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Acoustic-phonon propagation in superlattices
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Bragg reflection of acoustic phonons propagating through a periodic superlattice is explored in
detail. We examine Bragg reflection for a single vibrational mode and relate it to gaps, or stop
bands, in the phonon dispersion relation at the center and boundary of the folded Brillouin zone.
Bragg reflection due to the coupling of different polarization modes is similarly linked to intrazone
stop bands. We also calculate phonon transmission rates, and explore in depth the spatial distribu-
tion of the transmitted phonon intensity. These results are compared with experimental phonon im-

ages that provide a two-dimensional map of the acoustic-phonon transmission as a function of prop-
agation direction.

I. INTRODUCTION

With the perfection of thin-film techniques that enable
high-quality, crystalline multilayer structures —super-
lattices (SL's)—to be produced, research exploring the
various properties of such systems has boomed. Of great
interest is the artificial periodicity of a SL, much longer
than the atomic spacing, imposed by alternating layers of
different materials. In addition to extensive investigation
of the electronic quantum states and transport properties,
there have been a number of studies which explored the
vibrational characteristics of SL's. ' ' One of the most
fundamental acoustic properties of a SL is the Bragg
reflection of long-wavelength phonons. The condition for
Bragg reflection requires mA, =2D cosa, where A, is the
phonon wavelength, D is the superlattice period, 8 is the
phonon wave-vector angle of incidence measured from
the normal of the interfaces, and m is an integer. Pho-
nons satisfying this condition are Bragg-reflected from an
ideal SL. This Bragg reflection produces band gaps, or
"stop bands, " at the boundary and center of the folded
Brillouin zone.

Previous works have shown that Bragg reflection in
SL's results in dips in the phonon transmission as a func-
tion of frequency. ' '" The well-known stop bands at the
boundary and center of the folded Brillouin zone are a
direct result of Bragg scattering. The reflection of zone-
center and zone-edge phonons has been observed experi-
mentally for both crystalline' ' and amorphous sys-
tems. "' The first experiments involved phonon propa-
gation perpendicular to the interfaces, in a direction of
high crystalline symmetry, or else in an isotropic (amor-
phous) system. Using the phonon-imaging technique, we
have recently observed the zone-boundary stop bands and
also stop bands within the zone due to mode coupling of
phonons propagating in off-symmetry directions. ' These
frequency gaps were predicted theoretically' and are at-
tributed to a generalized form of intermode Bragg
reflection. The coupled-mode stop bands in SL's appear
to be a phenomenon unique to phonons, as contrasted to
electromagnetic waves or electrons. Further evidence for
their existence has recently been observed using phonon

spectroscopy techniques. '

This paper systematically examines the issues con-
cerned with the Bragg reflection of phonons in a SL for
an arbitrary phonon propagation direction. We address
in detail such topics as the influence of crystalline anisot-
ropy on Bragg reflection, and how the standard Bragg
condition is modified if the reflection involves mode con-
version. The paper is organized to present the relevant
physical concepts with gradually increasing theoretical
and mathematical detail. In Sec. II we begin with the
fundamental process of phonon propagation through
SL s for the case of normal incidence. This restriction ex-
cludes the possibility of coupling between the different
polarization modes. Such simplifications help to em-
phasize the physical principles involved. First, we calcu-
late the dispersion relation for phonons at normal in-
cidence to a SL. Next, we compute the phonon transmis-
sion through the SL. The discussion in Sec. III extends
the topics of Sec. II to the more general question of pho-
non propagation through SL's for an arbitrary (oblique)
angle of incidence, including the possibility of coupling
between the modes. In Sec. IV we focus on the specific
topic of the angular dependence of phonon transmission.
To further elucidate this topic we present spatial maps of
the Bragg condition as well as detailed Monte Carlo cal-
culations of the spatial distribution of stop bands. Final-
ly, in Sec. V these theoretical results are compared to
data obtained in several phonon-imaging experiments.

II. BRAGG REFI.ECTION OF PHONONS
FROM SUPERLATTICES (NORMAL INCIDENCE)

A. General considerations

We first consider the simplest case of acoustic phonons
propagating through a SL perpendicular to the inter-
faces. Figure l(a) depicts the ideal SL system under con-
sideration. The system consists of an infinite repetition of
alternating layers of material A with thickness d„and
material B with thickness dz. Thus the SL period is
D =d z +d. The interfaces are parallel to the

x~~
—(x

~ xz ) plane, with the z axis (x 3 axis) normal to the
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FIG. 1. Schematic superlattice (SL) systems. (a) Ideal (infinite) SL with alternating layers of materials A and 8. The individual

layer thicknesses are d& and dz, so that the SL periodicity is D =d& +dz. The layer interfaces lie in the x~~
——(x &,x2) plane perpen-

dicular to the z axis (x3 axis). (b) Real (finite) SL. Phonons originate in the substrate layer S (GaAs), propagate through N periods
(2N + 1 interfaces) of the SL, and are observed in the detector layer D.

interfaces. We consider phonons with wavelength A,

propagating along the z axis (i.e., 8=0', where 8 is the
angle the wave vector makes with the z axis). In this
case, the condition for Bragg reflection of the phonons is

simply

m A, =2D,

where m is an integer. Since the basic reciprocal-
superlattice vector has a magnitude Go =

~
Go

~

=2m /D,
an equivalent form of the Bragg condition is

zone n. /D &—q &mID, and q =q correspond to the
center and boundaries of the zone. As in the phonon
dispersion relation for bulk materials, we expect frequen-
cy gaps to occur at the boundaries of the reduced zone.
The difference in acoustic impedance of the two adjacent
layers results in two vibrational modes of the same wave-
length, but different frequencies. As a result, gaps in
frequency —or "phonon stop bands" —are formed at the
zone boundary and zone center. Raman scattering has
been used to investigate the dispersion relation close to
the center of the folded zone.

2q =mop, (2)

where q=2n. /A, is the magnitude of the phonon wave
vector in the SL. Hence, phonons with q =q =mn/—
D=mGol2 are Bragg-reflected and cannot propagate
through the SL.

It is important to notice that the simple Bragg-
scattering condition, Eqs. (1) or (2), is valid for arbitrary
thicknesses d„and ds. In the general case, the phonon
displacement field is a modulated plane wave, u(z)e'~',
~here the modulation function satisfies the periodicity
condition, u(z+D)=u(z). This is the Floquet or Bloch
theorem. The local phase of the wave in one layer of
medium A, for example, can be described by a wave vec-
tor k„=~/vz, but there is no simple relation among q,
k~, and k~. Of course, m=k~v„=k~v~, where v~ and
vz are wave velocities in the respective media. Below we
will write down the dispersion relation for q in terms of
co, dg, dg, vg, arid vg.

A schematic of the extended-zone scheme in Fig. 2 in-
dicates q vectors for which the Brag g condition is
satisfied, namely those equal to reciprocal vectors mGp.
Thus, the wave number q defines the folded Brillouin

-4
I

3
I

-2
I

4

q (units of AID)

FIG. 2. (a) Schematic for Bragg reflection of phonons in the
v-q plane. Phonons with SL wave vector q =q =mmlD
(m =1,2, . . . ) are Bragg-reflected. Both the extended zone and

half of a folded zone (0(q & vr/D) are shown. The Bragg con-
dition may also be written in terms of the reciprocal-SL vector
Go 2m /D [Eq. (2} in text]. ——
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B. Phonon dispersion relation

With this qualitative picture in mind, we discuss a
quantitative method to calculate the phonon dispersion
relation for a specific SL. The SL system is as described
in Fig. 1(a). Although the dispersion relation for phonon
propagation perpendicular to the SL interfaces has al-
ready been published, it is worthwhile to briefly repeat
the derivation in order to establish the notation for the
more general cases of propagation developed later. Here
we assume that the interfaces are the mirror-symmetry
planes of the crystal and therefore all three modes of the
phonons are decoupled from each other for normal prop-
agation.

Let U be the lattice displacement of a given mode. In
each SL layer, U takes the form

kIz IkI z
UI(z) =age +al'e (3)

where I = A or B identifies the layers, a ' and a ' represent
the amplitudes of transmitted (+z propagating) and
reflected ( —z propagating) waves, and kI ——c0/ur with vr
the sound velocity. The time dependence e '"' of U has
been suppressed in Eq. (3) to simplify the notations intro-
duced below. Now, the displacement UI and the stress
Sl ——pz(c}UI IBz) (where pl is an appropriate elastic con-
stant) must satisfy continuity and periodicity conditions
in the SL. The continuity condition is simply

f„(zo)=fa(zo ), (4)

where z =zo is an interface [see Fig. 1(a}] and fr
represents both UI and Sl. The periodicity condition is
given by the Floquet theorem, which states

f„(zo+D)=e' fa(zo },
or, equivalently,

cock g
cos(qD) =cos

1+5' .
sin

cos
Vg

AM( g cOQB
sin

Vg
(9)

cos(qD)=cos co
da

+
Vg

—y sin
cock g

sin

T

coda
(9')

where y=(1 —5) /25. Because 5 is close to unity for
most SL's, the second term on the right-hand side of Eq.
(9') can be regarded as a small perturbation. At the
mth-order Bragg scattering, q =mmlD =q, and we
write cv =co +b co /2, where cos[co (d

„

Iv „+da I
ua)]=( —1} and b,co~/co~ &&1. Thus, for normal in-
cidence and 5=1, the center of the mth-order frequency
gap is given by

where 5=pzv~/pzvz is the ratio of the acoustic im-
pedances and pI is the mass density of a layer. This equa-
tion may also be viewed as a relationship between the
effective wave vector q of the SL as a whole and the wave
vectors kz ——c0/uI in the individual layers. The right-
hand side of Eq. (9) is a continuous function of cv, and its
modulus exceeds unity for some ranges of co, whereas the
left-hand side is bounded by —1 and 1. Therefore, fre-
quency gaps exist for the general e-versus-q relation.
The gaps occur for those q producing an extremal value
of cos(qD), i.e., q =mmlD, which coincides with the
Bragg condition [Eq. (2}].

The width Leo of the frequency gaps may be derived
from a simple perturbation calculation. Note first that
Eq. (9) can be rewritten as

f& (zp+d& )=e" fa(zp da)—
c0 =m n /(d q /v „+da /ua ), (10)

We stress again that q is the SL wave number that de-
scribes the modulation of waves in the SL as a whole.
Here it is convenient to introduce a 2)& 2 h matrix defined
by

ikrz
e

hr(z) =
pI kle

—/klz
e

—ik(z—PI&re

Then, using zo ——0 in Eqs. (4) and (5') leads to

h „(0) —ha(0)
det

h g(d g ) —Xha( —da )
=0,

where X=e'~ . Because, in general, det[h z (0)] and

det[ha( —da )]+0, Eq. (7) may also be written as

det(M XE)=0, —

where M—=h„(d„)[h„(0)]'ha(0)[ha( —da)] ' and F.
is a 2 X 2 unit matrix. Hence, 7 is given by the eigenvalue
of the matrix M.

By explicitly solving Eq. (8), we obtain the dispersion
relation

and, by substitution into Eq. (9 ), the width of this gap is
found to be

ANm = 2
(2y )1/2

d~/u~+da «a
N dA

X sin sin
Vg V

corn Gfg
1/2

(10')

For d„=da, sin(co d„/u„)is nearly zero at the zone
center, whereas at the zone boundary it is close to unity.
Therefore, in this case, hco at the zone center is small
compared to its value at the zone boundary.

Figure 3(a} shows the dispersion relation for phonons
in an A1As/GaAs SL with D/2=de ——dz. ' As expect-
ed, stop bands occur for phonon wave vectors at the
center and edge of the Brillouin zone. Moreover, the
zone-center stop bands are quite small. We also note that
dc0/dq =0 at q =q (m&0). As co~0, the phonon
wavelength becomes much longer than the SL periodici-
ty, becoming a bulk sound wave with a linear dispersion
relation with slope given by
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FIG. 3. (a) Dispersion relation for phonons at normal incidence to an infinite AlAs/GaAs SL with d& ——d& ——D/2. Stop bands

occur at the folded Brillouin-zone center and boundary (q =n./D). (b) Transmission rate vs the product vD for transverse (T) pho-

nons at normal incidence in an (001) AlAs/GaAs SL with 15 periods. Transmission rate is defined as (transmitted flux)/(incident

flux), as discussed in the text. Transmission dips occur for frequencies that satisfy the intramode Bragg reflection condition, i.e., fre-

quencies in the T-mode stop bands. (c) Transmission vs vD for longitudinal (L) phonons, with similar attenuation due to L stop
bands.
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C. Transmission rates

We now calculate the transmission rate of phonons
propagating through a finite-period SL. We continue to
consider normal incidence, which precludes the possibili-
ty of mode conversion. In this system the exact periodi-
city perpendicular to the interfaces is absent, so Eq. (5) is
no longer valid. However, Eq. (4) remains valid as the
continuity condition of the displacement and stress fields
at each interface.

In the situation under consideration, phonons of a
given mode (with unit amplitude) are incident on the SL
from the substrate (denoted by S), then propagate
through N periods (2N + 1 interfaces) to reach a detector
layer (D). This system is shown in Fig. 1(b). In the sub-
strate there exists one +z-propagating (incident) wave
and one —z-propagating (reflected) wave, while in the
detector layer there is only a +z-propagating wave. A
two-component column vector w can be defined consist-
ing of the two displacement amplitudes in each SL layer:

h, (0)wo —— h „(0)w„
h„(d„)w,= h~(d~ )w2,

h „(ND—dtt )wz~, —— h~ (ND —dtt )w~N,

h g(ND)w~N = hD(ND)w~n+, .

(13)

Elimination of the intermediate vectors w& —W2 ~ from
Eq. (13) yields a relation between the substrate phonon
wave amplitudes wz ——wo and the detector-layer phonon
wave amplitudes wD ——W2&+ &..

Here the layers are identified by the index n instead of I
(=A or 8), which denotes the layer number ordered
from n =0 to n =2N+ 1. (It should be remarked that
odd n corresponds to I = A and even n to I =8, as in
Fig. 1(b). So the suffix n is more general than I.) Note
that we assume azz+, ——0 for the detector layer and

ao ——1 for the substrate. Using the 2)&2 h matrix of Eq.
(6) and w, it is convenient to express the continuity condi-
tion [Eq. (4)] of the displacement and stress fields at the
interfaces as

W„=
an

(12)

wD = Twg

where the "transfer matrix" T is given by

(14)
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T =[hD(ND)] ' hrr(ND)[hrr(ND d—
rr )] ' h „(ND—drr )

. . [h „(0)]' hs(0) . (15)

Solution of Eq. (14) yields the amplitudes aD of the
transmitted wave in the detector and as of the reflected
wave in the substrate.

The transmission rate is defined as the transmitted en-

ergy flux of the phonons reaching the detector layer nor-
malized by the energy flux of the incident wave in the
substrate. The energy flux is given by

I'r =
~ pr to Vr

I
ar I

In this equation VI is the group velocity of the wave. For
normal incidence and in the continuum approximation,
VI ——vi. Since as ——1, the transmission rate is

~D PDVD t 2
laD I' ~

Is ps vs

Figures 3(b) and 3(c) show the calculated transmission
rates of longitudinal (L) and transverse (T) phonons prop-
agating through a GaAs substrate into a (001)
A1As/GaAs SL with 15 periods. Here we have assumed
d„=drt=D/2 and a perfect acoustic match between the
SL and detector layer. The plots reveal severa1 prom-
inent dips in transmission that occur at the frequency
gaps in the dispersion relations. One can see a correla-
tion between the width of the frequency gaps and the
magnitude of the transmission dips. If the number of SL
periods is increased, the relatively shallow dips become
deeper. Increasing the number of periods also increases
the number of small oscillations in the transmission rate,
which are caused by interference effects between the
transmitted and reflected waves.

We note here that the graphs in Figs. 3(b) and 3(c) are
exactly the type used to analyze the results of previous
experiments. Dips in the acoustic-phonon transmission
for normal incidence were first observed experimentally
by Narayanamurti et al. ' in crystalline
Ga, „Al„As/GaAs superlattices and more recently by
Koblinger et al. " in amorphous Si02/Si superlattices.
Both studies made use of the phonon spectroscopy tech-
nique, which measures the time-integrated phonon inten-
sity as a function of frequency. The observed transmis-
sion dips can be correlated to the Bragg reflection of pho-
nons with frequencies v=v =mac/D [c given by Eq.
(11)] corresponding to the mth-order reflection. In each
case, simulations of the transmission rate based on the
transfer-matrix method supported the idea that the at-
tenuation observed was due to the first- or second-order
(zone-edge or zone-center) stop bands.

phonon-SL interaction its unique properties. For t9&0 it
is generally impossible to decouple the different polariza-
tion modes, so all three phonon modes must be handled
simultaneously. For oblique propagation directions, the
polarization modes are not pure, but instead contain both
L and T components. At each interface, an incident
wave therefore may be reflected or transmitted into any
of the three modes; the relative amplitudes of the
reflected and transmitted waves for each mode will vary
(perhaps dramatically) as a function of 8. The principles
of Sec. II are extended to account for these conditions.

A. Oblique incidence and intermode Bragg reflection

If we temporarily ignore the possibility of mode con-
version, the situation indicated in Fig. 4(a) exists. Pho-
nons with wave vector K incident on a SL layer at an an-
gle 8&0' are specularly refiected at the same angle. It is
easy to extend the Bragg-reflection condition of Sec. II to
give the standard Bragg condition for constructive in-
terference at oblique incidence:

2D cos8=m A. , (18)

cosOL cost9y
D (19)

where A, L (A,r) and 8L (8r) are the wavelength and angle
of incidence or refiection of the L (T) phonons. In terms
of the normal components qL and qz of the L- and T-
phonon wave vectors, the Bragg condition becomes

where cosH =K.z and z is a unit vector normal to the su-
perlattice interface. Defining K= (k~~, q) and using the
reciprocal-superlattice vector Go, Eq. (18) may be written
in a form identical to Eq. (2). [Note that the SL wave
vector K is different from the wave vector k=(kl, k, ) in
an individual layer, although the component k~~ parallel
to the interface is common to K and k.] It is important
to remember that now q represents the wave-vector com-
ponent normal to the interfaces. Therefore we expect
zone-edge and zone-center stop bands similar to those in
Fig. 3(a) to occur when the normal component of the
wave vector is the appropriate value, given by Eq. (2).

Allowing for the possibility of mode conversion
changes the situation to that indicated in Fig. 4(b). Com-
parison to Fig. 4(a) suggests that a generalized form of
the Bragg condition for oblique incidence that includes
the possibility of mode conversion can be written as (for
L~T or vice versa)

III. GENERAL THEORY OF ACOUSTIC-PHONON
PROPAGATION IN SUPERLATTICES qL+qy =mGp (20)

This section parallels the development of Sec. II for the
case of a phonon incident on the SL at an arbitrary angle.
Again it is assumed that the normal to the SL interfaces
is a twofold or fourfold crystalline symmetry axis. Ob-
lique incidence immediately introduces several complica-
tions, but as we shall see, these complications give the

Simultaneously, conservation of the phonon frequency
and wave vector parallel to the interface must be
satisfied, i.e., vL ——v~ and k~~

——k~~. In an anisotropic medi-
um with two distinct T branches, intermode Bragg
reflection between the T modes is also possible.

Figure 5 shows the processes of T to L Bragg reflection
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FIG. 4. (a) Schematic of Bragg reflection for phonons at an oblique angle of incidence 0 to a SL. Mode conversion between
different polarizations is not considered. (b) Schematic of intermode Bragg reflection at oblique incidence in which the different po-
larization modes couple.

in the v-q plane. In the folded Brillouin zone, intermode
reflections occur where the folded dispersion curves of
the L and T modes intersect (open circles). As we shall
see, the coupling between modes at these points produces
an "anticrossing, " or "coupled-mode stop band. " This
effect is not observed in the normal-incidence case (Fig. 3)
because the L and T waves have orthogonal polariza-
tions.

COp

(k )
(21)

face. ' Figure 6 shows the (100) sections of the slowness
surfaces for each half of the AIAs/GaAs interface. These
surfaces represent a polar plot of the wave-vector ampli-
tude at a constant frequency cop', that is,

B. Slowness surface and transmitted and re8ected
wave vectors at a single interface

Before calculating the dispersion relations for phonons
propagating obliquely in a SL, we must consider the pro-
cesses of transmission and reflection at a single inter-

I

-4
I

-3
l

-2 0

q ( units of ~/D)

FIG. 5. Schematic of intermode Bragg reflection in the v-q
plane. For oblique angles of incidence, phonons of different po-
larizations couple if the sum of their normal wave-vector com-
ponents qL and qT are an integral number of reciprocal-SL wave
vectors Go [Eq. (20)]. The coupling causes an "anticrossing" or
intramode stop bands in the dispersion relation (open circles).

where U (kI ) is the phase velocity in layer I. The slowness
surface has one sheet for each of the three modes [L, FT
(fast transverse), and ST (slow transverse)]. It is not
spherical (and the transverse modes are not degenerate)
due to the elastic anisotropy of the crystals.

The slowness surface reveals the anisotropy of the
phase velocity U. Moreover, since the group velocity
V=Vk~ is normal to the surface, this construction
makes it clear that k and V are not, in general, parallel.
This property of all crystals can produce an extremely
anisotropic phonon flux intensity emanating from a point
source of heat —an effect known as "phonon focusing. "'

The cross sections of the slowness surfaces plotted in
Fig. 6 indicate the restrictions that exist on the transmit-
ted and reflected wave-vector components for a given in-
cident k vector. Conservation of k

l
——

~ ki ~

across the fiat
interface restricts the choice of reflected and transmitted
k vectors. For the value of ki indicated in Fig. 6(a), there
are six real k's satisfying Eq. (21). Among them three
solutions represent +z-propagating waves, and the other
three are —z-propagating waves. As Fig. 6(b) demon-
strates, for certain values of k~~ it is possible that no real k
satisfying Eq. (21) exists for a certain mode (sheet). In
this case an evanescent wave is formed for that mode. As
we shall see in the discussion below, this indicates an
imaginary solution of the wave equation for the normal
component of k, of k.

The plane-wave solution of the phonon displacement
vector U in a particular SL layer is
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(a) k3 vector in a layer takes the form

(j) (j) ' z

j=1
(25)

AIAs

GaAs

(b) k3

k, l
=(k, ,k2}

Note that j is an index over both the phonon mode
(j =1,2, 3) and the reflected or transmitted character (r
and t) of the mode. For larger values of lt)(, some solu-
tions to Eq. (24) will be complex [see Fig. 6(b)]. (The
imaginary solutions occur as complex-conjugate pairs. )

Equation (25) indicates that imaginary values of k, corre-
spond to inhomogeneous waves, i.e., evanescent waves,
that exponentially rise or fall in amplitude toward the in-
terior of the medium. Nonetheless, there are always six
waves of some kind in each layer.

The phonon displacement vector U produces the stress
vector S (in interfaces which are normal to z =x3) defined

by

Sl ——C3I „8U

AIAs k„=(k,,k2)

a x 6 . . iI(&)z

I=e '"'e ~~ ~~ ~ a''o''e ' i=123.
j=l

(26)

GaAs This equation actually defines the coefficients 0 I ', using
Eq. (25}.

C. Dispersion relations in the superlattice
for oblique incidence

FIG. 6. Cross sections in the (100) plane of the slowness
(constant-frequency) surfaces for a GaAs/A1As interface. Each
slowness surface consists of three sheets corresponding to the
three polarization modes (L, FT, and ST). (a) Phonons incident
at the interface with the k((

——
~ k~( ~

=(k), k2) indicated have six
possible reAected and transmitted wave vectors that conserve

k~~. (b) Phonons incident with this value of k~~ cannot conserve

k~~ for L phonons in A1As, so an evanescent L wave is formed.

U(r) gee —icot +ik r (22)

(C;,~„kik„pro5; )E =0,— (23)

where C;I
„

is the elastic-constant tensor of the layer.
Since the secular equation

det(C;, „k,k„pco25, )=0— (24)

is of degree 6 in k, in each layer there are six solutions
k,' ', j = 1,2, . . . , 6 for any initial values of k~~ and co. For
small kf~, all of the k, are real, as can be seen from Fig.
6(a). Three of the solutions (those with k, &0) corre-
spond to the +z-propagating bulk wave for each mode,
and three (those with k, &0} correspond to the —z-

propagating bulk waves. Thus the total displacement

where r=(xi, z), a is an amplitude, and a is a polarization
vector. (For the moment we will suppress the index I in
U for simplicity. } Note that the phonon displacement U
treated in Sec. II is a scalar, but now we require a vector
U with three Cartesian coordinates. The wave equation
for U must satisfy the Christoffel equation, '

We return to the multilayer SL in order to determine
the phonon dispersion relation for a general angle of in-
cidence. Each component of U and S must satisfy the
continuity and periodicity conditions given by Eqs. (4)
and (5). This leads to 12 linear equations to be solved for
12 amplitudes a„'~' and aii" (j =1,2, . . . , 6; A and B are
the layer index). We define a 6 X 6 h matrix

T

(,.) ik,'&'z

cI' e
h (z)= / =1,2, 3, j =1,2, . . . , 6 (27)

(j) ' z
I

instead of the 2X2 h matrix defined by Eq. (6). Now the
12 linear equations are reduced to the eigenvalue equa-
tion of Eq. (8) to be solved for X=e''i . Note that M in
Eq. (8) is now a 6X6, instead of a 2X2, matrix. By solv-
ing this eigenvalue equation, we can obtain the desired
phonon dispersion relation for oblique incidence.

Examples of the acoustic-phonon disp'ersion relation
v=v(q} for two cases of oblique incidence are shown in

Fig. 7. These graphs were calculated for the same com-
bination of SL parameters as in Fig. 3(a}. These curves
do not relate the three modes for the same wave-vector
angle, but rather the three with the same value of k~~ in

keeping with the discussion above. As expected, intra-
zone stop bands —gaps in the dispersion relation within
the folded Brillouin zone —occur at various values of q in
addition to the gaps at the zone boundary and zone
center. The coupled-mode frequency gaps occur exactly
in the regions of the q-v plane shown schematically in
Fig. 5 where the L and ST dispersion curves would other-
wise intersect. It is important to note that for phonon
propagation in the (110}plane of cubic crystals chosen
here, FT phonons are polarized perpendicular to the
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FIG. 7. Normal wave-vector component q vs the product vD for phonons propagating at oblique incidence in an (001) A1As/GaAs
superlattice. (a) Dispersion relation for phonons propagating in the (110) plane, with 8L ——40 in GaAs. The corresponding FT and
ST angles (8FT——22.9' and 8sT 21.2') are determined by conservation of kII. (b) Relation for 8L——60' (8FT ——30.4' and 8» ——27.4' in

GaAs). Intrazone stop bands due to L-ST coupling exist, but for (110) propagation the L and ST modes do not couple with the FT
mode, and no L-FT or ST-FT stop bands occur.

(110) plane, and thus they are decoupled from the corre-
sponding ST and L phonons, which are polarized in the
plane. Hence in this propagation configuration inter-
mode Bragg rejections do not occur between L and FT
or ST and FT phonons, yielding no intrazone frequency
gaps in the region where the FT branch intersects the L
and ST branches.

We also point out that as the angle of incidence in-
creases, the dispersion curves become steeper, because
the wave number q is the z component of the phonon
wave vector. This means that the frequency at which
stop bands appear becomes larger for a larger angle of in-
cidence. In this respect, it is important to note that, for a
selected experimental frequency, stop bands originating
from different Bragg processes will occur at different an-
gles of incidence.

At low frequencies (where the phonon wavelength is
much longer than the SL periodicity) the dispersion
curves of three branches are well separated and are quite
linear in q. This means that in the SL there is only a very
weak coupling between the different polarization modes.
Therefore, in the low-frequency region we can write the
dispersion relation as

CO=CQ (28)

where the velocity c is given by

II

I(diaz) +(dzzs) +[(1+5 )l5]dzd&KRAK@ I'
(29)

where ~=k, /kii —ot~ " vii =cojk

(30)

The ratio 5 in Eq. (30) is the ratio of the effective acoustic
impedance for a particular mode in alternating layers [cf.
5 in Eq. (9)]. Equation (29) gives the effective phase ve-
locity of the wave along the z axis and reduces to Eq. (11)
for normal incidence. Note that these equations also re-
late q with k, in each layer at low frequencies. At high
frequencies the coupling among different polarizations
becomes significant and no such simple analytic expres-
sion exists for the dispersion relation.
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D. Transmission rates

W n

(j =6)
Qn

(31)

With the 6&(6 h matrices defined by Eq. (27), the con-
tinuity equations for the displacement and stress vectors
at an interface take the same form as Eqs. (13) and (14).
Again, we assume that of the six wave amplitudes aJ' in
the detector layer, the three reflected amplitudes are zero,
that is, a zz+, =aD' ' ——0 for reflected waves in the detec-
tor layer, where J =1, 2, and 3 denotes the three phonon
modes. Similarly, ao' '—:as' ' ——5J J where Jo represents

the mode of incident phonons in the substrate. Thus, Eq.
(14) determines the three phonon amplitudes ag '

transmitted to the detector and the three amplitudes as ' '

reflected in the substrate.
The phonon transmission rate is defined similarly to

that in Sec. II, i.e., by the ratio of z components of the en-

We next calculate the transmission rate for a single
acoustic-phonon mode propagating at oblique incidence
through a SL with a finite number of periods [see Fig.
1(b)], allowing for the possibility of mode conversion. In
the substrate there are now one +z-propagating wave (in-
cident wave) and three —z-propagating waves (reflected
waves). In the detector layer, only three +z-propagating
waves (transmitted waves) exist. Within an intermediate
SL layer, there are six wave amplitudes.

We again use the column vector w, which now consists
of the six wave amplitudes in the nth layer [instead of two
amplitudes as in Eq. (12)]:

ergy flux of the transmitted and incident phonons. Here,
the velocity VI in each layer is the z component of the
group velocity V for the relevant mode.

Figures 8(b) and 8(c) show examples of the frequency
and layer-thickness dependencies of the transmission rate
of the ST and L phonons. The SL parameters and
phonon-propagation directions are the same as those in
Fig. 7(a), and these dispersion curves are reproduced in
Fig. 8(a) for direct identification of the energy gaps with
the transmission dips. A11 of the calculated dips corre-
spond well to the frequency gaps in the dispersion curves.
In particular, the dips labeled 1 —3 are common to L and
ST modes, corresponding to intermode Bragg reflections
between L and ST. It is interesting to note that these in-
termode phonon transmission dips are actually deeper
than the dips corresponding to the intramode (zone-
boundary) Bragg reflections. This suggests that coupled-
mode Bragg reflection of phonons in SL's should be rath-
er easily observed experimentally for oblique propagation
configurations.

IV. ANGULAR DISTRIBUTION OF PHONON
TRANSMISSION THROUGH A SUPERLATTICE

The transmission rates calculated in Fig. 8 apply only
to a particular angle of incidence. Yet the anisotropies in
the phonon scattering are one of the most interesting
features of this system. Of course, many different
transmission curves could be generated for successive an-
gles of incidence, but the usable information gained in
such a procedure would hardly be worth the effort. In-
stead, we now consider two alternative procedures for
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FIG. 8. (a) Dispersion relation for phonons in an {001)AlAs/GaAs SL, as described in Fig. 7(a). (b) Transmission rate vs va for

ST phonons incident on an (001) AlAs/GaAs SL with 15 periods. The propagation direction Os+
——21.2 was set to conserve k~~ with

the direction for L phonons used in part (c). (c) Transmission vs va for L-mode phonons in the same SL, 0L——40. In addition to
various transmission dips corresponding to the individual zone-edge and zone-center stop bands, both modes share dips labeled 1 —3
due to intermode Bragg reAections within the zone.
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characterizing the angular dependence of the phonon
transmission. The first approach is to plot a two-
dimensional spatial map of the Bragg condition for fixed
frequencies. Secondly, Monte Carlo techniques are em-
ployed to generate the corresponding spatial maps of
phonon transmission at a given frequency. The approach
is analogous to optical spectroscopy, in which spectral in-
formation is transformed to spatial information by the
use of a ruled grating. In the phonon case, the SL serves
as a "ruled grating. " (A closer analogy with the SL is the
optical interference filter, which is sometimes used in
spectroscopy. )

The utility of such calculations stems from the devel-
opment of phonon-imaging techniques, whereby the ex-
perimenter can easily scan the angle of phonon propaga-
tion between the source and detector. (This is generally
accomplished by fixing the detector and moving the heat
source —an electron or laser beam. ) To study SL proper-
ties, a phonon-imaging experiment is subject to an addi-
tional constraint, namely, a means of frequency selection.
This has been accomplished as described in the following
section.

Due to the inherent anisotropy of phonon propagation,
the SL has a much more complicated response than an
optical interference filter. Nevertheless, it is conceivable
that future technical developments will permit the SL's
use in phonon spectroscopy. In addition to characteriz-
ing the physics of acoustic wave propagation through a
SL, the present type of calculations provides an essential
development towards this end.

cos8 m

2vD
(32)

Hence, for a fixed frequency v in an isotropic SL, the
mth-order intramode Bragg reflection will occur only for
phonons with a single value of the incident angle 8. In a
real SL of elastically anisotropic materials, U changes with
propagation direction, as the slowness surfaces of Fig. 6
indicate. The Bragg angle will vary accordingly depend-
ing on the orientation of the saggital plane containing the
incident and reflected wave vectors. Therefore, a polar
plot of the angles for which Eq. (32} is satisfied provides
basic information about the angular dependence of the in-
tramode Bragg reflection. In reality, the situation is a bit
more complicated. A phonon-imaging experiment actu-
ally scans real space, not k space. Thus we must trans-
form the k vectors associated with Bragg scattering into
the group-velocity vectors of the substrate (GaAs here).
The procedure for k-to-V transformation has been de-
scribed elsewhere, ' ' and general computer programs
are available to accomplish the task.

The graphs in Fig. 9 show the real-space angles in
GaAs that satisfy the Bragg condition for various values
of vD, assuming m =l. ' Also shown (in parentheses)
are the corresponding frequencies assuming D =40 A. In
these graphs, the interface normal is the [001] direction,

A. Spatial maps of the Bragg condition

Using the relation A, =ulv, the usual Bragg condition
[Eq. (18)] can be written in the alternate form

so the angle of incidence is just the polar angle 0. A com-
puter program varied 8 for each azimuthal angle P until a
pair (8,$) satisfying Eq. (32) was found. The (8,$) pairs
were then transformed into the real-space angles (e,@)
using the k-to-V mapping for GaAs. The resulting
curves indicate the real-space propagation directions for
which the intramode (standard) Bragg refiection attenu-
ates the phonon transmission. The maps in Fig. 9 also
contain the patterns of mathematically infinite phonon
intensity (caustics} characteristic of phonon focusing,
shown as the dashed lines. Figure 9(a) reveals that the
L-mode pattern is nearly circular, while the ST and FT
patterns in Figs. 9(b) and 9(c), respectively, are more an-
isotropic when convolved into the focusing structure.
Note that increasing the phonon frequency moves the
pattern away from the interface normal (i.e., 8 increases).
These patterns describe a single frequency; for a real stop
band, there is a range of attenuated frequencies and the
curves have a finite width.

Similarly, substitution of A, =vlv into the intermode
(coupled-mode) Bragg condition [Eq. (19)]yields (e.g., for
L~FT conversion)

cosOL cosOFT+ m

vD
(33)

For a fixed frequency, conservation of k~~ or Snell's law
also requires

UFT

sin8„sin8FT (34}

Thus, intermode Bragg reflection occurs for the pairs of
angles (8L, 8FT) that simultaneously satisfy Eqs. (33) and
(34) for a given combination of m, v, and D. Angles for
L~ST and ST~FT conversion can likewise be deter-
mined. Plots of the corresponding real-space angles are
shown in Fig. 10. In each case, there are two curves: one
for each phonon mode detected, with the appropriate k-
to Vtran-sformation. (In other words, a particular L~T
coupled mode stop band is manifested in both the L and
T transmission. } The patterns are similar, but not entire-
ly identical to the intramode maps in Fig. 9, indicating
the effect of SL anisotropy.

B. Monte Carlo calculations of the stop band distribution

While the simple Brag g-reflection maps described
above indicate the basic anisotropies in the reflection pro-
cess, they do not provide direct information about the
strength or angular width of the stop bands. (Note: a
range of forbidden frequencies transforms into a range of
forbidden angles, so we can equally well use the term
"stop band" to describe the real-space attenuation. ) To
determine the complete spatial distribution of the acous-
tic stop bands, we present the following method.

An incident k vector in the substrate is chosen ran-
domly from a desired input range. A frequency v is fixed
at a single value or selected randomly from the "detec-
tor" frequency interval v, &v(v2. For this k, v, and
selected mode J, the value of g=e' containing the su-
perlattice wave vector q is calculated according to the
steps described in Sec. III. If

~

X
~

=1, then q is a real
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FIG. 9. Spatial maps of the intramode Bragg condition for phonons incident on an (001) AlAs/GaAs SL from a GaAs substrate.
These maps show the set of real-space directions for which Eq. (32) in the text is satisfied. The maps span +63' (tan8=+2). The
dashed lines in parts (b) and (c) indicate the phonon-focusing caustics for FT and ST phonons in GaAs. (a) Curves for L phonons
with vD=2. 8, 3.2, and 3.6 km/s. For a SL with D =40 A, the curves represent m =1 Bragg reflection of L phonons with v=700,
800, and 900 GHz, respectively. (b) Map for FT phonons with vD=2. 4, 2.6, and 2.8 km/s (m =1 reflection for phonons with

v=600, 650, and 700 GHz). (c) Map for ST phonons with vD =1.8, 2.0, and 2.2 km/s (m =1 reflections for v=450, 500, and 550
GHz).

wave vector and can propagate through the SL. If
~
X

~
+I, then q is an imaginary wave vector (i.e., it lies

in a stop band). The real-space direction of these imagi-
nary wave vectors are computed, and projected onto the
desired viewing plane. Thus the dark areas in the
finished two-dimensional plot mark the positions of
acoustic stop bands, and the local density of points corre-
spond to the flux of initial k vectors intersecting that re-
gion. Thus, the dark areas represent the distribution of
re+ected phonons. The crystalline symmetry (fourfold
here) is exploited to yield better statistics. Typically, a
calculation requires 15000 incident k vectors, which re-
sults in 9000 stop-band points and takes 100 min of CPU
time on a VAX 750 computer.

Such Monte Carlo calculations of the stop-band distri-
bution are shown in Fig. 11. The figure shows stop-band

distributions for each of the three phonon modes in an
A1As/GaAs SL with d„=ds=D/2=20 A. The as-
sumed frequencies are 700, 600, and 500 6Hz for L, FT,
and ST phonons, respectively. In each case a very nar-
row band of frequencies is sampled (hv=10 GHz). In
these figures one can recognize stop-band distributions
similar to the contour maps in Figs. 9 and 10. However,
some of these features are quite broad, because the finite
width of the frequency gaps produces a finite spatial
range of stop bands for a single frequency. Moreover, the
calculations reinforce our prediction of stop-band struc-
tures due to both intra- and intermode Bragg reflections
in this frequency range. The outermost structures are not
due to Bragg reflections at all, but instead are due to
waves in the "harder" AlAs layer that become evanes-
cent, localized near the interfaces. It should be noted
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V. COMPARISON WITH PHONON-IMAGING
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FIG. 11. Monte Carlo calculations of the spatial distribution
of phonon stop bands in a (001) A1As/GaAs superlat tice,
D =40 A (d~ =d~ ——20 A). The images span +63. (a) L mode
(700 GHz). (b) FT mode (600 GHz). (c) ST mode (500 GHz).

The phonon-imaging technique is an ideal experimen-
tal means of measuring the angular (spatial) distribution
of the acoustic stop bands in superlattices. Phonon imagoo

ing provides a two-dimensional map of the intensity vari-
ation for each mode as a function of propagation direc-
tion. Individual modes can be isolated by velocity selec-
tion. Such experimental results can be directly compared
to the theoretical results discussed above.

The phonon-imaging technique used here is based upon
that developed by Northrup and Wolfe. The samples
involved were high-quality A1As/GaAs and
In Ga, As/AlAs heterostructures grown by the
molecular-beam-epitaxy (MBE) technique on commercial
undoped GaAs wafers (-400 pm thick). A 2000-A-
thick Cu film was deposited on the face of the substrate
opposite the SL. The sample is immersed in liquid He
(T=1.8 K). A pulsed Ar+ laser beam (A, =5145 A,
width = 15 ns, spot-size diameter = 10 pm) is raster-
scanned across the metalized surface, thereby exciting
electrons in the Cu film. Phonons created by the relaxaoo

tion of the electrons propagate across the substrate,
through the SL, and are detected by a (15X 15)-pm PbBi
tunnel junction. A boxcar integrator affords temporal
resolution of the detected intensity signal, so that the po-
larization modes may be distinguished by their differing
times of Aight. Generally, the boxcar gate is continuous-
ly adjusted during the X-Y scan in order to select a con-
stant velocity as the path length between the source and
detector changes. The transmitted phonon intensity is
recorded as the boxcar output voltage for a particular
laser-spot position. A (256&&256)-element array is digi-
tally recorded and displayed on a video monitor using a
video-frame buffer.

The Pb-Bi tunnel junction is an extremely useful and
versatile phonon detector. A tunnel junction detects
phonons with energy h v & 2A, where 2A is the supercon-
ducting gap. This detection onset is an important factor
in the experimental frequency resolution. The
stoichiometry of the Pb-Bi alloy may be altered to obtain
a particular phonon onset frequency v, in the range
650& v, &850 GHz. The onset frequency of an indivi-
dual detector is determined from its I-V characteristics.
Figure 12(a) shows the I Vcharacteristics -of one of the
detectors we used. The onset frequency v, equals 2A/h.
Moreover, the substrate acts as a low-pass filter which in
conjunction with the detector onset provides a band of
detected frequencies, hvD-0. 2v, . Isotope scattering in
the bulk crystal and scattering from impurities and de-
fects contribute to this high-frequency cutoff. Theoreti-
cal and experimental discussions of this useful
frequency-selectivity effect have been published for GaAs

To illustrate the frequency-selectivity effect, Fig. 12
shows the predicted transmitted phonon distribution for
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13(a). The regions of relatively high intensity stretching
between adjacent ( 111) directions are an expected conse-
quence of phonon focusing. The image displays a higher
intensity in the vicinity of (001) (center of image) than
expected from phonon focusing. We attribute this extra
intensity to L phonons that undergo small-angle scatter-
ing in the substrate. The scattering could be due to iso-
topes or defects in the substrate. Figure 13(b) shows a
phonon image for the same GaAs sample, selecting a
longer time of flight (230 ns). The relatively broad boxcar
gate (80 ns) makes it possible to detect most of the FT
and ST patterns over a wide range of angles. At these
frequencies, dispersion causes a noticeable increase in the
angular separation of the FT caustics, and a rounding of
the central ST structure.

With the phonon images for the GaAs substrate in
mind, the imaging experiments were repeated for several
substrate-plus-SL samples. (Unless otherwise indicated,
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FIG. 12. (a) I-V characteristics of Pb-Bi tunnel junction. (b)

Predicted frequency distribution for L phonons in a 400-pm-
thick GaAs crystal when isotope scattering effects are included.
The dashed-dotted line indicates a 20-K Planck phonon distri-
bution. The dashed line represents the transmission factor
e ' calculated with the isotope scattering rate in Ref. 26 and

a single phonon velocity V=5.4 km/s. The solid line is the
transmitted distribution, Planck Xe '. The phonon fre-

quency range for a detector with onset frequency 850 GHz is in-

dicated by Ava, assuming only isotope scattering.

L phonons in a 400-pm-thick GaAs crystal, assuming
only defect scattering from isotopes. The dashed-dotted
line represents an initial 20-K Planck phonon distribu-
tion. The dashed line depicts the attenuation due to iso-
tope scattering calculated from theoretical estimates for
GaAs. The detected frequency band hvD is defined as
the full width at half maximum (FWHM) of the detected
distribution. As indicated in the figure, for a detector
with v, =850 GHz, hvD =350 GHz. This transmitted
phonon frequency is somewhat larger than what we esti-
mate from the SL results to be described, indicating that
defects in the substrate other than isotopes are limiting
the high-v transmission.

Experimental phonon images for the GaAs substrate
are shown in Fig. 13. Figure 13(a) is constant-velocity
image of the L-phonon intensity (v =5.4 km/s, v, =850
GHz). For all of the experimental images, the center of
the image is (001), and ( 111) directions are located ap-
proximately at the positions indicated by crosses in Fig.

FIG. 13. Experimental phonon images of the phonon flux in-

tensity in an (001)-oriented GaAs substrate. (a) Constant-
velocity image of L phonons (v =5.4 km/s). The image is cen-
tered on the [100] direction, and spans approximately +60 left
to right. Adjacent ( 111) directions are indicated by the
crosses. (b) Constant-delay image (gate 80 ns wide at t =230 ns
after the laser pulse) of FT- and ST-phonon intensities. The
bright lines of high flux intensity (caustics) are due to phonon
focusing. A 25-pm Gaussian broadening due to finite laser-spot
and detector resolution has been deconvolved from this image.
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all detectors were fabricated to obtain a phonon onset fre-

quency v, =850 GHz. ) For the first experiment, the tun-

nel junction was evaporated directly over an
Ino &5Gaos&As/A)As SL with dz ——da ——20 A and 40
periods. Figure 14(a) is a constant-velocity image for the
L phonons. The most striking feature is the narrow,
nearly circular "dip" in the phonon transmission. Figure
14(b) shows the phonon intensity for a scan line across
the center of the image. The dashed line in this figure
represents a similar scan across the center of the sub-
strate sample in Fig. 13(a). (The substrate intensity is
plotted above that of the SL sample. Since the two exper-
iments involved different detectors with different charac-
teristics, the relative intensities of the two samples can
only be estimated. ) Note that the transmission dip is

quite sharp, indicating a relatively narrow range of
detected frequencies. The total effect of the SL may be
better isolated by subtracting the substrate image in Fig.
13(a) from the substrate-plus-SL image in Fig. 14(a). This

difference image, which roughly represents the SL at-
tenuation, is shown in Fig. 14(c) with increased gain. In
addition to the sharp ring, a diamond-shaped structure is
apparent. %e now address the origin of these SL effects.

A Monte Carlo calculation of the L stop bands for
v=845 —855 GHz in this SL is shown in Fig. 14(d). As in

Fig. 11, a dot indicates the direction of the phonon group
velocity projected onto the (001) plane of the GaAs sub-
strate. Three different stop-band structures are apparent
in this figure: narrow circular and diamond-shaped
structures, and a broad distribution surrounding them.
This simulation is quite similar to the experimental obser-
vations. The ring corresponds to the m = 1 zone-
boundary stop band [ht in Fig. 15(a)] and experimentally
occurs at 8=35'+3' from (001) in the (100) plane and
8=37'k3' in the (110) plane. Figure 14(d) predicts
8=38.7'+0. 8' for (100) and 8=40.6'+0.6' for (110). A
2-A uncertainty in the layer thickness, or the use of non-
dispersive elasticity theory, could account for the small
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FIG. 14. Phonon images for a (001) Ino»Ga08, As/AlAs SL with d„=d&——D/2=20 A and 40 periods. (a) Experimental
constant-velocity image of L phonons (v =5.4 km/s). The image scale and orientation are approximately the same as in Fig. 13(a).
(b) Scan of phonon intensity across the center of the image for the SL sample (solid line) and the substrate sample (dashed line). The
relative intensities of the two curves is arbitrary for display purposes. (c) Difference image created by subtracting the substrate image
of Fig. 13(a) from the SL-plus-substrate image in (a), shown at increased gain. To improve the signal-to-noise ratio, the four
symmetry-related quadrants have been averaged. (d) Calculated stop-band distribution for L phonons in this system. The dashed line

and points A, B, and C are for reference in Figs. 15 and 16.
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FIG. 15. (a) Phonon dispersion relation for the propagation direction indicated by point A in Fig. 14(d). (b) Dispersion relation
for the propagation direction indicated by point B in Fig. 14(d). (c) Relation for the propagation direction indicated by point C in

Fig. 14(d). Note that the frequency scale in (c) has been changed. As the phonon angle of incidence is increased, the curves grow
steeper. Thus for a fixed detector frequency &lower limit or onset frequency of 850 6Hz indicated by v, ), it is possible to detect
different types of stop bands by varying the phonon angle of incidence.

discrepancy between theory and experiment.
In order to identify the origins of the stop-band struc-

tures, we have calculated the dispersion relations for L
phonons propagating in the three different directions A,
B, and C indicated in Fig. 14(d). The results, shown in

Figs. 15(a)—15(c), indicate band gaps for the L phonons
which coincide with v=v, =850 6Hz. The gap appear-
ing for propagation along A is the lowest ( m = 1 } zone-
boundary stop band, hL. For propagation along 8, an in-

trazone frequency gap hz FT due to coupling of the L and
FT modes coincides with the detector onset frequency.
For propagation along direction C, the dispersion rela-
tion is more complicated. At this large angle of in-
cidence, the L dispersion curve is very steep, and a stop
band due to L-ST coupling occurs close to q =0. As a re-
sult, the coupled-mode gap b „sTand the zone-center gap
bt appear continuously in frequency. In Fig. 15(c},
v=v, =850 6Hz falls within the zone-center gap hL
rather than in the gap h„sT. However, at slightly larger
angles of incidence, v=v, falls within h„sT. Thus, the
theoretical image in Fig. 14(d} contains all possible types
of L stop-band structures originating from inter- and in-
tramode Bragg reflection of L phonons in the SL.

To compare with the experimental images, Fig. 16(a}
shows the calculated transmission rate of L phonons
along the dashed line of Fig. 14(d). The frequency is
again fixed at 850 6Hz, and 20 SL periods were used for
the calculation. [The dashed line in Fig. 14(d) is curved
because the azimuthal angle P is fixed at /=19'.] Very
sharp dips in the transmission are obtained for angles
where the first-order intramode Bragg reflection and the
L-FT intermode Bragg reflection occur. However, the
reduction in transmission is relatively small for the angles
corresponding to the outermost stop-band structure. In

addition, the phonon intensity at these large angles is
small by geometrical arguments. Thus, Fig. 16(a) helps
to explain why the broad outermost stop-band distribu-
tions are not experimentally observed, while the two in-
nermost structures are.

Figure 16(b) shows a corresponding plot for the experi-
mental data. The curve represents the transmitted pho-
non intensity for the image in Fig. 14(a) along a straight
line 4=20', divided by the corresponding curve for the
substrate in Fig. 13(a) ("normalized phonon intensity"}.
The angular positions of the dips in experimental flux
agree reasonably well with the calculations, but the ex-
perimental dips are broader. This could be due to SL im-
perfections and a nonmonochromatic phonon source. To
simulate the effect of a nonrnonochromatic source, Fig.
17 shows the stop-band distribution for L phonons in the
Ino, ~Gao s~As/AlAs superlattice described above, assum-

ing a range of frequencies v=850-950 GHz. For this
wider frequency range, the ring structure due to the
zone-boundary stop band is considerably broader, and
the outer L-ST and L-j. I structures are merged together
into one broad structure. However, the coupled-mode
structure is still quite anisotropic and is well separated
from the zone-boundary feature.

%e can more quantitatively estimate the effects of a
finite-frequency distribution. The width of the m =1
transmission dip is an indication of the detected frequen-
cy range hvD, i.e., the spatial position of the dip changes
with frequency, and so the dip width is proportional to
Eve. The FWHM of the dip, be [indicated in Fig.
14(b)], is approximately 6'. When compared with calcu-
lations of the phonon transmission as a function of angle
for a discrete range of frequencies, this AO implies
hvD =150 6Hz. In addition, hvD can be estimated for
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FIG. 16. (a) Calculated transmission rate of L phonons
( v= 850 GHz) as a function of angle 8 in an
Ino»Gao 85As/A1As SL with 20 periods (d& ——dz ——20 A). The
propagation directions correspond to those along the dashed
line in Fig. 14(d), in which P is fixed at 19' (4 is varied with 8).
(b) Experimental phonon intensity for a line 4=20', divided by
the same intensity in the substrate sample.

the transverse phonons as well. Because the FT intensity
pattern is quite sensitive to dispersion, the width of the
caustics is indicative of the frequency range present.
Therefore, the FWHN of the FT caustics at 8=45' was
measured and compared to the corresponding theoretical
prediction, which was calculated using a lattice-dynamics
model including both dispersive and isotope scattering
effects. The theoretical values indicate that the experi-
mentally measured FWHM corresponds to a frequency
range v=850-1050 GHz. Both measurements support
our belief that the GaAs substrate is inhibiting the
transmission of ballistic phonons with v~ 1 THz. More-
over, Fig. 12(b) indicates that isotope scattering alone is
not suScient to produce such a narrow hvD. A scatter-
ing rate of 2—3 times that caused by naturally occurring
isotopes, most likely due to impurities and other defects,
is necessary to understand the sharpness of the SL dip.

A phonon image for L-mode phonons in an
IQQ 25Gao 75As/A1As SL with the same layer parameters
is shown in Fig. 18(a}. The change in material composi-
tion has little effect on the transmission attenuation. The
intensity line scan in Fig. 18(b} indicates that the rn =1

stop-band effect is quite similar to that for the previous
SL. A difference image is shown in Fig. 18(c), and the
predicted stop-band distribution for v=850-950 GHz is
shown in Fig. 18(d}. We believe that the intensity
differences between Figs. 14 and 18, especially in the sub-
tracted images, can be due to slight differences in the
selected phonon velocity and signal gain.

Phonon-imaging experiments were also performed on
two additional SL samples consisting of AlAs/GaAs lay-
ers. Figures 19(a) and 19(c) show the constant-velocity
image and the difference image, respectively, for L-
phonon transmission in an A1As/GaAs SL with
d„=ds=20 A and 20 periods. Figure 19(b} shows the
intensity for a line across the center of the image (solid
line), compared to the similar substrate intensity (dashed
line). As the line scan and difference image especially re-
veal, there are indeed some SL attenuation effects. In
particular, the scattered phonon intensity near (001) is
noticeably reduced and rather sharply delineated, and the
wide-angle intensity falls off slightly faster than for the
substrate alone. The theoretical calculation of the spatial
stop-band distribution, Fig. 19(d), indicates that such an
effect is due to coupled-mode stop-band structures such
as those in the In„Ga, „As/AlAs samples. However,
most of the attenuation structures in Fig. 19(c) do not
resemble their counterparts in Fig. 19(d). It is possible
that the SL layers are not precisely the thickness quoted
above (values obtained from growth-rate estimates). On
this length scale, even a monolayer of material (2—3 A } is
a sizable fraction of the total thickness.

Phonon-imaging results for a similar AlAs/GaAs SL
with d„=ds——15 A (40 periods) are shown in Figs.
20(a) —20(c). A layer-thickness designation of 15 A is
somewhat questionable, because it does not nominally
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correspond to a commensurate number of lattice spac-
ings. The quoted layer thickness, 15 A, is simply the
average thickness derived from the growth rate. The at-
tenuation pattern is quite similar to that in Fig. 19(c), ex-
cept that the central region of attenuation is not as sharp-
ly defined. For comparison with this experimental image,
we have generated theoretical stop-band distributions for
d z ——ds ——14 A (corresponding to five atomic mono-

0
layers) and for d„=ds——17 A (corresponding to six
atomic monolayers), shown in Figs. 20(d) and 20(e), re-
spectively. These two calculations show the sensitivity of
the stop bands to a change in thickness of a single atomic
layer. Microscopic information about the actual SL
structure is needed in order to generate an appropriate
theoretical model. It seems significant, however, that

definite stop-band effects are observed for these growing
conditions.

We also observe attenuation of transverse phonons in
these experiments. Figure 21 shows a fixed-delay image
of the FT- and ST-phonon intensities in the
Ino, 5Gao 85As/A1As SL mentioned above. Here, the
detector cut-in frequency is v, =700 0Hz. Comparison
with the substrate image in Fig. 13(b) reveals an interest-
ing effect due to the SL. Both a dip in the transmission
and a slight shift in the positions of the FT-
phonon —focusing caustics are apparent. The theoretical
calculations in Fig. 22 help to explain this effect. Figure
22(a) shows the predicted FT stop bands for v= 700 GHz.
For 900-GHz phonons, the FT zone-boundary stop band
(b,FT) shifts further away from (001), as indicated in
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Fig. 22(b). However, caustics for 700- and 900-GHz pho-
nons are separated due to dispersion, as shown in Fig.
22(c). Combining these effects, we show schematically in

Fig. 22(d) the expected intensity pattern for a distribution
of frequencies between 700 and 900 GHz. All phonons in
this frequency range display a small common gap of re-
duced transmission. This gap and the apparent shifting
of the caustics are precisely what is observed in the ex-
perimental image of Fig. 21.

Attenuation of FT phonons is also observed in the
A1As/GaAs system. Figure 23(a) indicates the predicted
stop-band distribution for v=(850 —900)-GHz FT pho-
nons in an A1As/GaAs SL (d„=ds——20 A). As for the
Ino»Gao s5As/AIAs SL, an m = 1 intramode Bragg
reflection is predicted at these frequencies. However, the
stop bands are difficult to discern in experimental images
for the following reason. For v~850 GHz, the phonon

mean free path is smaller than the path length for large
incident angles; high-frequency phonons are scattered
and the large-angle intensity is even smaller than indicat-
ed by normal geometrical effects. Combination of this
effect with the intensity gap due to a stop band produces
in the experimental image a sudden falloff of the FT-
phonon intensity. This intensity cutoff, indicative of a
stop-band onset, is easier to detect by plotting the intensi-
ty along a FT caustic, indicated by the solid line in Fig.
23(a). Figure 23(b) shows the FT caustic intensity for the
SL sample (solid line) as well as the substrate (dashed
line). A normalized transmission is obtained by dividing
the SL curve by the substrate curve. This "normalized
phonon intensity, " represented in Fig. 23(c), clearly indi-
cates a FT cutoff. The onset of the stop band may be es-
timated to be at the point where the intensity drops by a
factor of 2. This occurs experimentally at 8=43'+2' and
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A1As/GaAs SL with dz ——dz ——14 A, corresponding to five atomic monolayers. (e) Predicted distribution of L-mode stop bands for

0
an AlAs/GaAs SL with d„=dz——17 A, corresponding to six atomic monolayers.
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no ST stop-band effects were experimentally observed.
For the experimental frequency range, ST stop bands
occur either at large incident angles or else close to
(001 ). If the Bragg condition occurs for small values of
8, the stop bands occur throughout the intense ST focus-
ing structure, and a reduction in the absolute intensity of
this structure is difticult to distinguish.

VI. CONCLUSIONS

FIG. 21 Experimental phonon image of FT and ST phonons
in the Ino»Gao 85As/A1As SL described above, but for a detec-
tor cut-in frequency v, =700 GHz. The image was obtained
with a fixed boxcar delay 50 ns wide at t =200 ns after the laser
pulse. A 25-pm Gaussian broadening due to finite laser-spot
and detector resolution has been deconvolved from this image.
The arrows indicate a Bragg scattering due to the SL.
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ic of the FT caustics formed at 700 and 900 GHz. (d) Represen-
tation of the phonon stop-band effect for a range of frequencies,
700—900 GHz.

the width of the transition is about 4', as shown.
Theoretically, the phonon stop band for this layer thick-
ness is predicted to begin at about 48' and extend to 56'.
The difference between the measured 43' and the predict-
ed 48' may be attributed to corrections due to dispersion
or uncertainty in the actual layer thickness.

The theoretical calculations in Figs. 9—11 suggest why

The secondary periodicity introduced by a superlattice
is responsible for the Bragg reflection of acoustic pho-
nons with experimentally accessible frequencies. In this
paper we have examined the details of Bragg reflection of
acoustic phonons in superlattices. Especially interesting
is the intermode or coupled-mode Bragg reflection of
phonons that can occur in addition to single-mode
reflection. Bragg scattering yields frequency gaps —stop
bands —in the phonon dispersion relation, occurring not
only at the center and boundary of the folded Brillouin
zone, but also inside the zone. In a real SL with a finite
number of periods, exact periodicity does not exist, but
calculations show significant dips in transmission for
phonons with frequencies in the stop bands.

The phonon dispersion curves and the stop-band fre-
quencies depend sensitively on the phonon-propagation
direction. The angular distribution of the stop bands can
be studied either with simple Bragg-condition maps or
with Monte Carlo calculations of the phonon transmis-
sion. These two computational techniques reveal a rich
variety of anisotropic structures due to both intramode
and intermode Bragg scattering.

Phonon-imaging experiments on A1As/GaAs and
In„Ga, „As/A1As SL's generally confirm the validity of
our theoretical predictions for the intramode and inter-
mode Bragg processes. To observe the detailed features
which are theoretically predicted, however, will require
improved angular and frequency resolution. Such im-
provements are possible. The present experiments em-

ploy thin commercial substrates, which limit the angular
resolution and require the use of higher detection fre-
quencies (in order to exploit the high-frequency cutoff
due to scattering). The phonon wavelengths at these high
frequencies (700—850 GHz) are only a few lattice spac-
ings, which favors the use of very thin SL layers. By us-
ing thicker substrates, the detection frequencies may be
lowered and the SL layer thickness increased. It seems
likely that the quality and characterization of the SL's
will be improved under such conditions. Even with 20-
A-thick layers, however, we are able to observe fairly
sharp features in the images due to Bragg reflection. For
example, the principal zone-boundary stop band of L
phonons appears as a distinct dip with -6' width, corre-
sponding to (150-GHz frequency spread, or (2-A dis-
tribution in SL spacing.

Although we have concentrated on the GaAs SL's, the
computational and experimental techniques we have
developed are readily extended to other systems. Follow-
ing the prediction of coupled-mode stop bands, ' Santos
et al. ' have carried out phonon spectroscopy experi-
ments at oblique angles with amorphous layers of Si and
SiOz, and they have observed extra stop bands that can
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FIG. 23. FT-mode phonon stop-band eII'ects. (a) Predicted stop-band distribution for an A1As/GaAs SI. with d„=de——20 A and
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cated by the solid line in (a). The phonon intensity for the SL sample (solid line) and the substrate only (dashed line) are both shown.
(c) Normalized SL transmission intensity (SL sample divided by substrate) along the FT caustic. The half-intensity point for the
cutoff occurs at 8=43, with a width of about 4'.

be attributed to such processes. The angular dependence
of phonon stop bands in these and other systems remains
an interesting future problem.
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