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Penetration of a magnetic field in a very strong coupling superconductor
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We have calculated the absolute value and temperature dependence of the London penetration
depth for several values of the strong-coupling index T,/r0I„and find large characteristic
differences between the weak coupling T,/re~„—0, conventional strong coupling T,/r01„+0.25, and

very strong coupling T,/col, -l regimes. Our results do not depend sensitively on the value of
Coulomb pseudopotential, nor on the shape of the electron-boson exchange spectral density, but
depend mainly on the characteristic boson energy e&,.

I. INTRODUCTION

The discovery of superconductors with critical tempera-
ture (T,) near 100 K in the oxides has led to the study of
many possible novel mechanisms. ' Some of the theories
can be classified as weak-correlation theories which are
based on conventional band-structure models with the
idea of Cooper-pair formation and a conventional
Bardeen-Cooper Schrieffer (BCS) wave function. In
these cases, the Eliashberg equations remain, at least in a
first approximation, although the attractive electron-
electron interaction is usually mediated throughout the
exchange of bosons2 5 other than phonons or a combina-
tion of the two. 3 5 s Popular examples are plasmons2 3 and
excitons, 4 7 although in some cases, the exact nature of
the exciton involved is not clear.

Other more radical, competing theories, which we will
refer to as stronII-correlation theories, are based on the
Hubbard model. They have been put forward on the
ground that the parent substance La2Cu04 (Ref. 9) is an
insulator and is magnetic. The resonating-valence-bond
model (RVB) to 'z is perhaps the best known of these
theories and has received the most attention. In these ap-
proaches, the nature of the condensing bosons can be very
different from ordinary Cooper pairs and their relation to
conventional superconductivity is far from clear. In this
paper, we consider only the first class of theories.

Within the Eliashberg formulation'3' of superconduc-
tivity, we calculate the magnetic-field penetration depth in
the London limit as a function of temperature and impuri-
ty content for various values of the strong-coupling pa-
rameter T,/ro1„where co&„ is a characteristic frequency as-
sociated with the electron-boson exchange spectral densi-
ty. Our work is related to the recent stud of Rammer, 's

but our aims are very different. Rammer ' is interested in
comparing recent experimental results obtained by
muon-spin relaxation in La-Sr-Cu-0 (Refs. 16-18) and
Y-Ba-Cu-0 (Ref. 19) with results for the temperature
variation of the penetration depth, calculated within
Eliashberg theory for a specific model electron-phonon
spectral density. In this paper, we will instead sweep over
all values of T,/ror„so as to include the weak-doubling
BCS limit T,/rut„-0, the conventional strong-coupling
range T,/rod„~0. 25 (which includes Rammer's work) and
the very strong coupling case T,/rod„=-1.0. Also, we are

interested in the T,/col„dependence of the strong-coupling
index' rl~, (T)—=AL(T)/Wacs(T) for zero temperature
and T, as well as in the dimensionless ratio yL, (0)/
(T, ~y'(T, ) ~) whereyL(T)—= 1/A$(T).

In Sec. II some of the necessary formulas are summa-
rized while results are presented and discussed in Sec. III.
Short conclusions can be found in Sec. IV.

and
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The magnetic-field penetration depth at temperature T in

II. FORMALISM

Within Eliashberg theory, "'4 the fundamental micro-
scopic parameters for superconductivity are an electron-
boson spectral density a F(rn), which leads to an attrac-
tive interaction between two electrons at the Fermi sur-
face and a Coulomb pseudopotential p . While the equa-
tions were originally derived for an electron-phonon su-
perconductor and have built into them Migdal's theorem
which may not be valid for other boson exchange mecha-
nisms, we can, nevertheless, retain the same equations as
phenomenological equations that should be valid as a first
approximation. It may not be possible to calculate accu-
rately the appropriate effective kernels in a particular
nonphonon case, but this is of no significance here, since
we intend to model them.

The necessary equations for the pairing energy /t (iro„)
and renormalized frequency ro(iro ) at the Matsubara
frequencies (im„)=irrT(2n —1—) with T the temperature
andn 0, +1, +2, . . . are "'

a(ir0 )
it (iro„) -nTQ[X(n —m) —p']

Ja (irn )+re (iro )
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the London limit XL(T) follows from the above equations
and the prescription

oo g2
gL(T)- A '2trTppg

n I mg+6g

1/2

(4)

III. CALCULATION AND DISCUSSION

To calculate the London penetration depth at any tem-
perature in units of A'/2, it is only necessary to specify the
electron-boson spectral density a F(co) and the Coulomb
pseudopotential p . This latter quantity could be larger
in the low electron density oxides than it is in the conven-
tional case where it is known to be of order 0.1. For the
spectral density, we will start by using the form calculated
by Weber25 for the electron-phonon interaction in
La~ s5Srp ~5Cu04. Of course, other forms could be used,
but we will see that the choice does not matter much.
This is fortunate since, in fact, we do not want to commit
ourselves to a phonon mechanism. In the end, it is
sufficient to characterize the spectral density by a single
boson exchange frequency denoted by cot„and defined
by 26

2 ~ a F(o)ln(o)
ln CXP (6)0

Formula (6) gives more weight to the lower frequency bo-
sons than to the higher frequency ones, and it can differ
considerably from an arithmetic average. This particular
weighting of a2F(m) has been very successful in describ-
ing the critical temperature by a single moment of this
distribution other than the mass enhancement parameter

2
'" a'F(m)

4O N

which is the first inverse moment. The same parameter
describes remarkably well results of exact Eliashberg
equation solutions for thermodynamic and other proper-
ties27 zs of conventional superconductors.

For the results given below we take a2F(co) to be relat-

with the London parameter A ' ne /m ', N(—0)e vP.
In the above formulas, pp is the permeability, e is the
charge on the electron, m is its mass, n is the free-electron
density, vt; is the Fermi velocity, and N(0) is the single-
spin density of electronic states at the Fermi energy.

To introduce impurity scattering into the problem, we
need to add onto the right-hand side of Eqs. (1) and (2)
the terms

W(iso„)xt+
Jco2(im„)+tt (ico„)

and

+ m(lm„)
(5)

+co (iso„)+3 (ico„)

respectively, where trt+ I/(2r) with r being an impurity
scattering time. This completes the list of formulas that
are- needed.
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FIG. l. Plot of lj, vs T,/mi„ for La Sr Cu Oan-d P-b s-hapes.
Note the u* dependence for the former shape.

ed to a model a F od(m) (La-Sr-Cu-0) according to

a'F(co) -Ba'F ~(ym), (7)

where 8 and y are constants. The factor y is varied at will
and changes cot„ through the relationship cot„mg /y.
For a given choice of cot„, the factor 8 is chosen to get a T,
of 96 K characteristic of YBa2Cu30q-s. In Fig. 1, we
show the relationship between A, and T,/cot„ for two spec-
tral shapes, that of La-Sr-Cu-0 and Pb. Note that as
T,/mt„exceeds the conventional strong-coupling limit
(-0.25), A, attains very large values which are probably
not consistent with lattice stability if they have their ori-
gin in a phonon mechanism.

Results for the temperature variation of A, t, (T) for four
different values of T,/cot„are given in Fig. 2. The quanti-
ty [Xt, (0)/XL(T)12 —(1 —t ) is plotted as a function of
reduced temperature t T/T, . To appreciate properly the
values of T,/cot„chosen, it is important to know that for
conventional electron-phonon superconductor s, T,/cot„
ranges from near zero (BCS limit) to about 0.25. Pb, 3

which is the prototype strong-coupling superconductor,
falls near the center of this range. For comparison, it
should be kept in mind that the curve for Al (BCS limit)
calculated by Blezius and Carbotte would fall, at
minimum, slightly below —0.2. When the coupling is in-
creased, the minimum becomes shallower as is the case for
the solid curve with T,/mt„0. 074. This value of T,/cot„
is intermediate between Sn and Nb. 27 2s As T,/cot„ is in-
creased to 0.296, slightly beyond the limit of the conven-
tional range, the curve (dotted) has continued its upward
trend and has developed a small positive part at low tem-
peratures followed by a minimum above -0.05. As the
coupling is increased further, however, the situation rev-
erses and the curve goes back towards a BCS behavior
(dashed line with T,/mt„0. 661). For the very strong
coupling regime with T,/cot„1.175, the minimum in the
curve falls much lower than the BCS value. This temper-
ature variation is distinctive and was not expected. In
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FIG. 2. The temperature dependence (t T/T, ) of
bt. (0)/At, (T)l —(I t~) —for four different values of T,/tat„
namely 0.074 (intermediate coupling), 0.296 (strong), and

0.661 and 1.175 (both in the very strong coupling regime).

principle, it could be used to get some information about
the typical boson frequency involved in the pairing in-

teraction.
The effect of impurities on the temperature variation of

the London penetration depth is given in Figs. 3 and 4 for
TJtnt, 0.296 and T,/tot„1. 175, respectively. We have
obtained many other results; the ones given cover well the
possibilities obtained. The first of these two figures ap-
plies for a case which corresponds to the limit of the con-
ventional strong-coupling regime; the second corresponds
to the very strong coupling case. In both figures, the effect
of impurities is to make the deviation function positive
definite. Note, however, the different scales used, as well

FIG. 4. Same as for Fig. 2 except that now T,/tat, 1.175
and higher values of t + are also included.

as the different range of impurity concentrations required.
Part of the reason for the higher t+ values in the latter
figur is that (I+X) is much higher in this case, and it is
t —=t +/1+1 which enters the equations.

The temperature variation of XL(T) has been measured
in YBaqCu307-s by muon-spin-resonance (ttSR) tech-
niques, and Rammer'5 has given a detailed comparison of
its temperature variation with results of strong-coupling
calculations. The data certainly show departures from the
conventional BCS (Al) behavior towards the limit of the
conventional strong-coupling range. In Fig. 5, we com-
pare results (solid curve) for the case T,/tot„0. 6 (which
is an appropriate value for Y-Ba-Cu-0) with the results of
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FIG. 3. Same as for Fig. 1 but for a single value of
T,/ro&„0.296 and different impurity content, namely t+ 0.0
(pure), 5.0, 10.0, 50.0, and 100.0 (meV).

FIG. 5. The temperature dependence of 4I(0)/
kc(T)l —(1 —t ) for T,/ cu0.6. The solid curve applies to
the pure case awhile the dotted curve is for t+ 20.0 meV. Also
shown is the muon-spin-relaxation data of Kicfl et at. (Ref. 30).
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(T)&Pcs(T) (8)

where kg~s is the BCS limit of the London penetration
depth. At zero temperature and zero impurities it is

In Fig. 6, we show t)&,(T) for zero temperature as a func-
tion of T,/rnI„ for three diff'erent cases, namely with
pe 0.1 and p* 0.6 using a La-Sr-Cu-0 spectrum and
with p 0.136 with a Pb spectrum. ' All curves are
similar, showing that the results are not sensitive to the
value of p used even if it should be very much larger in
the oxides than it is for conventional superconductors.
Also, the shape of the phonon spectrum used is not impor-
tant since the same qualitative results are obtained for a
Pb shape which itself represents reasonably well a iI func-
tion for many purposes. Due to the lack of sensitivity of
our results, it is clear that, even though both the shapes

p,SR experiments by R. Kiefi et al. 3o The data certainly

agree with the general trend shown and the fit could be
improved by adding some impurities as is clear from the
dotted curve which applied in the case of t+ 20.0 meV.
While it is clear that the data on the temperature varia-
tion of the London penetration depth is consistent with a
strong-coupling model, we wish to stress that we do not
favor such a model and believe that an equally acceptable
fit could be obtained with a combined exciton-phonon
model.

It is interesting to define a strong-coupling parameter
ri&, (T) which compares results of a full calculation to
those of BCS theory, for the penetration depth. We define

considered for the spectral density come from phonon
work, they should, at least, simulate the results expected
for the plasmon or exciton exchange case. In this latter
instance, roi„ is likely to be very high and T,/rui„close to
zero so that the BCS limit is recovered and no
modifications apply. As T,/roi„ increases ri~, (0) can be
slightly larger than one before starting to drop after
T,/rnI„S 0.1. We see that in the very strong coupling lim-
it for which T,/mi„ is of order 1.0, rt~, (0) has fallen to 0.6
which is a large correction to the BCS result.

Figure 7 is concerned with results for tl~, (T) at T T,
instead of at zero. Again, the shape of the spectrum used
and the value of p* is not central to the qualitative behav-
ior of the curves obtained. Note that, as T,/rol„ increases
from zero, the curves now drop rapidly before leveling off
around 0.4 with a much more gradual decline after that.
This is in contrast to the T 0 case. In the very strong
coupling limit, we find values around 0.6 as for the T 0
case.

Another interesting quantity is the ratio yL, (0)/
Te I)i.(Tc) I, where yz, (T)—= I/X$(T). [yL(T) is directly
proportional to the depolarization muon rate in muon-
spin-relaxation measurements. ] Results for this quantity
are presented in Fig. 8. We see a very rapid drop from
0.50 (which is the BCS value) as T,/rol„ increases, with a
minimum reached around 0.25 and then the curve starts
increasing again recovering a value near BCS for
T,/rnl„1. 2. All three cases considered p 0.1,
p 0.6 with the La-Sr-Cu-0 spectrum, and p 0.136
with Pb give about the same results. It is remarkable that
in this limit, results close to BCS are again obtained. As
T,/roi„continues to increase (k ~), it can, in fact, be
shown that yL(0)/(T, I yr'. (T,) I ] e:JK and so can increase
indefinitely.

The relationship between yL(T) and the rit,,(T) is of in-
terest as are their BCS limits. Near t 1 we have

Xy (t) —Xy (0)
42(1 —I)

(10)
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so that

y~ (1)Bcs 1 (-2)
) pcs(0)

and ly (L0)/ T~yL, (1) ~ ] becomes equal to 0.5. The
strong-coupling parameter rt~, is related to this last quan-
tity through

yz(0) 1 t)~, (T,)

T, )y,'(T, )[ 2 q2(0)

so that Figs. 6-8 are related.

(12)

IV. CONCLUSIONS

We have calculated the temperature dependence of the
London penetration depth for several values of the
strong-coupling ratio T,/cot„with rot„a characteristic bo-
son energy associated with the electron-boson exchange
spectral density a2F(m) which appears as a kernel in the
Eliashberg equations. While these equations were first de-
rived and used for phonon superconductors, inasmuch as
they can be used to describe, as a first approximation,
some other boson exchange mechanism, our results will

FIG. 8. The dimensionless ratio yi, (0)/IT, ~ yz. (T, ) ~] as a
function of TJar, . Two different densities (Pb and La-Sr-Cu-

0), and in one case (La-Sr-Cu-O), two values of Coulomb pseu-

dopotential p. are used. No qualitative differences result.

also apply in those cases. Corrections due to the failure of
Migdal's theorem go beyond the scope of the present
cwork.

As the coupling T,/rot„ is increased from the BCS limit
(T,/rut„-0) towards the outer edge of the conventional
strong-coupling region which is T,/cot„50.25, the temper-
ature dependence of

xL, (0)
Dt. (t)= ( )

is gradually reduced in magnitude and can even stop being
negative definite with a deep minimum around t =0.75.
These results are simihr to those found by Rammer al-
though we have not attempted a detailed comparison.
More interestingly, we find that as we go towards the very
strong coupling limit with T,/rot„of order 1.0, the trend in
DL(t) reverses and it can now display a negative
minimum which falls below the BCS value. This was
quite unexpected and implies that a BCS temperature
variation of D(t) does not necessarily imply weak cou-
pling.

The impurity dependence of XL(T), while similar quali-
tatively, is very different quantitatively in the T,/coI„-1.0
limit than it is for T,/m1„-0.0.

The strong-coupling parameter rt~, (T)—=XL, (T)/
Apts(T) also shows interesting behavior. Both rtt,,(0) and

rt~, (T, ) start from one at TJmt, 0 but vary very
differently with increasing value of this same parameter.
rt~, (0) is at first only slightly affected with a gradual drop
towards -0.6 at T,/cot„-1.0. On the other hand,
rt~, (T,) first drops very rapidly and then its variation
moderates as the very strong coupling asymptotic limit is
reached. The behavior of the dimensionless ratio
yL(0)/T, ~

yt'. (T, ) ~
with yL (T)=- I/k)(T) was particular-

ly unexpected. In the BCS limit it has value 0.5 and drops
to a minimum value of about 0.25 around T,/mt„-0.2-0.3 and then begins to rise again to take on a value
near BCS in the extreme case T,/mt„~ 1.2. These results
do not depend strongly on the value of Coulomb pseudo-
potential used or on the shape assumed for the electron-
boson exchange spectral density.
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