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A lattice-mismatched ZnSe epilayer on a GaAs substrate and a near-lattice-matched CdTe epi-

layer on an InSb substrate grown by molecular-beam epitaxy (MBE) reveal sharp excitonic signa-

tures in their piezo- and photomodulated reflectivity spectra. In the ZnSe/GaAs coherently grown
thin epilayer (pseudomorphic film), the contraction parallel to the substrate surface is clearly re-

vealed by the splitting of the valence-band maximum, as seen in the excitonic signatures. The defor-
mation potential constants determined from the splittings and the shifts with respect to the stress-

free bulk crystal are in excellent agreement with the bulk values. The MBE-grown CdTe epilayer in

the CdTe/InSb heterostructure shows an exceptionally sharp excitonic signature close to that of the
bulk.

I. INTRODUCTION

In recent years, the growth of the group II-VI semicon-
ductor heterostructures has attracted considerable atten-
tion thanks to their novel physical properties and a wide
range of applications in optoelectronic devices. Among
these, ZnSe and CdTe thin films on group III-V com-
pound substrates are of particular interest because of
their potential device application in the visible and near-
infrared spectral region. Most of the studies deal with
ZnSe epilayers grown on a GaAs substrate' and hence
with a lattice mismatch between them. Thus both the
epilayer and the substrate experience an interfacial strain.
On the other hand, CdTe epilayers have been grown ei-
ther on a lattice-mismatched GaAs (Ref. 2) or on a close-
ly lattice-matched InSb (Ref. 3) substrate. The effect of
the lattice mismatch on the optical properties of the ZnSe
and CdTe thin films and the GaAs substrate have been
previously investigated by reflectivity and/or photo-
luminescence (PL). ' It has been recently demonstrated
that piezomodulated and photomodulated reflectivity
spectra reveal the optical transitions associated with the
electronic levels of semiconductor quantum-well hetero-
structures in an especially striking manner. ' In this pa-
per we report the study of the piezo- and the photomodu-
lated reflectivity spectra of ZnSe/GaAs and CdTe/InSb
epilayers and discuss them in the light of the physics of
thin films and interfaces characteristics of semiconductor
heterostructures.

II. EXPERIMENT

The epilayers of cubic ZnSe studied in the present in-
vestigations were grown by molecular-beam epitaxy
(MBE) either on a MBE-grown GaAs buffer layer, in turn
grown on a (100) surface of a GaAs substrate, or on a
GaAs substrate directly. In the CdTe/InSb heterostruc-
ture, a CdTe epilayer was produced on a MBE-grown

InSb buffer created on an InSb substrate.
The piezomodulation of the reflectivity spectrum of the

crystals was accomplished by mounting the sample on a
lead-zirconate-titanate transducer driven by a sinusoidal
electric field with the field along its thickness. The alter-
nating expansion and contraction of the transducer sub-

jects the sample to an alternating strain with a typical
rms value of —10 ~ For comparison we have also
recorded the photomodulated reflectivity spectrum of the
samples. The photomodulation technique, described pre-
viously in the literature, was accomplished by chopping
the 6328-A radiation from a 4.5-m% He-Ne laser in-
cident on the specimen at 560 Hz. A glass optical cryo-
stat was employed for low-temperature measurements.
The sample-transducer combination was mounted on the
cold finger of the optical cryostat, which provides
thermal contact between the sample and the coolant.
Such an arrangement yielded a sample temperature of
above 20 K even when liquid helium was used as the
coolant. For comparison, some of the photoreflectivity
spectra were recorded by replacing the transducer with a
copper plate to improve thermal contact. The sample
temperature then was close to 10 K with liquid helium as
the coolant. A Perkin-Elmer (Model E-1) double-pass
grating monochromator with a tungsten-halogen lamp as
a source and a uv-enhanced Si photodiode constituted the
spectrometer. The modulated part of the reflected radia-
tion (b,R) was detected and amplified by a phase sensitive
lock-in amplifier. The signal, after digitizing, was pro-
cessed with a microcomputer.

III. EXPERIMENTAL RESULTS AND DISCUSSIONS

A. ZnSe epilayers

1. Growth characteristics

The thicknesses of ZnSe films studied ranged from 0.1

to 2.3 pm. It was found from both the evolution of
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reliection high-energy electron diffraction (RHEED) pat-
terns and RHEED intensity oscillations during the early
stage of growth, that the films grown on GaAs epilayers
exhibit two-dimensional nucleation characteristics,
whereas three-dimensional nucleation is observed on the
films grown on GaAs substrates. ' In addition, cross-
sectional transmission electron microscopy (TEM) mea-
surements of the O. l-pm thick film show no dislocations
or stacking faults in the film and its interface. We note
that at room temperature lattice parameters of ZnSe and
GaAs, a z„s,=5.6684 A (Ref. 9) and a o,~, = 5.654 A (Ref.
5), respectively, correspond to a 0.25% lattice mismatch.
Coherent growth of ZnSe on the GaAs is accommodated
by a two-dimensional contraction in the ZnSe epilayer
parallel to the interface which allows the lattice spacing
of ZnSe parallel to the interface to match that of GaAs; it
was found that a ZnSe film with a thickness less than 0.15
pm can be thus coherently grown on GaAs, " such films
being referred to as "pseudomorphic. " For thicker films
a large density of dislocations is observed near the inter-
face; the formation of the dislocations releases the strain
due to the lattice mismatch and the film then has a lattice
spacing approaching that of bulk ZnSe. It has been
pointed out that the lattice spacing of ZnSe perpendicular
to the interface becomes smaller than that of bulk for
films thicker than 1 pm. This was attributed to the
difference in the thermal contraction in the ZnSe epilayer
and the GaAs substrate as the sample is cooled from the
growth temperature to room temperature; the linear
thermal expansion coefficient of ZnSe is larger than that
of GaAs for T) 80 K (Ref. 11). In the investigation re-
ported in this paper we have studied excitonic signatures
from both ZnSe and GaAs for a variety of ZnSe film
thicknesses in order to discover and delineate the charac-
teristics of the films described above.

2. The characterization of the strain
and its eQect on the electronic band structure

It is well known that the electronic band structure of
semiconductors changes under an applied stress. In the
absence of an external perturbation the electronic band
structure of ZnSe and GaAs crystals has a twofold-
degenerate I 6 conduction-band minimum separated from
a fourfold-degenerate I 8 valence-band maximum by an
energy gap Eg and a spin-orbit split twofold degenerate
I 7 state lying an energy ho below I 8; all these band extre-
ma occur at the center of the Brillouin zone. The effect
of strain on the I 8 band extremurn can be expressed by
the strain Hamiltonian'

H = —a g e bg e (J' ——
—,
' J )

—dgepIJ Jpj, ,
2

a,p

where e p is a component of the strain tensor, a,P=x, y,
and z corresponding to the cubic axes, J is the angular
momentum operator for J =—'„a is the hydrostatic pres-
sure deformation potential, b and d are the shear defor-
mation potentials, and [J Jp) =

—,'(J Jp+JpJ ). The

first term shifts the center of gravity of the entire I 8

state, whereas the second and the third terms will split
the fourfold multiplet into a twofold-degenerate m, =+—',
state and a twofold-degenerate m =+—,

' state for uniaxial
stress along the [001] and [111]directions, respectively.
We note that the strain does not remove the Kramers de-
generacy. The I 6 conduction band and the spin-orbit
split I 7 valence band experience only shifts, each charac-
terized by a corresponding single, hydrostatic
deformation-potential constant. Experimentally, under
uniaxial stress, one observes a splitting of I s (due to the
shear strain} and a relative shift between I 6 and I, (due
to the hydrostatic strain}.

For the strained layer of ZnSe grown on a (100) surface
of GaAs, the epilayer experiences both contraction in the
plane (referred to as the xy plane) and an extension nor-
mal to the plane due to the lattice mismatch. The strain
in the plane is given by

ao}/ao (2)

s»+2s
EE1 = 2a'

S» +$12

for
~ —,', +—', ) and

S» $12—b
S» +$12

(4)

AE2 = 2a'
s»+2s

+b S» $12

$11 +$12 S» +$12
(5)

for g, +—,
' ), where a' is the net hydrostatic potential con-

stant characterizing the relative energy shift of I 6 from
I 8 under the hydrostatic component and b the shear
deformation-potential constant of I 8 characterizing its
splitting under the shear component, these being pro-
duced by the extension along [001].

3. Excitonic signatures

Figure 1 shows the piezomodulated reflectivity spec-
trum of a 0.1-pm thick ZnSe pseudomorphic layer' in the
spectral region of the ZnSe band edge. The spectrum is
characterized by two distinct signatures at 2.8055 and
2.8195 eV. In order to determine the transition energy

where a~~ is the effective lattice constant of the epilayer
along the layer surface, and ao is the lattice constant of
bulk. The strain components are then given by

2s, 2

yy
=6~ 6zz

$» $12

&xy =~yz =&zx =0

where s» and s12 are the elastic compliance constants.
The energy change of the J=—,

' state relative to the
conduction-band minimum induced by the strain can be
found by calculating the strain Hamiltonian matrix using
the unperturbated J =

—,
' state wave functions, g, +—,')

and g, k —,'). The energy shift with respect to its zero
stress value for the interband transition associated with
the p3/2 states, or equivalently of the exciton associated
with the I 6 and I, band extrema, is thus given by
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FIG. 1. Piezomodulated reflectivity spectrum of ZnSe/GaAs
epilayer {t=0.1 pm) for the spectral range in the vicinity of the
free exciton of ZnSe. Liquid helium used as coolant. Sample
was mounted on a transducer apd the temperature was some-
what above 20 K. Also shown in the inset of the figure is a
theoretical line-shape fitting using the first derivative of a
Lorentzian function described in the Appendix.

accurately, we have performed a theoretical line-shape
fitting, as shown in the inset; the description of the line-
shape fitting is given in the Appendix. As can be seen,
the fit is generally very good except for the relative inten-
sities of the shoulders to the low-energy side of the prom-
inent features. It appears that further refinement of the
line shape may be necessary. (For the thicker epilayers
the fits turned out to be superior. } It is known that the
free exciton of bulk ZnSe has an energy of 2.802 eV at 4.2
K. The energy gap of semiconductors, as discussed,
changes under stress. The feature at 2.8055 eV observed
from the strained layer of ZnSe can be associated with
the excitonic transition from the top of the valence band
to the bottom of the conduction band if the energy shift
induced by the strain is included. Two interpretations
are possible for the feature at 2.8195 eV. (1} Photo-
luminescence excitation spectra of the ZnSe single crystal
have revealed a signature at 2.817 eV at T =4.2 K (Ref.
13}. The feature having an energy about 15 meV higher
than that of the n = 1 free exciton of bulk ZnSe has been
attributed to the n=2 (excited state) free exciton. Based
on this observation the feature at 2.8195 eV in Fig. 1

could then be attributed to the n =2 free exciton, the one
at 2.8055 eV then being the n= 1 free exciton. (2} As we
have already discussed, the strain on the epilayer not only
shifts the entire energy state, but also results in a splitting
of the p3&z valence band. The feature at 2.8195 eV, there-

fore, could then be alternately attributed to the excitonic
transition associated with the

~

—'„+—,
' ) valence band

whereas that at 2.8055 eV may be attributed to
~

—,+—,
' ).

The two alternate interpretations can be tested on the
basis of the following observations. If both features ob-
served in Fig. 1 were to be associated with the transitions
originating from the top of the valence band, one would
expect the 2.8055-eV feature to be significantly more pro-
nounced than that at 2.8195 eV, since the oscillator
strength of the excitonic transitions has n depen-
dence. ' The relative intensity of the two features ob-
served in the figure, however, does not support this inter-
pretation. On the other hand, the piezomodulated
reflectivity measurements can uniquely discriminate the
excitonic transitions associated with the —'„+—) and the

I
—'„+—,

' ) valence bands, respectively. We note that the in-

tensity of the signature observed in the piezoreflectivity
spectrum is proportional to the interband transition
probability Mo and to the strain dependence of the ener-

gy shift, BE/Be. It is known that the ratio of
Mo( ~

—,', +=,' ) } to Mo(I=,', +—,
' ) } is 3 for a coplanar stress in

a (100}surface' whereas the ratio of BE/Be(I —,+—', ) } to
BE/Be(I —,', +—,')} deduced from Fig. 1 is -0.2 if the
strain-split valence-band model is the correct interpreta-
tion. The product of Mo and BE/Be gives the relative in-

tensity of the I —,', +—,') feature to that of
I
—,+—) to be

—1.7, in qualitative agreement with the experimental ob-
servation. A similar behavior is also observed in our
piezomodulated reflectivity spectra of GaAs/
Al Ga& As quantum-well structures, in which the re-
sults from a single quantum well showed comparable in-
tensities for the transitions associated with the

~

—'„+—,')
and

I
3, +—,

' ) states. To further confirm this interpreta-
tion we have also studied the photomodulated reflectivity
spectrum of the same sample, in which the relative inten-
sity of the spectrum is not sensitive to strain. The spec-
trum, displayed in Fig. 2, clearly shows that the feature
at the lower energy position, presumably associated with
the

I
3, +—', ) state, is about three times stronger than the

one at the higher energy position. The combination of
the piezo- and the photomodulation techniques, there-
fore, allows us to identify the features associated with the
heavy- and light-hole valence bands unambiguously. It is
worth noting that the photomodulated reflectivity spec-
trum was recorded using the 6328-A radiation from a
He-Ne laser rather than with a source of photon energies
A'coL &Eg(znSe}. This observation shows that, provided
the epilayer is thin enough, the photoreflectivity spec-
trum of a semiconductor can be obtained with a pump
beam with the photon energy lower than the energy gap
of the crystal investigated. The only requirement is that
the energy gap of the substrate be smaller than the pho-
ton energy of the pump beam; the modulation occurs at
the interface.

Also observed in Fig. 1 is a weak feature at 2.834 eV.
The feature, having an energy 14.5 meV higher than the
2.8195-eV feature, is attributed to the n=2 free exciton
of

~

—,+—,
' ). It is to be noted that the energies of both

2.8055- and 2.8195-eV features in Fig. 1 are slightly
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FIG. 2. Photornodulated reflectivity spectrum of the
ZnSe/GaAs epilayer used to obtain the spectrum in Fig. 1.
Liquid helium used as coolant. Sample was mounted on a
copper plate and the temperature was about 10 K. The inset
shows the theoretical line-shape fitting using the first derivative
of a Lorentzian function. The chopped 6328-A radiation from a
He-Ne laser was used to produce the photomodulation.
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FIG. 3. Piezomodulated reflectivity spectrum of ZnSe/GaAs
epilayer (t=1.3 pm) for the spectral range in the vicinity of the
free exciton of ZnSe. Sample was cooled as in the measurement
of Fig. 1. A theoretical line-shape fitting using the first deriva-
tive of a Lorentzian function is also in the inset.

different from those obtained from the photoreflectivity
spectrum shown in Fig. 2 and those obtained from the PL
measurements on a companion sample. ' The lower ener-
gy ( —1 meV) obtained for the feature associated with

~

—'„+—', ) in the piezoreflectivity spectrum, as compared
with that of photoreflectivity and PL rneasurernents, is
due to the higher sample temperature in the
piezoreflectivity measurements, whereas the larger split-
ting in the piezoreflectivity spectrum is attributed to the
temperature dependence of the difference in the lattice
constants; as a result the strain is temperature dependent.

Based on the model which invokes the valence-band
splitting, we deduce' the values —5.26 and —1.27 eV for
the deformation-potential constants a' and b, respective-
ly, in good agreement with a'= —5.4 and b = —1.2 eV
obtained for bulk ZnSe. ' Also, these values are close to
a'= —4.87 eV and b = —1.05 eV obtained from the PL
data by Gunshor et al. '

The strain on the ZnSe layer is expected to decrease as
the thickness of the films increases. Figure 3 shows the
piezomodulated reflectivity spectrum of a 1.3-pm thick
ZnSe epilayer. The film has been grown on a GaAs sub-
strate directly. The sharp feature at 2.8036 eV is associ-
ated with the excitonic transition from the I 8 valence
band to the I 6 conduction band of ZnSe. The value is
slightly higher than that obtained from the PL measure-
ment' on a companion sample, which shows the n=1
free-exciton signature at 2.802 eV. The origin of the
small discrepancy between the result reported here and

the PL data is not clear. For films thicker than 2 pm the
piezomodulated reflectivity spectra reveal an additional
signature at -2.810 eV. It has been pointed out that the
critical layer thickness for the formation of the disloca-
tions is about 0.15 pm. X-ray diffraction measurements
on films thicker than 0.15 pm have revealed an additional
diffraction peak at a lower diffraction angle than that of
the main diffraction peak. The peak was attributed to the
interface layer of ZnSe which has a lattice spacing almost
the same as that of films thinner than 0.15 pm. The layer
thus suffers a two-dimensional contraction in the plane
and an extension normal to the plane. The feature at
2.810 eV, therefore, could be attributed to the excitonic
transition associated with the strained interface layer of
ZnSe.

We have also investigated the electronic band structure
of GaAs in this heterostructure with a lattice mismatch.
Figure 4 shows the photomodulated reflectivity spectrum
of the same sample used to obtain the result shown in
Fig. 3. The spectrum, characterized by two signatures at
1.517 and 1.511 eV, was recorded for energies in the vi-
cinity of the absorption edge of GaAs. Using the energy
gap of 1.521 eV and the free-exciton binding energy of 4
meV for GaAs at 4.2 K, we identify the feature at 1.517
eV as the n = 1 free exciton of GaAs. The value, in excel-
lent agreement with that of bulk GaAs, indicates that the
GaAs layer is strain-free. The feature at 1.510 eV is attri-
buted to a bound exciton; its energy is close to that of the
feature associated with the exciton bound to a neutral Zn
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FIG. 4. Photomodulated reflectivity spectrum of the
ZnSe/GaAs epilayer used to obtain the spectrum in Fig. 3. The
spectrum recorded for the spectral range in the vicinity of the
free exciton of GaAs. Sample was cooled as in the measurement

0

of Fig. 2. The chopped 6328-A radiation from a He-Ne laser
was used to produce the photomodulation.

FIG. 5. Photomodulated reflectivity spectrum of ZnSe/GaAs
epilayer (t=2.3 pmj for the spectral range in the vicinity of the
free exciton of GaAs. Sample was mounted on a copper plate

0

and liquid nitrogen was used as coolant. The chopped 6328-A
radiation from a He-Ne laser was used to produce the photomo-
dulation.

acceptor observed in the PL spectrum of a Zn- and Se-
doped p-type GaAs. ' For thicker films the free-exciton
energy of GaAs decreases. Figure 5 shows the photomo-
dulated reflectivity spectrum in the spectral region of the
GaAs absorption edge for a 2.3-pm thick ZnSe film.
Liquid nitrogen was used as a coolant. We attribute the
feature at 1.494 eV to the free exciton of the GaAs sub-
strate in the heterostructure. It is about 13 meV lower
than that of bulk GaAs. In contrast to the relatively
strain-free thick ZnSe epilayer in this heterostructure, the
GaAs substrate appears to be under a two-dimensional
extension in the plane and a uniaxial contraction normal
to the plane. In the context of this two-dimensional
stress, the feature at 1.494 eV can be interpreted as the
excitonic transition associated with the

~ —,', +—,
' ) valence

band. This shift corresponds to a planar tensile strain of
0.15%, based on the parameters in Ref. 5. The weaker

~

—'„+—,
' ) excitonic component is presumably not observed

in view of the broad linewidths in these measurements.
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The epilayer of CdTe studied has a thickness of 1.3
pm. Figure 6 shows the piezomodulated reflectivity spec-
trum for the spectral range near the band edge of CdTe.
The sharp feature at 1.5954 eV corresponds to the free
exciton of CdTe. Two origins are possible for the feature
at 1.5927 eV. (i) Barnes and Zanio' observed in the PL
spectrum of In-doped CdTe a feature at 1.593 eV which
they attributed to excitons bound to neutral donors. A

FIG. 6. Piezomodulated reflectivity spectrum of CdTe/InSb
epilayer (t=1.3 pm) for the spectral range in the vicinity of the
free exciton of CdTe. Sample was cooled as in the measure-
ments of Figs. 1 and 3. A theoretical line-shape fitting using the
first derivative of a Lorentzian function is also shown in the in-

set.
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peak at the same position has also been observed by Leo-
pold et al. on MBE-grown CdTe/GaAs heterostruc-
tures; they also attributed that to a neutral donor-bound
exciton. (ii) Recently, Feng et al. ' have investigated the
behavior of bound excitons of CdTe in MBE-grown
CdTe/InSb heterostructures for different temperatures
and sample preparation processes. On the basis of a lack
of significant change in the intensity of the 1.593 eV
feature in the PI. spectra between 6.5 and 30 K, in con-
trast to that of excitons bound to chemical impurities (ac-
ceptors or donors), they concluded that it was not due to
a donor-bound exciton. On the other hand, the feature
becomes more intense after samples have undergone
mechanical thinning, perhaps due to the introduction of
mechanical damage. They, therefore, proposed that the
feature at 1.593 eV is associated with an exciton bound to
a mechanical-damage-induced defect, either a line defect
such as a dislocation or a point-defect-impurity complex.
The feature at 1 ~ 5983 eV, previously observed in very
pure bulk CdTe (Ref. 22) and MBE-grown CdTe films, ' '

has been attributed ' to the upper branch of the polariton
of the free exciton, a result of exciton-photon interaction.
In the vicinity of the intersection of the photon and free-
exciton dispersion curves, the exciton dispersion curve is
altered and gives rise to three polariton branches for
direct-gap zinc-blende semiconductors, whose I 8

valence band is fourfold degenerate. Such an exciton-
photon interaction effect can only be observed in high
quality samples. The feature at 1.5994 eV is presumably
due to the excitonic transition associated with the

~

—,', +—,
' ) state arising from the interface layer, which is

under a small two-dimensional contraction along the in-
terface.

IV. CONCLUSIONS

Semiconductors and their Heterostructures, " admin-
istered by the office of Naval Research, Grant No.
N00014-86-K-0760.

Be,(co) Be2(co)
hoop+ 8 Atop,

R Beep Bcop
(A 1)

where A and 8 are the so-called Seraphin coefficients,
and e, (co) and e2(co) are the real and imaginary parts of
the dielectric constant, respectively, and hoop is either the
change of the energy gap (band-to-band transition) or the
change of the exciton energy (excitonic transition) due to
the modulation. For semiconductors 8 is usually much
smaller than A in the vicinity of the fundamental absorp-
tion edge. The line shape of hR /R obtained in the
piezomodulated reflectivity measurements, therefore, is
dominated by the first derivative of the real part of the
dielectric function.

In the case of an epilayer on a substrate the reflectivity
of the sample is given by

R (1—R )~e
R, =Ri+

1 —RRe
1 2

(A2)

where R, and R 2 are the reflectivities of the epilayer with
respect to vacuum and the substrate, respectively, and t
and a are the thickness and the absorption coefficient of
the epilayer, respectively. The normalized change in the
reflectivity is then given by

APPENDIX

In the piezomodulated reflectivity experiments, the
normalized change in the reflectivity, without taking into
account the multiple internal reflection, can be expressed
by

We have demonstrated that the semiconductor hetero-
structures, in addition to their great potential for op-
toelectronic device applications, are systems of special in-
terest in the context of basic physics. The lattice-
mismatched heterostructures, for instance, provide a new
approach in the study of deformation-potential constants
of semiconductors. MBE-grown thin films can be
structurally superior to the bulk, and hence many novel
physical phenomena become accessible when studied
with them, i.e., excitonic polaritons. Piezo- and photo-
modulated reflectivity, as illustrated in this paper, are
sensitive experimental techniques in the study of excita-
tions associated with the epilayer, the interface, and the
substrate. Several aspects of the present study need fur-
ther investigation, e.g. , the significant change in the
strain present in the GaAs substrate for the ZnSe film
with thickness in the range 1.3 and 2.3 pm is not fully un-
derstood. Further work is in progress.
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(A3)

with

AR,

R
R& R, —R

+ ( —2tba) .
Ri R,

(A4)

B,2( )
b,a-(co/c)e„, '

bcoo .
BCOp

(A5)

E'
) and e,2 are the real and imaginary parts of the dielec-

tric function of the epilayer respectively. The line shape
of AR /R for an epilayer, therefore, is determined by the
first derivative of the real and imaginary parts of the
dielectric function.

Near the absorption edge of the epilayer, the quantities
bRz jR2 and an't are insignificant compared with tea
and Eq. (A3) can be simplified as
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with x =(co—ro~)/I . I is the broadening parameter.
For excitonic transitions, they are given by

x' —12

(x'+1)' (A8)

del(co ) [(x2+ 1 )1/2 x]1/2
I p

—1//2

( 2~ 1)1/2
(A6)

and

For interband transitions, the first derivative of the
dielectric functions near the Mp type of the three-
dimensional critical point is given by

and

de2(cd) [(x2+ 1)1/2+x]1/2

dn2g
' (x +1)' (A7)

d e2(co)
2

d cop

where x =(co—a1o)/I .

2x

(x +1)
(A9)
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