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A calculation is performed for the low-temperature free energies of defect-free incommensurate
monolayers of krypton on graphite. The calculation uses realistic potentials to describe the interac-
tions between the atoms in the system, and takes into account the dynamic nature of the monolayer.
The anharmonic nature of the interaction potential between acfsorbed atoms causes the low-

temperature behavior of the incommensurate monolayer to deviate from that predicted by harmonic
calculations. The zero-point energy of the monolayer is significant, and reduces the critical value of
the substrate corrugation to 7.0 K. if the monolayer is to have a commensurate phase at low temper-
atures. Also, the zero-point energy cannot be neglected if the variation in the equilibrium misfit of
the monolayer with chemical potential is to match tbat found by experiment. The

3
exponent of

the misfit variation is found to be merely a consequence of the fact that the monolayer crosses over
from having a domain-wall network to being weakly modulated over the range of misfit values con-
sidered by experiment. The value of the exponent is therefore not a universal value: Other similar

systems may exhibit different exponents. The entropy contribution to the free energy is found to be
small; the interactions between the domain walls, though weak, are suflicient to reduce the entropy
of the domain-wall breathing mode. The free energy therefore does not vary significantly as the
temperature of the system is increased from zero.

I. INTRODUCTION

In the physics of two-dimensional systems, the krypton
monolayer on graphite is probably the best system to il-
lustrate the unique phenomena that can be observed in a
physisorbed monolayer. ' This system exhibits a very
stable commensurate (C) phase which is extensively used
to characterize graphite substrates. The commen-
surate-incommensurate (C-IC) transition is well defined
and has been closely analyzed. ' There is strong evi-
dence for the existence of domain walls in the incom-
mensurate (IC) phase. Several different melting transi-
tions have been identifieg: These transitions are well
predicted by Potts-model calculations. ' However,
despite the simplicity of the system, there is still, after
many experimental studies, an incomplete picture of the
microscopic nature of the IC phase.

Krypton is a rare-gas atom. The graphite surface
forms a honeycomb array of adsorption sites. The in-
teractions between krypton atoms and between the kryp-
ton and the graphite surface are all basically of the van
der Waals type. ' ' The adsorption energy of krypton
onto graphite is about 1800 K. The equilibrium separa-
tion preferred by the krypton atoms is 4.03 A. This is
somewhat smaller than the spacing of 4.26 A, the lattice
parameter for the nearest triangular array of adsorption
sites, which is the (&3&(V3) C configuration. (4.26 A
=&3)&2.46 A, the distance between adsorption sites. ) In
the C phase the krypton monolayer is therefore slightly
expanded. As more atoms are deposited on the surface, a

transition occurs to an IC phase of higher density. The
IC phase consists of commensurate (or registered) regions
separated by a regular honeycomb network of walls of
higher density. ' ' A typical incommensurate configur-
ation is shown in Fig. l. The difference between the aver-
aged krypton spacing of the IC phase and the C phase,
called the misfit e, is known to vary as the —,

' power of the
chemical potential once the monolayer becomes incom-
mensurate. I With increased density, the IC phase is
also observed to undergo a transition from being aligned
with the substrate to being rotated with respect to the
substrate. ' '

In this paper, with the use of realistic potentials, we
calculate the free energies of IC configurations for vary-
ing misfits and angles of rotation. We are particularly in-
terested in assessing the validity of Shiba's harmonic
theory' ' for the IC phase and in determining the im-
portance of the contributions of the zero-point energy
and the entropy term. As we shall show in Sec. IV A, the
inclusion of cubic terms in the interatomic interactions
introduces an important new feature into Shiba's theory
of orientational epitaxy. The zero-point energy is used
in Sec. IV A to calculate a new value for the critical pa-
rarneter V that measures the strength of the rare-
gas —substrate interaction. In Sec. IVC, results for the
entropy contribution to the free energy reveal that for a
larger interval of misfit than it is generally believed the
domain-wall interaction is strong. The following section
lays down the formalism for this work, while Sec. III de-
scribes the calculation.
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FIG. 1. Typical positions of the adatoms for an incommensu-
rate monolayer with hexagonal periodicity, the vectors Rl and

R& are primitive vectors of the superlattice. This is a stylized
picture and does not represent a minimum-energy configuration.

II. FORMALISM

The behavior of the monolayer must be considered in
the context of the total system of krypton vapor, graphite
substrate, and condensed krypton film. The equilibrium
configuration is the configuration that minimizes the total
free energy of this system. An exact calculation for the
total free energy which considers all aspects of the system
simultaneously is not practical. However, approxima-
tions can be made which separate the free energy into
several independent components to reduce the complexi-
ty of the problem. This separation has been considered
by Villain and Gordon. '

The general system is taken to be a sealed chamber of
volume V containing Xz krypton atoms and a graphite
substrate. The temperature of the system is maintained
at T. Under appropriate conditions the krypton will con-
dense onto the substrate to form a solid monolayer. The
chamber is assumed to be suSciently large that the num-
ber of condensed atoms, N, is insignificant compared to
the total number of atoms, Nz-, in the chamber. The
equilibrium state will then be the state that minimizes the
free energy A„

A, =F, —pcV,

where I', is the Helmholtz free energy of the condensed
phase, and p is the chemical potential of the krypton va-
por. The study can therefore be restricted to an examina-

tion of the condensed system. The effect of the vapor on
the total system is provided by the chemical potential JM

which is treated as a parameter.
The energy of the condensed system will involve both

potential and kinetic energies. Because the components
of the system are quite massive, the dynamic aspects of
the condensed phase are, at low temperatures, expected
to provide only minor corrections to the information ob-
tained from calculations of the static properties. The free
energy of the condensed system can thus be separated
into a potential-energy term and a term which depends
on the dynamics of the system.

The potential energy of the condensed system is divid-
ed into two parts. The first part is the potential energy of
the bare substrate; the second part is the energy change
when krypton is adsorbed onto the surface. The calcula-
tion can be restricted to consider only the latter part be-
cause constant terms have no impact on the equilibrium
configuration.

A given adsorbed atom (adatom) will be influenced by
interactions with neighboring krypton atoms and an in-
teraction with the substrate. The interaction between
krypton atoms can be described in terms of a pair poten-
tial; the form of the potential used in this calculation is
the bulk potential of Aziz modified by the substrate
screening as determined by Rauber et al. 3 from the
theory of McLachlan. Additional influences on the
adatom-pair interactions have been discussed in detail by
Bruch' with the conclusion that they do not have an im-
pact on the configuration of the monolayer.

The substrate interaction, which involves the attrac-
tion between substrate carbon atoms and the adsorbed
krypton is, however, not as easily described. The charge
distribution within the substrate, due to chemical bond-
ing between carbon atoms, complicates the interaction to
the extent that it has not yet been modeled reliably. Be-
cause of this, a parametrized form of the substrate poten-
tial that reflects the symmetry of the substrate is used in
the calculation. The substrate potential has the form

V(r, z) = V, (z) —g Vs(z)e's',
8

where z is the height of the krypton atom above the sub-
strate and r is a vector confined to the plane of the sub-
strate with origin at an adsorption site. The summation
proceeds over all reciprocal-lattice vectors g of the sub-
strate.

The dominant term in (2), V, (z), is the surface average
of the potential energy V(r, z). The remaining terms in
(2) provide the lateral variation of the substrate potential.
As shown by Steele, ' the lateral variation in the sub-
strate potential influences the adsorbed atoms in two
ways: First, the substrate can exert a lateral force on the
adatoms, and second, the height z at which each atom sits
varies as a function of its lateral position r. For the com-
mensurate monolayer each atom sits above an equivalent
site on the substrate and the monolayer is planar. For in-
commensurate monolayers, however, the adatoms are not
all situated at equivalent sites of the substrate and the
monolayer is not planar.

Gooding et al. ' have considered the height variation
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E = —,
' g4(r —r')+ g V(r), (4)

where r and r' are the lateral positions of the adatoms in
the rnonolayer and the first summation excludes the pos-
sibility that both positions coincide.

The potential energy is minimized for configurations of
the monolayer in which the positions of the adatoms
satisfy the condition

0= g V4(r —r')+ VV(r) .
r'

As before, the summation excludes the possibility of coin-
cidence. Equation (5) refiects the fact that the static
forces felt by the adatoms are zero when the positions of
the adatoms minimize the potential energy.

Because of the interplay of the adatom-pair interac-
tions and the substrate interaction, the atoms will not
form a triangular lattice when the monolayer is incom-
mensurate with the substrate. However, the atoms in the
monolayer always maintain a hexagonal packing with po-
sitions r that have slight displacements u from a triangu-
lar lattice of vectors R,

r=R+u(R) .

of the adatoms in the monolayer. They found that be-
cause the positions of the adatoms (r,z) are smoothly
modulated, the difference in height between an adatom
and its neighbors is negligible. The interactions between
the adatoms can therefore be calculated as though the
monolayer was planar; the heights of the adatoms are
dependent only on the substrate interaction. An adatom
with a lateral position r will have a height z(r) at which
the substrate interaction is minimized. This minimum-
energy distance z(r) defines a surface on which the
monolayer lies.

The substrate interaction felt by the krypton atoms
which are confined to the surface z(r) can be described
by a potential V(r) having a form, similar to (2), that de-
pends only on the lateral position of the adatom. The
variation of the substrate potential is so smooth on this
surface, however, that summation over reciprocal-lattice
vectors can be truncated after the first shell. ' This leads
to a simplified form

V(r) = Vo+ Vs g ( 1 —e's'),
8

where the summation involves only the first shell
reciprocal-lattice vectors. Vg is a parameter, known as
the substrate corrugation, which provides the lateral vari-
ation in the substrate interaction. Because of the symme-
try of the interaction, V is a constant that has been fac-
tored from the summation.

With a pair potential 4, which describes the interac-
tion between krypton atoms in the monolayer, and the
substrate potential V, which gives the interaction between
a krypton atom and the substrate, the potential energy of
the monolayer can be calculated. As mentioned above,
the height variation in the minimal energy surface z(r) is
so slight that the pair interactions 4 between adatoms in
the monolayer can be calculated as though the monolayer
was planar. The energy of the monolayer therefore is

The primitive lattice vectors, d, and d2, which generate
the vectors R, have lengths determined by the averaged
spacing of the adatoms in the monolayer. If the primitive
vectors of the commensurate phase are defined to be D,
and D2, the experimentally measured quantities of misfit
c. and orientation 6I are related to these primitive vectors
by

0 being the angle between the two vectors d& and D&.
These quantities are also related to the size and arrange-
ment of the domain network. Specifically, the length of
the vectors R, and R2 in Fig. 1 increases with decreasing
misfit and rotate as the orientation changes.

Molecular-dynamics calculations show that at low tem-
peratures the monolayer forms a honeycomb network of
domain walls, although the form is less regular than that
shown in Fig. 1.' The domain walls are not pinned to
the substrate and move easily. ' ' For systems with fixed
coverage, this behavior can be described in terms of
domain-wall vibrations about a honeycomb configuration
with perfect hexagonal symmetry. The lowest-energy de-
viation of the domain walls from the perfect honeycomb
configuration is a breathing distortion which varies the
size of the registered domains without changing the total
length of the domain walls in the monolayer. ' lf energy
is not required to breathe the domain walls, the potential
energy will be the same for all breathed configurations
and can be calculated from the configuration of smallest
periodicity. If the breathing motion requires energy, the
periodic configuration will be the configuration of
minimum energy. If the periodic configuration has vibra-
tional modes that are unstable, then another
configuration will be lower in energy. The energy of the
monolayer at a given misfit and orientation is calculated
with the assumption that the configuration is periodic.
Because the domain walls are free to translate, there
will not be a unique periodic configuration of minimum
energy. To restrict the calculation, the energy is deter-
mined from the periodic configuration that has inversion
symmetry about the centers of the registered regions.
(Figure l is an example of such a configuration. ) The as-
sumption that this type of configuration has minimum
energy is tested when the vibrational modes of the system
are calculated.

As shown by de Wette et al. , the krypton monolayer
on a graphite substrate will have a variety of vibrational
modes. Some modes can be attributed exclusively to vi-
brations of the adsorbed atoms, some modes can be attri-
buted to the substrate, and some modes involve a cou-
pling between the motions of the rnonolayer and sub-
strate. The motion of the adsorbed atoms within the
plane of the monolayer is decoupled from the substrate
and can be calculated with the assumption that the sub-
strate is rigid. The out-of-plane modes, however, in the
long-wavelength limit are heavily coupled to the bulk
modes of the substrate and cannot be calculated using the
rigid-substrate approximation.

The coupling between the out-of-plane monolayer
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modes and substrate has also been observed experimental-

ly, although the coupling is less complex than the work
of de Wette et a1. would suggest. For the most part,
the out-of-plane motion of the monolayer appears to be
Einstein-like ' with the only coupling occurring at
wave vectors where the Rayleigh mode of the substrate
can become hybridized with the motion of the mono-
layer. This behavior was predicted by Hall et al. , who
performed calculations for a monolayer on an elastic sub-
strate. They also found that the long-wavelength modes
of the monolayer can become broadened in frequency due
to a radiatioe damping with the substrate bulk modes.
The average value of the out-of-plane mode frequencies
do not, however, vary from that calculated by treating
the monolayer as an Einstein oscillator on a rigid sub-
strate, except at wavelengths where the substrate Ray-
leigh mode couples to the motion of the monolayer.

In any case, the experimental evidence indicates that
the motion specific to the monolayer appears to be less
sensitive to the substrate's dynamics than de Wette
et al. suggest. (The discrepancy in de Wette's calcula-
tion may be due to the fact that only 13 sheets of graphite
were used to model the substrate, and the monolayer may
thus have an undue influence on dynamics of the total
system. ) The short-wavelength motion of the monolayer
out of the plane is dispersionless, even if the long-
wavelength motion may not be. ' This implies that the
adatom interactions are insignificant and can be neglect-
ed for these modes. This conclusion will be valid for all
incommensurate configurations considered in this work,
because the compression of the adatoms is never great
enough for their interactions to significantly influence the
out-of-plane behavior of the monolayer. From Steele's'
estimates of the substrate corrugation, the influence of
corrugation on the substrate interaction is totally
overshadowed by the magnitude of the holding potential
V, (z) of the substrate (2), and for the out-of-plane behav-
ior the substrate interaction can essentially be regarded
as uniform. It can therefore be said that for motion per-
pendicular to the substrate the adatoms move indepen-
dently of each other without regard to their location on
the substrate. This removes any possible distinction be-
tween out-of-plane motion of adatoms in the commensu-
rate and incommensurate monolayers, and the mode cou-
pling between the monolayer and the substrate is expect-
ed to be, on average, the same regardless of the
configuration of the monolayer. The out-of-plane dynam-
ics of the monolayer is thus neglected as it has no
influence on the configuration of the monolayer.

The average holding potential of the substrate, V, (z} in

(2), which dominates the out-of-plane motion, does not
affect in-plane behavior. The behavior of adatoms within
the plane is determined by the substrate corrugation and
the interactions between the adatoms. Because the posi-
tions of the adatoms change with different configurations
of the monolayer, the in-plane free-energy contribution
will be configuration dependent and the in-plane dynam-
ics of the monolayer must be determined in order to find
the equilibrium configuration.

The in-plane modes are also of considerable interest be-
cause they are significantly different for the commensu-
rate and incommensurate monolayers. For the commens-
urate monolayer, each adatom is at an adsorption site.
This locks the monolayer on the substrate and does not
allow vibrational energies below a given band-gap value.
The incommensurate monolayer, however, has highly
mobile domain walls and the IC phase has low-energy
modes. Indeed, Villain predicted that a domain-wall
breathing mode could become completely soft ' with
consequences for the commensurate-incommensurate
phase transition. In the following sections, any further
mention of dynamics or motion will refer to that within
the plane of the monolayer.

III. CALCULATION

A. Static configuration

From (2) the adatoms are forced to lie on a surface
z(r). The positions of the adatoms on this surface are
determined by interactions between each other, and with
the substrate. The variation in height z of the adatoms is
so slight that the adatom-pair interactions can be calcu-
lated as if the monolayer was planar. ' The form of the
substrate interaction is given by (3). The lateral positions
r of the adatoms for the minimum-energy configuration
must satisfy (5). The heights of the adatoms can be sub-
sequently calculated from (2) once their lateral positions
are known. To reduce the calculation, only periodic
configurations with registered regions that are separated
by domain walls which cause a shift of only one adsorp-
tion site are considered. Further simplifications to the
calculation are possible, because the displacements of the
adatoms u(R) are smoothly modulated and the distances
between adatoms remain close to the averaged spacing R
determined from the misfit. The adatom-pair potentials
used in (4) and (5) can be expanded as a Taylor series
about the averaged spacings,

C&(r —r')=
I l+(u —u'}.V+ —,'[(u —u'). V] + 6[(u—u'). V] + . I@(R—R') .

From (6), u and u' are functions of R and R', respective-
ly, and the gradient operator works on the argument R of
the function 4. Because the distances between the ada-
toms remain near the spacing of the triangular lattice,
this series can be truncated after the first few terms. The

most frequently used truncation for analytic studies ex-
cludes the anharmonic terms. This approximation has
been discussed in a previous work with the conclusion
that the expansion of (8) must include at least the cubic
term to produce agreement with relaxation studies. '
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Other studies on similar systems have considered the
quartic term and have concluded that truncating (8) at
the cubic term is adequate. Therefore, to allow the
influence of pair interactions to be calculated rapidly, all
terms past the cubic one are neglected.

Another benefit of the smooth modulation in the ada-
tom positions is that the amount of information required
to describe the configuration of the monolayer can be re-
duced. From the periodicity of the monolayer, the dis-
placements of adatoms u(R) can be expressed as a
Fourier sum,

u(R)= g u, e
I, m

(9)

where qI ——Iq, +m qz is a reciprocal-lattice vector of the
superlattice. The Fourier series can be truncated after
the first few long-wavelength shells because the displace-
ments have such a smooth spatial modulation. Inversion
symmetry about the centers of the registered regions is
assumed so that uI ———u I . The resulting reduc-
tion in the amount of information required to describe
the system makes the computations for the displacements
u more efficient. The values of uI are then determined
through a Newton step process which finds tQe values for
which the total force on each adatom is zero. ' The
consequences of assuming that the minimum-energy
configuration is periodic with inversion symmetry about
the registered centers is discussed later when the vibra-
tional modes of the system are considered.

B. Dynamic contributions

The static positions so determined provide a basis
about which the dynamic nature of the monolayer can be
examined. Krypton atoms are quite massive and at low
temperatures their vibrational amplitudes relative to their
neighbors will be small. Calculations of the dynamics of
floating monolayers indicate that anharmonic effects pro-
vide only a small perturbation to the general results ob-
tained from harmonic treatments. Thus, at low temper-
atures, the general behavior of the adatoms in response to
each other can be obtained if the force constants are as-
sumed to be harmonic.

For incommensurate monolayers, the adatoms are also
influenced by the substrate. The domain-wall motion
causes significant movement of the adatoms relative to
the surface and the influence of the substrate interaction
will be harmonic only for small displacements of the
walls. Since the walls move freely, the energy associat-
ed with their motion will be small and the amplitude of
their vibrations will be large, even at zero temperature.
As a result, the influence of the substrate interaction on
the motion of the adatoms will not be harmonic. This,
however, does not imply that the mode frequencies can-
not be calculated with the harmonic approximation.

From a renormalized description of the incommensu-
rate monolayer, the properties of the monolayer can be
determined entirely from the shape of its domain-wall
structures. The location of these structures on the sub-
strate is not relevant because the pinning is so small. In
the renormalized picture, the domain walls will have vi-

brational modes associated with their motion. Since the
behavior of the domain walls is insensitive to their loca-
tion on the substrate, anharmonic effects will result only
from the walls colliding. The following calculation as-
sumes that these collisions do not occur and the motion
of the domain walls is harmonic. The vibrational
frequencies can then be determined by considering
infinitesimal perturbations of the domain-wall system.
Under such conditions the interactions on the adatorns
vary harmonically, and the forces on the adatoms can be
determined from a dynamical matrix based on their static
force-free positions.

The vibrational modes of the monolayer are calculated
from the dynamical matrix. The positions of the vibrat-
ing adatoms are defined to be

r(R, t) =r(R)+ v(R, t), (10)

f, =U, + +co,(k)+ gin(1 —e ' ),
s, k s, k

(12)

where F, =Nf, for Eq. (1), and U, is the energy per ada-
tom of the static configuration. Equation (12) has split
the free energy into a static energy contribution U„a
zero-point energy Eo, and a temperature-dependent con-
tribution ET. The static energy, U„has been discussed
in the preceding subsection. The calculation for the
temperature-dependent contribution, ET, involves only
the lowest-energy vibrational modes. These mode ener-
gies are calculated and the value of ET is obtained by
summing over the k vectors in the superlattice Brillouin
zone. This summation is made more efficient by extract-
ing the logarithmic singularity in k of ET, which can be
directly integrated. The remaining expression is analytic
and can be efficiently evaluated numerically by restricting
the summation to special k points in the Brillouin
zone.

where r(R) is the static force free position of (6) and
v(R, t) provides the time-dependent behavior. With the
assumption of harmonic behavior, the motion of the ada-
toms satisfy

82
M v(R, t)= —QD(r(R), r(R')) v(R', t),

R'

where M is the mass of the adatom, D is the dynamical
matrix of the superlattice, and the summation over R' in-
cludes the point R.

The method of solving (11) for the lowest-energy vibra-
tional modes has been described in a previous paper.
The solutions provide the in-plane normal modes
(co, (k), vr (s,k)) of the system. The index s is used to
identify the mode: Because the system is two dimension-
al, the number of modes will be twice the number of ada-
toms per domain. Although co, (k) is the frequency of the
mode, the low-frequency motion of the domain walls will
not be given directly by vt (s, k). Instead, the form of
the domain-wall motion must be interpreted from the
harmonic movement of the adatoms on the domain walls.

With the low-energy vibrational frequencies, the in-

plane component of the average Helmholtz free energy
per adatom can be calculated from
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From (12) the zero-point-energy contribution, Eo, in-

volves a summation of all the eigenvalues of the dynami-
cal matrix averaged over all values of wave vector k in
the Brillouin zone. For incommensurate monolayers, the
number of adatoms per domain increases dramatically as
the density of the configuration approaches the
commensurate limit. As an example, the nonrotated
configuration with a misfit of 2.22% has 675 adatoms per
domain and thus 1350 in-plane normal modes. Solving
for all the eigenvalues of such a large system is computa-
tionally unwieldy. Furthermore, calculating the eigenval-
ues for several k points compounds the problem. There-
fore, a more practical method of calculating Eo is re-
quired.

If the eigenvalues of the dynamical matrix are defined
to be k, (k), the frequency co, (k) of the mode can be
determined from

A,, (k) =Mco, (k), (13)

where M is the mass of an adatom. The zero-point ener-

gy can then be expressed as

Eo —— —J g (A, )&A. di, ,2&M "o
(14)

where A. and A,o are the upper and lower bounds of
A.,(k), respectively, and g (A, ) is the density of states.

The density of states, being a function of A., can be ex-
panded as a sum of orthogonal polynomials. In the case
of two-dimensional systems, g (A, ) is nonzero at its
minimum, A,o, and maximum, A. . Functions of this form
are well described using Legendre polynomials,

g (A. )= g a„P„(2(A,—A,, )/kd ),
n=0

(15)

where A,, =(A, +A,o)/2, A,d ——A, —A,o, and a„must have
the form

a„= g P„(2(A,, (k) —A,, )/Ad ) .
s, k

(16)

The factor of 1/N indicates that the summation is actual-
ly an average over all modes s and wave vectors k in the
superlattice Brillouin zone. Using the form (15) for g (A. )

in (14) produces
QQ

Eo= —g a„c„(A, , A.o),
2 M „0

where

(17)

m

c„(A, , AO)= J &AP„(2(A, —1,, )/Ad)di, . (18)
0

Thus, Eo can be calculated once the orthogonal polyno-
mial moments a„of the dynamical matrix are deter-
mined. While many moments may be required to accu-
rately describe the density of states g(A. ) in (15), calcula-
tions of smooth averages require relatively few moments
and (17) provides an efficient means of obtaining Eo.
The moments a„can be obtained by the method of
Wheeler and Blumstein, which expresses the summa-
tion over s in (16) as the trace of an orthogonal polynomi-
al matrix. More details about the calculations in this
work are given in Ref. 41.

IV. BEHAVIOR OF THE MONOLAYER

A. Zero-temperature properties

The krypton atoms upon adsorption by the monolayer
will settle into a configuration for which the free energy is
minimized. At finite temperatures the density of the
monolayer varies as a function of the krypton-vapor
chemical potential. For systems at equilibrium, this rela-
tionship is governed by the monolayer's energy variation
with misfit. At zero temperature essentially all krypton
atoms will be adsorbed onto the substrate. For a totally
covered substrate the monolayer's density will therefore
be dependent only on the number of krypton atoms in the
system. As more krypton atoms are added, the density
increases. At submonolayer densities the krypton atoms
form solid islands which possibly are surrounded by a lat-
tice gas of krypton atoms. If the average energy per ada-
tom of a solid incommensurate configuration is lower
than the energy of the commensurate configuration, the
islands will be incommensurate; otherwise, the islands
will be commensurate.

Plots of the energy per adatom as a function of misfit
for a variety of substrate corrugations are shown in Figs.
2(a)-(2d). The dashed curves show the potential energy
per adatom, while the solid lines include the zero-point
energy. If the influence of the zero-point energy is disre-
garded, the substrate corrugation must be at least 9.8 K
for the monolayer to have a commensurate configuration.
(This value is different from the value of 11.0 K reported
by Gooding et al. ' because a more accurate form is used
for the substrate screening of the adatom interaction. }
When the influence of the zero-point energy is included,
however, the critical substrate corrugation required to
permit a commensurate configuration is reduced to
7.0 K. This indicates that the substrate-corrugation
value of 7.4 K calculated by Vidali and Cole is sufficient
to ensure that the monolayer has a commensurate phase
at low temperatures.

The dependence of the zero-point energy on misfit is
shown in Figs. 3(a) and 3(b). That the zero-point energy
should increase with misfit is not unexpected because the
force constants between the adatoms increase as the den-
sity is increased. The zero-point energy does not change
as the monolayer is rotated, and because of this it was ex-
pected that a calculation based on a floating monolayer
with an averaged substrate influence would duplicate the
results of Fig. 3. Such a calculation was performed, and
although it reproduced the general trend in the zero-
point energy, a more rigorous treatment is required if the
actual values are to be matched. The behavior of the
zero-point energy matches that of a floating monolayer if
the misfit is large enough that distinct domain walls are
not formed [Fig. 3(a)]. For smaller misfit values the
zero-point energy appears to vary linearly with misfit as
it approaches the commensurate transition. Because of
computational constraints, zero-point energies cannot be
determined close to the transition and the curves have
been extended to meet the commensurate values [Fig.
3(b)]. The zero-point energy may thus not vary linearly
close to the transition. However, if the zero-point energy
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per domain can be expressed as a summation of the zero-
point energy of the registered region and the zero-point
energy of the adatoms on the domain walls, from a renor-
malized domain-wall argument, the zero-point energy
should vary linearly with misfit close to the commensu-
rate transition.

The orientational epitaxy has been analyzed for three
different substrate corrugations which represent the gen-
eral behavior of the monolayer. Selective data have been
calculated for other V values to confirm the trends illus-

trated. The energy of the monolayer is relatively insensi-

tive to its orientation. In order to separate the orienta-
tional behavior from the misfit-dependent behavior, the
results are displayed as energy differences between the ro-
tated configuration and the nonrotated configuration.
The energy differences are mapped out as contours on a
surface of possible misfits and orientations [Figs.
4(a) —4(c)]. The path of minimum energy is indicated by
the thick dashed line. The thin dashed line indicates the
path of minimum enenergy if the adatom pair interac-
tions are assumed to be harmonic (these are the curves
that Shiba's theory would predict). The energies corre-
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FIG. 2. (a) Energy per adatom of a nonrotated incommensurate monolayer as a function of its misfit c. when the substrate corruga-
tion Vg is 3.0 K. The dashed line shows the potential energy per adatom, the solid line shows the potential energy plus zero-point en-

ergy per adatom. (b) As in (a), but with Vg =7.0K. (c) As in (a), but with Vg =10.0K. (d) As in (a), but with Vg =11.0K.
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FIG. 3. (a) Zero-point energy per adatom as a function of
misfit c, for a variety of substrate corrugations Vg. (b) As in (a),
but showing more details of the low-misfit region.

sponding to a harmonic calculation are shown in Fig.
4(d); the substrate corrugation used in the calculation is
10.0 K, although the results of the harmonic calculation
are general to other substrate corrugations if the axes are
scaled accordingly. The ragged appearance of the zero
contour at low angles and misfits is a consequence of the
fact that the energy variation becomes so slight that the
calculational inaccuracies become apparent.

The energy of the monolayer increases sharply as the
monolayer's orientation is increased past that of the
minimizing angle. The calculational procedure breaks
down, however, as orientations which correspond to
heavy-wall configurations are reached. This breakdown
occurs because the calculation assumes that the adatoms
are only slightly displaced from a triangular lattice
configuration [Eq. (6)]. Because the adatoms resist shear-
ing much less than they resist compression, for such
highly rotated configurations the shear can become quite
sharp. These violent shifts cannot be described by our

procedure, which assumes that the displacements of the
adatoms are small and smoothly varying. Fortunately,
this problem is not of consequence because heavy-wall
configurations are significantly higher in energy than the
nonrotated configurations. ' Thus, the orientations that
can be considered within the constraints of the calcula-
tion are sufficient to determine the equilibrium
configurations of the monolayer.

For substrate corrugations approaching zero, the
orientational behavior of the monolayer matches that
predicted by Novaco and McTague. As the substrate
corrugation is increased, however, the more general
theory of Shiba must be used to describe the behavior.
When the substrate corrugation has a value V =5.0 K,
the minimum-energy path matches closely the behavior
predicted by Shiba. This is expected because harmonic
theories are found to be adequate for such a corruga-
tion. However, for larger corrugations the behavior
changes and the monolayer rotates at misfits much small-
er than Shiba's theory would predict. Furthermore, the
line shape of the minimum-energy configuration's
rotation-versus-misfit curve will not match the Shiba re-
sult even if an arbitrary scaling of Shiba's parameters is
used. To understand this behavior the structure of the
monolayer must be considered.

A general analysis of the structure of nonrotated
monolayers of small misfit reveals that the density of the
adatoms is constant at the center of the domains, it in-
creases along the domain walls, and reaches a maximum
at the vertices. This is in agreement with the concept of
soliton density modulations arranged in a honeycomb
network. The peak in density at the vertex is due to the
focused compression of the domain walls which intersect
at the vertex. The compression of the adatoms at the ver-
tices becomes stronger for higher substrate corrugations
and the spacing of the adatoms at the vertex becomes less
than 4.03 A (the spacing favored by the floating mono-
layer). For example, when Vg =8.0 K the spacing at the
vertex is found to be 3.99 A and the adatoms are over-
compressed. If the monolayer is allowed to rotate, the
domain walls form a staggered intersection and the
compression due to the domain walls is diffused. The
density of the adatoms at the vertices for rotated
configurations is not as high as that for the nonrotated
configuration and spacings closer to 4.03 A are found.
This decreases the interaction energies of the adatoms at
the vertices, and because the change in the substrate-
energy component due to diffusing the vertex is negligi-
ble, the rotated configuration has lower-energy vertices.
Gordon and Landon have considered the diffusion of
the vertex in relaxation calculations. They conclude that
rotating the monolayer slightly does not cause any ob-
servable change in energy. However, as seen in Figs.
4(a) —4(c) the energy difference is very slight and, within
the accuracy of their calculation, they may not have
detected this effect.

If the vertices do become overcompressed, when the
misfit is large the monolayer has relatively many vertices
and the rotated configurations will be energetically more
favorable. For smaller misfits the preferred configuration
becomes nonrotated despite the overcompression of the
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vertices. This is due to the fact that the number of ada-
toms at the vertices becomes significantly less than the
number of adatoms on the domain walls. Because the
domain walls for rotated configurations must contain a
shear as well as a compression, the domain-wall adatoms
would favor a nonrotated configuration. At smaller
misfits, the adatoms on the domain walls dominate the
adatoms at the vertices and the monolayer becomes non-
rotated. This describes the orientational behavior found
in Figs. 4(b) and 4(c).

As noted previously, this orientational behavior is not
in agreement with the predictions of Shiba. This
discrepancy is directly attributable to the anharmonic na-
ture of the pair potential. In harmonic theories the sharp
potential minimum of the adatom interaction is not well
modeled. However, including the cubic term improves
the fit considerably. ' Additional terms in the Taylor-
series expansion will add to the accuracy, but as noted
previously, their contribution will be slight compared to
the impact of including the cubic term. Thus, for a
periodic system, additional improvements in the theory
due to including more Taylor-series terms will only cause
slight changes in the misfit value for the onset of rotation.
The question remains, however, whether the monolayer
can be considered periodic with inversion symmetry
about the domain centers. The vertices can also be
diffused if the domain walls are translated with respect to
the substrate. This breaks the inversion symmetry of the
monolayer. This possibility is discussed in the next sec-
tion.

Experimentally, the orientational behavior is observed
to match the results of Shiba. ' Because the measure-
ments were taken at fairly high temperatures (& 30 K),
the thermal motion of the adatoms should diffuse the ver-
tices and allow the nonrotated phases to be favored,
whereas the zero-temperature results shown in Figs. 4(b)
and 4(c) would indicate otherwise. This is not unreason-
able because the domain walls are predicted to broaden
with temperature. ' The orientational behavior should
thus be susceptible to the temperature of the monolayer.
The misfit value at which the monolayer starts to rotate
will increase as the temperature of the monolayer is in-
creased. This type of behavior is observed, with the ex-
perimental results of Fain et al. taken at 52 K showing
an onset of rotation much less than the 89-K results of
d'Amico et al. ' The results of Schabes-Retchkiman and
Venables' do not follow this trend, but their use of
graphite Hakes instead of a single crystal may have result-
ed in edge effects dominating the orientational behavior.
For this behavior to be properly verified, the misfit value
of the onset of rotation should be measured at a variety of
temperatures on the same single-crystal substrate.
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B. Vibrational instabilities

The vibrational modes of the monolayer are important
not only because they reveal the dynamical behavior of
the system, but also because they indicate if the static
configuration about which they are determined is stable.
It is remembered that the monolayer configurations were
calculated with the assumption that the lowest-energy

FIG. 5. (a) Vibrational energies as a function of wave vector
for a nonrotated incommensurate monolayer with misfit 3.33%
and substrate corrugation 8.0 K. I is at the center of the hexag-
onal Brillouin zone, M is at the middle of and edge, and E is at a
corner. The energy scale is extended to show imaginary values.
(b) As in (a), but the monolayer is rotated 0.225' with respect to
the substrate and the misfit is 3.29% [slightly less than in (al].
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configuration had inversion symmetry about the centers
of the registered domains. For substrate corrugations
less than 7.0 K, all configurations examined were stable
regardless of the misfit or orientation. Thus, imposing in-
version symmetry on the monolayer's configuration will
not compromise the calculated equilibrium value of the
energy per adatom at any misfit or orientation when the
substrate corrugation is less than 7.0 K.

When the substrate corrugation is greater than 7.0 K,
one of the vibrational modes becomes unstable for nonro-
tated or slightly rotated configurations when the misfit of
the monolayer is less than 3.5%. Dispersion curves of a
representative configuration are shown in Fig. 5(a), with
the form of the unstable mode shown in Fig. 6. The non-
rotated configurations do become stable when the misfit
is reduced past 2.5/o, although this fact was confirmed
only for substrate corrugations between 8.0 and 11.0 K.
Also, as shown in Fig. 5(b), when the monolayer is rotat-
ed sufficiently, the shearing mode of Fig. 6 becomes
stable.

From the preceding discussion of the orientational be-
havior of the monolayer, the nonrotated configurations of
the monolayers are not favored because the vertices are
overcompressed. It is possible to diffuse the vertices
without rotating the monolayer by translating the
domain walls relative to the substrate. This would break
the inversion symmetry. If the energy of the monolayer
could be reduced by shifting the domain walls, the
translational modes of the monolayer would be unstable.
These modes, from Fig. 5(a), are not unstable; instead, it
is a shearing mode (Fig. 6) that is unstable. This indi-

cates that the domain walls do not resist shearing, and
are prone to rotate. This is expected because the energies
of the rotated configurations are lower in energy whenev-
er the monolayer is found to be unstable.

The overcompression of the vertices is therefore a
significant influence, not only on the static energy of the
monolayer, but also on the stability of the configuration.
The monolayer will seek to ease the overcompression by
rotating rather than breaking the symmetry imposed on
the configuration. At higher temperatures, thermal
motion of the adatoms is expected to diffuse the vertices
so that the periodic nonrotated configurations become
stable. Such an effect requires a self-consistent phonon
calculation, and confirmation of this prediction awaits
further work.

C. Finite-temperature properties

The temperature dependence of the energy per adatom
is provided by the last term (denoted Er ) in Eq. (12), with
the other terms providing the zero-temperature energy
per adatom. From (1), once the variation in the free ener-

gy per adatom with misfit is known, the equilibrium
misfit of the monolayer can be determined from the
chemical potential. Experimentally, the misfit c is found
to vary with the chemical potential p as

e= A (p, —p, )~, (19)

p, being the chemical potential of the commensurate
configuration. A and P are parameters that are insensi-
tive to the pressure or temperature of the system. ' '"
For the free energy of (1) to have a minimum at misfit
values which vary with chemical potential as (19), the
free energy per adatom, f, (e), from (12) must have the
form

f, (e)=p, +(1—e) a+c f 3dx
(1—x)

(20)

Scale I

FIG. 6. Motion of the domain walls for the unstable mode at
the M point in Fig. 5(a). The dashed lines indicate the deforma-
tion of the domain walls about their central positions (solid
lines). In this picture, the direction of the wave vector is along
the vertical line from the zone center. (The scale is provided to
indicate the size of the domains; the magnitude of the deforma-
tion has been scaled arbitrarily to make its form visible. )

where P= 1/e and A =(2/c)~.
For reasonable values of the substrate corrugation,

over the range of misfit values examined experimentally,
the monolayer goes from a modulated structure to a
domain-wall network as the misfit is decreased. It has
been suggested by Villain ' that the observed variation of
the monolayer's misfit with chemical potential is merely a
result of the monolayer undergoing the transition from
being a modulated structure to being a domain-wall net-
work. This explanation has not be accepted as being
complete, because the energetics of the domain-wall net-
work is expected to be significant at lower misfit values,
and because for misfit values near the crossover the be-
havior of the monolayer is expected to vary with temper-
ature.

The energies of the low-energy modes have been calcu-
lated in this work for a variety of monolayer
configurations: From Eq. (12) their contribution to the
free energy is provided by the term Ez. At low tempera-
tures, the magnitude of Ez- is extremely sensitive to er-
rors in the calculated frequencies of the low-energy
modes. Because of the approximations to the normal-
mode calculation required to keep the computation
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TABLE I. Values of Ez calculated for various temperatures and orientations when c, =3.7%.

0=0.00'
0=0.52'
0=0.79
0=0.95'

T=0.5 K

—0.0019 K
—0.0011 K
—0.0011 K
—0.0009 K

T=1.0 K

—0.0086 K
—0.0058 K
—0.0055 K
—0.0051 K

T=2.0 K

—0.0325 K
—0.0252 K
—0.0240 K
—0.0231 K

T=4.0 K

—0.1329 K
—0.1171 K
—0.1145 K
—0.1130 K

manageable, when the misfit is small or the substrate cor-
rugation is large the low-frequency values obtained will
not be accurate. Thus the calculations are constrained
to configurations with larger misfit values and/or smaller
substrate corrugations.

The calculation of Ez is also not possible if the under-
lying static configuration is unstable. When the substrate
corrugation is greater than 7.0 K, the nonrotated
configurations become unstable when the misfit is be-
tween 2.5% and 3.5%. Thus the calculation for Er is
confined to stable configurations that permit the frequen-
cies to be determined accurately.

The configurations chosen for this study have rnisfits of
2.8%, 3.0%, and 3.7%. When the misfit is 2.8% or
3.0%, only rotated configurations are considered. The
substrate corrugation is taken to be 8.0 K, so that the
domain walls are clearly separated at 2.8% misfit, while
the configuration at 3.7% is a modulated structure. This
allows the free energy associated with soft-domain-wall
modes to be compared to the more rigid system that does
not have distinct domain walls.

The values Ez for these configurations are shown in
Tables I—III. The immediate observation can be made
that at low temperatures the contribution of Ez to the
free energy will be negligible. The only impact that the
domain-wall modes can have is perhaps to change the

equilibrium orientation of the monolayer. More
significantly, the rapid softening of the domain-wall
modes does not cause any appreciable increase in the
values of E~.

The values of Ez- have not been determined for temper-
atures greater than 4.0 K. This limit has been imposed
since no modes are calculated with energies greater than
twice the commensurate band-gap value of 11.0 K. This
commensurate band-gap value is the lowest possible ener-

gy that the modes of the commensurate rnonolayer can
have when the substrate corrugation is 8.0 K. Because
the accuracy of the frequencies deteriorates with increas-
ing energy, values with energies much greater than the
band gap will be suspect. Furthermore, additional modes
may be present in the monolayer that are missed by the
calculation. Thus the temperatures must be kept small so
the inaccuracies caused by the approximations required
to solve Eqs. (11)are minimized.

U (L)=cL e (21)

for increasing separation L of the domain walls. ' The
constants c, 0., and ~ are determined from the calculated
energetics of the system. Correspondingly, the frequency
of the breathing motion should decrease as

co(k)=f (k, L)e (22)

where f (k, L) is a function which is periodic in k and
algebraic in L. To leading order, the contribution of this
mode to Ez- will decrease as

1
1n( e

«.1./2)—
N

(23)

with increasing L Since N (the. total number of modes)
varies as L, the contribution will decrease as 1/L. This
analysis assumes that the harmonic approximation for

The frequencies have been calculated under the as-
sumption of harmonic motion. This approximation will
not be valid if the domain walls collide with each other.
Since collisions of the domain walls will increase the en-
ergy of wall modes, anharrnonic effects are expected to
diminish the values of Ez. Confirmation of this predic-
tion awaits a self-consistent phonon calculation of the in-
commensurate monolayer.

The only mechanism that could soften the domain-wall
motion is the formation of domain-wall dislocations.
Further work based on the elastic constants of the renor-
malized domain-wall system should be performed. In the
absence of domain-wall dislocations, however, at low
temperatures domain-wall motion will not inhuence the
misfit and orientation for the equilibrium configuration of
the monolayer.

To extend the results closer to the commensurate limit,
it is necessary to estimate the change in E~ as the misfit
decreases. From previous work, when the domain size
is large the softest mode is the breathing mode. At low

temperatures this mode will dominate the value of Ez.
and the variation of its contribution due to misfit must be
examined. The breathing mode is influenced by the
domain-wall interaction. The strength of this interaction
will decrease as

TABLE II. Values of Ez calculated for various temperatures and orientations when c=3.0%.

T=0.5 K T=1.0 K T=2.0 K T=4.0 K

0=0.09
0=0.71

—0.0034 K
—0.0020 K

—0.0116 K
—0.0073 K

—0.0366 K
—0.0260 K

—0.1419 K
—0.1192 K
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TABLE III. Ualues of ET calculated for various temperatures and orientations when c =2.8%.

0=0.21
0=0.68'

T=0.5 K

—0.0022 K
—0.0024 K

T=1.0 K

—0.0081 K
—0.0080 K

T=2.0 K

—0.0276 K
—0.0265 K

T=4.0 K

—0.0941 K
—0.0916 K

motion is valid: For low-energy modes the vibrational
amplitudes will be large even at zero temperature, and
the domain walls may collide with each other. If col-
lisions occur, the motion will not be harmonic and (23)
will not be correct.

Coppersmith et al. have presented a model which de-
scribes the domain walls as being free to move provided
that their displacements do not exceed L/4. This ensures
that the domain walls move independently of each other,
and to some extent, simulates an anharmonic repulsion
between domain walls. They predict that the free-energy
contribution of the domain-wall breathing will decrease
as ln(L)/L . This is a more restricting limit than 1/L
predicted by (23) and should be valid for configurations
approaching the commensurate transition. The value of
ET at low temperatures is therefore expected to decrease
with misfit from the presented values even in the com-
mensurate limit.

At higher temperatures, other domain-wall modes be-
gin to influence the value of ET. More low-energy
domain-wall modes appear as the domain size increases,
and the value of ET could be expected to increase as well.
However, the number of these modes does not increase as
quickly as the total number of modes, N, and, from its
form in (12), ET is still expected to remain small as the
domain size increases.

The results presented are for configurations where the
substrate corrugation is 8.0 K. Because the domain-wall
modes decrease in energy as the value of Vg increases, ET
will increase with V . For reasonable values of Vg, the
change in ET can be estimated from a soliton continuum
description of the domain wall. Increasing the sub-
strate corrugation will sharpen the domain walls: Given
the continuum model, the configuration will resemble a
configuration that has a lower value of V and smaller
misfit. Because Ir in (21) varies as (Vg)', scaling con-
siderations based on the number of adatoms per domain
predict the ratio of N for these two configurations to be

N

N'

V'

V
(24)

The vibrational frequencies of the domain walls are ex-
pected to be different for the two configurations because
the number of adatoms on the domain walls change. The
effect of this on ET, however, is expected to be minor
compared to the impact of rescaling N . Because the
substrate corrugation cannot be significantly greater than
8.0 K, the values of ET for these configurations should
remain small. Correspondingly, it is obvious that de-
creasing the substrate corrugation will decrease the value
of ET.

Plots of the free energy per adatom as a function of

misfit for a variety of substrate corrugations are shown in

Fig. 7(a). Because the infiuence of temperature is so
slight, the effect of temperature cannot be shown and the
points plotted are the zero-temperature energies. The
curves represent the best fit of the parametrized energy
form (20). The values of A and P corresponding to the
curves are indicated in the legend. It is clear that the en-

ergy variation of the fioating monolayer ( V =0.0 K) will

not produce the experimentally observed misfit-
chernical-potential relationship. Furthermore, a high
substrate corrugation ( V =20.0 K) does not match the
experimental findings either. For intermediate substrate
corrugations, however, the values of A and P closely
match the experimental values of A =0.79% and

P 0 33 49 11

The values of A and P which provide the best fit to the
data are extremely sensitive to the range of misfit values
considered. If the range is extended to higher misfit
values, as shown in Fig. 7(b), the curves for large sub-
strate corrugations also begin to rnatch the experimental
results, although the parametrized form of (20) is less
adequate to describe such a large misfit variation. If on
the other hand, the behavior of the V =20.0 K data is
examined in greater detail at small misfits, the value of P
in (20) approaches 1. For such misfit values, the domain
walls are sharply defined, and their interactions with each
other are reduced: The energy of the monolayer as calcu-
lated should depend only on the length of the domain
walls and the number of vertices. This type of energy
variation will correspond to P having a value of 1 to lead-
ing order in (20). It is clear, therefore, that the mono-
layer must have strongly interacting domain walls which
at larger misfit values blend to form a modulated struc-
ture if the energy-versus-misfit variation is to produce the
experimentally observed behavior. On the other hand, if
the substrate corrugation is such that the rnonolayer un-

dergoes a transition from interacting domain walls to a
modulated structure within the range of misfit values
considered, the energy-versus-misfit behavior matches
that predicted by the experimental finding. This holds
true for a broad range of substrate corrugations (1.0—20.0
K and perhaps higher).

To display the influence of the zero-point energy on the
misfit variation with chemical potential, plots which con-
sider only the static potential energy per adatom are
shown in Fig. 7(c). It is apparent that the values of A

and P which provide the best fit to the data do not agree
well with the experimental results. The zero-point energy
cannot therefore be neglected in calculations for the low-
temperature free energy of the system. This fact must be
taken into account when qualitatively assessing the re-
sults of molecular-dynamics calculations.

It is be to remembered, however, that the experimental
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data are obtained at temperatures significantly higher
than those considered in this work. At higher tempera-
tures, the higher-energy motion of the adatoms becomes
significant. In particular, the adatoms in the registered
regions of the monolayer can have significant motion.
This type of motion is shown by Schobinger and Koch
to erat'ectively reduce the value of Vg as the temperature is
increased. They find that for parameter values which
match the wall widths determined by Abraham, the
strength of the substrate corrugation at 100 K is reduced
to 40% of the value at 0 K. Additionally, as the tempera-
ture is increased, the thermal expansion of the adatoms
becomes significant and the monolayer can become com-
mensurate when zero-temperature calculations would

predict otherwise. Thus the behavior of the monolayer
could be expected to vary significantly with temperature.

The experimental work, on the other hand, reveals that
temperature only influences the value of the chemical po-
tential p, at which the monolayer becomes incommensu-
rate. Temperature does not influence the value of )f3, at
least over the temperature range (52—100 K) of the exper-
imental work. The experimentally observed temperature
variation of the value of p, can be ascribed to the thermal
expansion of the monolayer. From continuum models,
the variation in the domain-wall widths can be described
in terms of a rescaling of the substrate corrugation.
Given the results of this work, as long as the monolayer
crosses over from a domain-wall network to a modulated
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FIG. 7. (a) Free energy per adatom as a function of misfit c for a variety of substrate corrugations. The curves shown are the best
fits of Eq. (20) with the parameters of the fit shown in the legend. (b) As in (a), but with a larger range of misfit values considered for
the parametrized fit of Eq. (20). (c) As in (a), but showing only the static potential-energy contribution to the free energy per adatom.



2138 NEIL D. SHRIMPTON, BELA JOOS, AND BIRGER BERGERSEN 38

structure, the value of the substrate corrugation will not
influence the value of P. The value of P will therefore not
be influenced by the broadening of the domain walls with
temperature. The experimental observation that the
misfit varies with chemical potential as given in Eq. (19)
merely reflects the fact that the monolayer has highly in-
teracting domain walls which merge to form a modulated
structure at increased misfits. This confirms the predic-
tion of Villain. '

At high temperatures, the detailed nature of the
domain walls becomes unimportant and the energy asso-
ciated with the various forms of the domain walls and
their fluctuations can be integrated into a few general
domain-wall types. Indeed, the various phases and tran-
sitions of the monolayer can be well described by a
Potts-model calculation which involves domain walls of
only two possible orientations. ' ' At lower tempera-
tures, however, the description of the domain walls must
be more accurate if the nature of the monolayer and its
transitions are to be modeled accurately. The Potts-
model calculation by Caflisch et al. ' does not give the
proper location of the commensurate-incommensurate
transition. The fluid phase, if present, should occur as
the density of the monolayer is increased from a coverage
of 1. With changes to the parameters of the Potts-
model calculation, the location and nature of the low-
temperature transitions can be made to vary
significantly. It is expected, therefore, that if the
superheavy-wall energy is made slightly more favorable
than the heavy-wall energy, the predictions of Potts-
model calculations should match the predictions of low-
temperature calculations.

V. CONCLUSION

theory of orientational epitaxy, the inclusion of the cubic
term reveals that the orientational behavior will be tem-
perature dependent.

The dynamic behavior of the incommensurate mono-
layer is examined, and the entropy contribution to the
free energy was found to be small for all misfits con-
sidered. The interaction between the domain walls,
though slight, is sufficient to reduce the entropy associat-
ed with the breathing motion of the domain walls. The
zero-point energy of the incommensurate monolayer was
found to be significant. Its variation with the misfit of the
monolayer is a major influence on how the monolayer
varies with the chemical potential. In particular, the
contribution of the zero-point energy is such that the sub-
strate corrugation value of 7.4 K calculated by Vidali and
Cole is sufficient for the monolayer to have a low-
temperature commensurate phase.

From the calculated free energies of the monolayer, the
variation of the misfit of the monolayer with the chemical
potential was examined. The nearly —,

' exponent of Eq.
(19) measured for the misfit variation with chemical po-
tential is not a universal value, but is simply a conse-
quence of the crossover between the two limiting
configurations of the monolayer. Other similar systems
may therefore exhibit rather different exponents.

This work has not addressed the nature of the
commensurate-incommensurate phase transition. This
aspect of the system will be discussed in a following pa-
per. In particular, a domain-wall fluid may occur in the
commensurate limit. A link is also sought with renor-
malized theories which successfully predict a variety of
phases and transitions of the monolayer at higher temper-
atures. '

Our theory for the low-temperature behavior of the
krypton monolayer on graphite incorporates as accurate
a description as is practically possible for the microscopic
interactions of the system. The energies of different
configurations are obtained with both harmonic and cu-
bic approximations to the adatom-interaction potentials.
Where the harmonic approximation reproduces Shiba's
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