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Quasiparticles in the copper-oxygen planes of high-T, superconductors:
An exact solution for a ferromagnetic background
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A model for a mobile hole in the copper oxide planes of high-temperature superconductors is
solved exactly. The hole moves on the oxygen atoms through a lattice of spins localized on the
copper atoms. In order to obtain a solvable problem, it is assumed that the copper atoms provide
a ferromagnetic background. The resulting quasiparticles have both charge and spin in contrast
to the Cu-0 singlets occurring in proposed effective single-band Hubbard models derived from the
Cu-0 network. Thus these two models of high-temperature superconductors may have different
low-energy physics.

A central problem in the theory of high-temperature su-
perconductors' such as La2 „Sr„Cu04 and YBa2Cu3-
06+„ is to determine the nature of the quasiparticle states
in the copper oxide planes. This is a nontrivial problem
because we have to deal with a strongly coupled system
and the charge carriers are not free electrons or holes.

In a single-band Hubbard model it is assumed that
there is one available state per unit cell. For a strong on-
site interaction U and one hole per unit cell, it is a good
approximation to assume that each state is singly occupied
and that the spins are the only remaining degrees of free-
dom. 2 Such a system is an antiferromagnetic insulator,
consistent with many experiments on high-temperature
superconductors. 3 When further holes are added by dop-
ing or by increasing the oxygen content, some states will
contain two holes of opposite spin, and their mobility is
strongly dependent on the background configuration. The
problem is then to construct the corresponding quasiparti-
cle states and to understand how the antiferromagnetism
is destroyed giving way to a superconducting state. An al-
ternative picture to be assumed in the present paper is to
use an extended model, allowing single states on both
copper and oxygen sites. There is by now much evidence
to support the view that the antiferromagnetic spins are
mainly on copper sites and the mobile holes on oxygen
sites. It is then a more complicated problem to under-
stand the motion of the charge carriers, since we must first
determine what replaces the simple doubly occupied sites
of the single-band model and find out how many degrees
of freedom there are. In order to address this first step in
the process of constructing quasiparticle states, we give in
this paper the exact solution of a model of an oxygen hole
moving in a ferromagnetic Cu background. This is a trivi-
al problem in the single-band model —the doubly occu-
pied site is a freely moving spin-0 entity. For the entended
copper-oxygen model, we find that the oxygen hole is
equally mobile but it carries a spin. Thus, the two models
are not equivalent. In a separate paper (to be referred to
as I) we calculate the interactions between the mobile
holes, mediated by the background of Cu holes, and show

how they may lead to high-temperature superconductivi-
ty.

Zhang and Rice suggested that the two models are in
fact equivalent in their low-energy physics because an ox-
ygen hole forms a singlet with a copper hole in the same
cell, and this behaves in essentially the same way as a dou-
bly occupied site of the single-band model. Our calcula-
tion shows explicitly that this is not so. The admixture of
singlets formed between holes in different cells may not be
neglected and gives rise to the additional spin quantum
number.

We emphasize that the ferromagnetic background of
Cu spins is not the same as the physical state of the Cu02
planes of the high-T, superconductors. The reason for us-
ing such a background as a first step is that it enables us to
obtain an exact solution of the model and hence to con-
struct quasiparticle states and to consider the relationship
to the single-band model without having to worry about
the merits of particular approximations. As we shall
show, the essential point is that the superexchange be-
tween holes on Cu sites and oxygen Wannier states is non-
local. This will lead to differences from the single-band
model whatever the state of the background Cu spins.

The Hamiltonian to be studied is

H (t~+tq) ~ a a ~~+&~ +~
m, h, h

CF, CT

—t2 ~ a~+g ~~+~ 4t) ~ a~~~,— (1)
h, d' Hl, cx

m, cr

where a~t creates a hole of spin o in a Cu(3d„2 y2) state
at m=(m, n) and a~t+s, creates a hole of spin o in an
O(2p„) or O(2') state at m+6. Here h is (~ 2,0) or
(0, ~ 2 ), and a factor ( —1) +" has been included in the
definition of a +& to remove signs associated with the
symmetry of the states. The simplest derivation of 0
from an extended Hubbard model uses second-order de-
generate perturbation theory in the Cu-0 hopping param-
eter t and gives t~ t /e and t2 t /(Ud e), where e is-
the difference in the energy of O(2p) and Cu(3d) holes
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Cu-0-Cu correlated spin system. It may be seen in Eq.
(13) that the true state is a superposition of singlets in-

volving an oxygen Wannier state and holes in all Cu
states. The individual components are not orthogonal and
hence the net spin is not zero.

We show in Fig. 3 the amplitude for the reversed copper
spin to be on a particular site given that the oxygen Wan-
nier state is located at the origin, for k 0 and
k - (tr/2, tr/2) (t t -t2). The wave function does not
change dramatically even though the spin is nearly zero
for the second case.

It is of course significant that there is a local spin as
well as a charge associated with the oxygen hole —in con-
trast to the single-band model. In a spin-fluid back-
ground, either quantity may be measured to determine the
location of the quasiparticle. Furthermore, since the
quasiparticle has a spin, it can bind in either a triplet or a
singlet state, as for a free electron, possibilities that are
not available to a spinless hole.

In the present model, the value of J in Eq. (16) is fixed
by the hopping parameters. More realistically, J could be
smaller than 2(tt+tz) due to direct ferromagnetic ex-

change or the effect of additional Coulomb repulsion pa-
rameters. We point out here that the wave function of the
form (14) may also remain a good representation of the
states at the bottom of the band, even when the total ex-
change is slightly ferromagnetic. This is a consequence of
the energy gained from the high mobility of a Cu-0 sing-
let. This more complex case will be treated in detail in a
subsequent paper.

The existence of a local spin associated ~ith an oxygen
hole has been demonstrated for a ferromagnetic back-
ground of Cu spins but it is clearly more general since it is
a consequence of the nonlocality of the first term of H' in

Eq. (5)—the one describing copper-oxygen exchange. Of
course, it is still necessary to solve for the motion of an ox-

ygen hole in an arbitrary background in order to construct
the general quasiparticle state, and this is a complicated
problem. It is conceivable that, for some backgrounds, the
spin of the quasiparticle turns out to be compensated. But
that would have to be proven, and it is clear that the start-
ing point for such a proof is not the same as the single-
band model.
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