7). This leads in general to

da)o E_ 1 N(szTcy)
dT. wo N(wg)+N(—wg) Cth ’

(36)

Roughly speaking wodT./T.dw, is the ratio of the den-
sity of states at wg to the density of states at 2kz T, and
therefore it is reduced with respect to the standard BCS
value of 1. In the present case we obtain

In(roe™) +vord’?/2
In(boe®" ™) + v2b42L(0)/4

T @ _
da)o Tc

=0.49 . 37N

This trend toward reduction agrees with the experimen-
tal results.*® However, it is known that Coulomb repul-
sion plays an important role in the isotopic effect, and it is
therefore not surprising that we do not obtain the nearly
zero isotopic effect found experimentally in YBa,;Cu30;.
Since the isotopic effect is notoriously very difficult to cal-
culate with rather uncertain results we cannot draw any
further conclusion.

In conclusion we find that the increase in 7. from
La; - ,Sr,CuO4 to YBa,Cu30; or the decrease in 7. due
to oxygen depletion in YBa;Cu305 can be easily explained
by a change in the effective density of states, obtained in a
natural way from a simple band-structure calculation. It
is therefore reasonable to believe, or at least impossible to
exclude, that density-of-states effects are partly responsi-
ble for the high values of the critical temperature itself,
together with the known high value of the phonon energies
in these compounds.
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