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The binding energy, lateral and vertical extension, dimensionality, and lifetime of excitons in
quantum wells are calculated as a function of well width. A novel variational approach including
an elliptically symmetric wave function, finite barriers, and different masses in the well and the
barrier is used. Thus, for the first time the geometrical anisotropy and the anisotropy of the phys-
ical properties of the quantum well are fully considered. Numerical results are presented for

Alo.40Gaos0As/GaAs and Ings3Gao47As/InP.

Spatial localization of electrons and holes in quantum
wells (QW’s) causes a dramatic enhancement of excitonic
effects. Excitons dominate the optical properties like ab-
sorption or luminescence spectra in undoped QW’s at all
temperatures even at room temperature.! ~* They lead at
room temperature to large optical nonlinearities* and to a
linear radiative term in the density dependence of the
recombination rate,® properties not observed for three-
dimensional semiconductors. Thus excitons are also of de-
cisive importance for modern photonic devices. Despite
this, the understanding of excitons and their properties in
real QW'’s is unsatisfactory from a fundamental point of
view. The present theory of real 2D excitons resembles
very much the theoretical understanding of 3D excitons®
before the work of Baldereschi and Lipari’ beginning in
the 1970s. Up to date no quantitatively correct descrip-
tion of such fundamental properties as the binding energy
of 2D excitons exists, covering the full QW width range
from L, =0 to L,— oo. It is the purpose of this work to
present a novel variational treatment of the 2D exciton
problem which allows for the first time prediction of such
properties as the binding energy, lateral extension of the
wave function, penetration into the barrier, and radiative
recombination lifetime as a function of the well width over
the full L, range. Numerical results for the two most im-
portant class-I QW’s, Al,Ga; - ,As/GaAs and In,Ga — -
As/InP, are given.

Before presenting our ansatz and results we briefly re-
view some of the foundations on which our work is based.
Miller, Kleinman, Tsang, and Gossard® were among the
first to calculate the 1S and 2§ exciton binding energies
using complex one-parameter variational functions and an
infinite-barrier model with averaged dielectric constant.
Neither for L, =0 nor for L,— oo correct values are ob-
tained. Bastard, Mendez, Chang, and Esaki® briefly later
also assume infinite barriers and isotropic masses and do
not average over the dielectric constant. Two different tri-
al wave functions are compared with each other, one of
them yielding a correct binding energy in the 3D limit.

Shinozuka and Matsuura'® again assume infinite barriers
as well and use isotropic masses but make use of a two-
parameter trial function.

Greene and Bajaj'! advanced the theory greatly by tak-
ing finite barriers into account and by choosing for the
variational function a linear combination of three func-
tions. All of them, however, are isotropic in the exponen-
tially decaying term. Valence-band hgfbridization has a
certain influence on exciton spectra,l but some effects
cancel each other, resulting only in a slight change of
binding energies. In Refs. 11 and 12 the masses and the
dielectric constant in the Al,Ga; —,As barrier are taken to
be the same as in the GaAs QW, leading to incorrect re-
sults for thin wells.

In this paper we use a wave function with elliptic sym-
metry adapted to the anisotropy of geometry and of physi-
cal properties of the QW and take finite barriers into ac-
count. This gives correct 3D limits for zero and infinite
well width and the correct 2D limits for infinite barriers.
Our wave function can continuously interpolate between
these extremes and is therefore appropriate to be used for
all realistic quantum wells.

Let us assume the origin of our coordinate system in the
middle of the quantum well of width L,. The growth
direction of the well is taken as z direction with a (100)
interface plane. The positions of the electron and hole are
denoted by r. and r;, respectively. Cylindrical relative
coordinates p, ¢, z are introduced as usual, for example,
pr=(x.—x3)*+ (. —yx)2 The potential barriers are
assumed to form a square well,

0 for |z| <L,/2,

V confinement = {VO for |z| = L,/2, W

with different values V¢, for electrons and ¥y for holes
in agreement with the relation Vo, + Vo =E gap(barrier)
—Egap(well). The Hamilton operator of the relative
motion of an exciton in a QW is then given by
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The masses 1 + and m + for the in-plane and z directions for heavy (upper sign) and light holes, respectively, are given
in terms of the Kohn-Luttinger band parameters, !> m being the free-electron mass,

x +2
1 1 . n 7’2, 1 _n Y2

U+ m, mo m+ my

As elliptically symmetric trial wave function we take

Yex(a,0) =¥, (z,) W, (2 )¢ex(PaZ) s

¢ex(p,z)=exr>[—%\/p2+7»222] ,

3)

4)

with a and A as variational parameters. A will be later identified as a measure of the dimensionality and a as a Bohr di-
ameter. ¥, and ¥, are the unnormalized ground-state wave functions of the finite square well without Coulomb interac-

tion, e.g.,
cos(k.z.) for |z.| <L,/2

v, -
(z.) {Aeexp(—xeze) for |z.| = L,/2,

Here E . is the energy of the first electron subband, x,.
and A, are obtained from the continuity condition for ¥,
and 1/m. ¥, at the interface. ¥, is defined in a similar
way.

The ground-state exciton binding energy E, is found
according to the Rayleigh-Ritz variational principle!* by
minimizing the energy functional with respect to the two
variational parameters g and A:

(Wex | Hex | Wex)

(Wex | ex) ©

E, _El,e —El,h —mina.l

A describes the anisotropy of the exciton in the plane and z
directions. So our wave function ¥.(a,A) interpolates
continuously between the 3D case (L, — 0, L, — ) with
A— 1 and the purely 2D case (Vo.,Vos— o, L,— 0)
withA— 0. Via

Prarrier = [1 ~ Jwen ‘I’ezde] [ Wex | Wex) ¢)

we calculate the probability of finding the exciton in the
barrier. The radial extension of the exciton in plane is
measured by pex and the extension in the z direction is
measured by z, given by

pex=V(p?, zex=(lz]). 8)

ke=~2m.E .. Q)

r

The radiative recombination lifetime 7,4 of an exciton
state has been shown to be inversely proportional to the
state’s oscillator strength f.!> The oscillator strength per
unit cell f* of an exciton in a QW is proportional!° to
| ®cx(0) | %/L,. The relevant physical property is the oscil-
lator strength per state f which is given by f=f*/n, n be-
ing the density of states per unit cell [n~M/L,, M =m,
+mo/(y1 £ 72)1. Considering | ®e(0) |2~ 1/a%(L;) in
the quasi-2D range, the radiative recombination lifetime
shows an implicit dependence on well width L,

Trad~Ma 2(Lz ). ©9)

The lifetimes for heavy- and light-hole excitons ob-
tained with formula (9) may not be compared directly be-
cause we have to consider different Bloch matrix elements
for hh and lh excitons. Group theory gives a well-known
additional factor of three for the light-hole lifetime.

Now we turn to numerical results. For the limit of
infinite barriers we obtain what we anticipated; in particu-
lar, for L, =0 we get A =0 and E; =4 Ry. In what follows
we will consider real quantum wells of particular rel-
evance: The Alg40GageoAs/GaAs and the Ings3Gag.sr-
As/InP systems will serve as models for other presently
less important material combinations. The parameters we
use are listed in Table L.

TABLE 1. Material parameters of Alp.40Gao.soAs, GaAs, Ings3Gag47As, and InP used in the calcula-

tions (4 K values).

Material

Egap (eV) VO,e/AEg n Y2 me €
GaAs® 1.518 60%° 6.85 2.1 0.0665 12.5
AlGa,-;As® 2.163 ° 4.67 1.17 0.0895 11.5
[Al] =0.40
InP? 0.813 40%° 5.15 0.94 0.0803 12.6
In,Ga, -y As 1.423¢ 11.01f 4.18f 0.041f 13.98
[In] =0.53

‘Reference 22.
Reference 23.
BReference 24.

2Reference 18.
bReference 19.
°Reference 20.
9Reference 21.
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In Fig. 1 the hh- and lh-exciton binding energies are
plotted as a function of well width. The correct bulk
values are approached for L,— 0 and L, — oo. For both
limiting cases the values for hh and lh excitons are identi-
cal as expected from a correct theoretical treatment.
Heavy- and light-hole excitons are degenerate in the bulk
material. Between these limiting cases the binding ener-
gies reach a maximum value for a QW width close to 1
nm. We note that the hh-exciton binding energy is always
appreciably smaller than the lh-exciton binding energy for
L, > 1 nm. This is a result of the larger in-plane mass of
the lh excitons. It differs qualitatively from that stated by
Greene et al.'! and is not related to different valence-band
discontinuities used in our work and Ref. 11, as a calcula-
tion shows, but is a result of the anisotropic properties of
excitons in quantum wells. The probability of finding the
exciton in the barrier is plotted in the insets of Fig. 1. The
probability to be found in the barrier is greater for lh exci-
tons than for hh excitons for all well widths.

d =) +2 can be interpreted as the dimensionality of the
exciton. For L,— 0 and L, — oo A approaches unity, the
excitons are three dimensional. For a wide range of well
thicknesses 1 nm <L,~20 nm we find A to be close to
zero; this means the excitons are indeed almost ideally two
dimensional. For this range we have tested the rule of
thumb Epapgon, =const. This rule is correct for the 3D and
2D limits. For A =0 a/2 is just the 2D Bohr radius. We
find that E,a/2 varies by less than 10% from the 3D or 2D
limit. So the customary rule is quite a good estimate. The
relation Eya?=const which is sometimes used'’ is not
valid.

In Fig. 2 the lateral extension pe, and the extension in z
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FIG. 1. Heavy (solid line) and light (dashed line) hole exci-
ton binding energies for Alg.40Gao.coAs/GaAs and Ings3Gao.a7As/
InP quantum wells. Insets: probability of finding the excitons in
the barrier.
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FIG. 2. Extension of heavy (solid line) and light (dashed

line) hole excitons in plane and in z direction for Alg4Gagse-
As/GaAs and Ing 53Gag.47As/GaAs.

direction z, defined by Egs. (8) are plotted versus the
well width. In quantum wells the exciton is compressed
laterally and in z direction. The z extension of the exci-
tons is always well below L./2, a rather remarkable result.
The excitons reach their minimum extension for approxi-
mately the same well width for which the maximum bind-
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FIG. 3. L, dependence of the radiative recombination life-
time of heavy (solid line) and light (dashed line) hole excitons
for Alo40GaoesoAs/GaAs and Ings3Gaos7As/InP in arbitrary
units. The scale for the heavy-hole exciton is smaller by a factor
of 3 than the scale for the light-hole exciton.
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ing energy is reached. It should be noted that in the 3D
bulk limit the trial wave functions for hh and lh excitons
are slightly different, which does not affect the degeneracy
of binding energies.

In Fig. 3 the L, dependence of the radiative recombina-
tion lifetime of heavy-hole excitons in the quasi-2D re-
gime as given by Eq. (9) is plotted versus the well width.
The scales for heavy- and light-hole excitons are different
by a factor of 3 as mentioned above. Thus heavy-hole life-
times are shorter. The lifetime is given in arbitrary units
because thermal effects cause a proportionality factor!’
without changing the L, dependence. The decrease of
lifetime for small well widths is more pronounced in the
In,Ga; - As/InP system than in the Al,Ga;-,As/GaAs
system.

In summary, for the first time binding energies, lateral
and vertical extensions, barrier penetration depths, and
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relative lifetimes of excitons in quantum wells are calcu-
lated with an anisotropic wave function and finite barriers,
thus giving a maximum of physical significance. Our
model yields correct values for the 3D and 2D limits. The
two variational parameters A and a are identified as mea-
sures of dimensionality and the Bohr radius. We have
presented numerical results for the technologically
relevant systems Al,Ga,-,As/GaAs, [All=0.40, and
In,Ga; —xAs/InP, [In] =0.53. The results give a realistic
insight into the behavior of excitons over the whole range
of quantum-well thicknesses from L, =0 to L, — <.
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