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A paramagnetic resonating-valence-bond state is modified to become a long-range-ordered anti-
ferromagnetic state by including a staggered magnetic Geld as a variational parameter. At half-
filling this field is shown by using variational Monte Carlo method to lower the ground-state ener-

gy of the large-U Hubbard model by 4%. A staggered moment of 0.37(1) is obtained. The anti-
ferromagnetism is destroyed by doping with -5%-7% of holes for t/J =2.5-5 and the
paramagnetic state becomes stable. This result is shown to be in good agreement with experi-
ments on La2Cu04-based compounds.

Since the discovery of the copper oxide superconduc-
tors' it has been widely recognized that the magnetic in-
teractions between Cu spins may play an important role in
our understanding of the origin of superconductivity in
these materials. Antiferromagnetic (AFM) phases have
been identified in undoped and lightly doped La2Cu04
(2:1:4) and oxygen-deficient YBa2Cu30» (1:2:3) com-
pounds~ 3 by neutron scattering, muon spin rotation, and
other measurements. In particular, the phase diagram of
2:1:4as a function of hole doping concentration has been
established by magnetic resonance measurements. 4 The
destruction of the AFM phase by a few percent of hole
concentration is rather striking.

A number of ideas have been proposed to explain this
effect. Based on the two-band Hubbard model, Aharony
et al. propose that the localization of the holes on the ox-
ygen tends to frustrate the Cu spins into ferromagnetic
coupling. This frustration causes the destruction of AFM.
But using the concept of resonating-valence-bond (RVB)
state proposed by Andersons for the strong-coupling one-
band Hubbard model, Anderson, Baskaran, Zou, and
Hsu and Lee, Zhang, and Changs argue that the com-
petition between the kinetic energy and spin interaction
could easily favor the RVB state and the AFM long-
range-ordered (LRO) state is destroyed by a polaronic
effect.

Recent numerical variational Monte Carlo (VMC) cal-
culations by Gros, Yokoyama and Shiba' have shown
that a particular kind of RVB wave function has off-
diagonal long-range order in the presence of holes and
that it is a superconducting state. This is also demonstrat-
ed clearly by the Gutzwiller mean-field theory of Zhang,
Gros, Rice, and Shiba. " However, in the absence of holes
the RVB state has neither AFM order nor superconduct-
ing order. The variational energy obtained is very close to
the exact energy extrapolated from finite-size diagonaliza-
tion by Oitmaa and Betts' and Horsch and von der Lin-
den. ' But these two finite-size calculations, renormali-
zation-group calculations, ' the recent Monte Carlo result
of Reger and Young, ' and the variational analysis of
Huse and Elser' all point to a long-range ordered AFM
ground state for a two-dimensional quantum Heisenberg
square lattice. Hence, there are two questions to be

resolved. In the absence of holes is the paramagnetic
RVB state stable against the staggered magnetization? If
the ground state has AFM long-range order (LRO), can
we explain the experimental results of destruction of
AFM by doping with a few percent of the holes?

In this paper we shall try to answer these two questions
by examining the paramagnetic RVB state studied by
Gros9 and Zhang et a/. " Their trial wave function is
modified to simulate the presence of a staggered magnetic
field. Using the VMC method we show that the paramag-
netic RVB state is unstable with respect to this field. In
the absence of holes, the field enhances the nearest-
neighbor spin-spin correlation from the value of
-0.319(3) to -0.332(4). This new state, referred to as
the magnetized RVB state (MRVB), is a LRO AFM
state with a staggered moment 0.37(1).

In the presence of mobile holes, the staggered field
hinders the motion of the holes although it still gains the
magnetic energy. This competition between kinetic and
magnetic energies and the small energy difference be-
tween the RVB and MRVB states cause the AFM LRQ
to be quickly destroyed by doping with -5%-7% of holes
for reasonable values of the parameters. This result is in

surprisingly good agreement with the experiments.
The Hamiltonian we shall study is the large-U Hubbard

model. The effective Hamiltonian considered by us has
two parts,

H,g ~H)+H2,

Ht —t g (C;tC, +H.c.),
(i,j )cr

H, -JQ (S,"S, n;n, /4) . —
(i,j )

(2)

(3)

These two terms represent the kinetic energy of the holes
and the Heisenberg spin interactions. To order of 1/U
there is a third part 03,

H3 —t /U g (C;+,,~C; —~C; -~C;+;~
i, rWr, a

—Ct~+, vCt~~C;——~C;+, ,v), . (4)

This term involves three sites and will not be considered in
most of the calculations discussed below. Only at the end
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of this paper we shall demonstrate that this term is negli-
gible for our calculation. In the half-filled case, H, ff

reduces to the antiferromagnetic Heisenberg Hamiltoni-
an.

The trial wave function proposed for the RVB state
has a very simple form:

&ss& Q g

A
ch
ch
V

~ep&-PdIIk(uk+ kC tC-ki ~0&, (5)

where the operator Pd projects out double occupancy on
each site, and uk and vk have the BCS form

uk 1/2(1 —ak/Ek), vk I/2(1+ak/Ek),

—2[cos(k„)+cos(k~ )1 —p, Ek J(g+6)) . (7)

Gros9 has shown that with the choice of hk h[cos(k„)—cos(k~)] and 5 1, magnetic energy obtained by this
function is very close to the "exact" value. '2 This state is
always a singlet with no long-range AFM order. But oth-
er trial functions with AFM long-range order also have
very good energy as shown in the second column of Table
I. To study this question further we have examined the
spin excitation spectrum of the RVB state. As shown by
Lee, von der Linden, and Horsch ' the excited states can
be easily constructed by applying the spin-density opera-
tor to %o). Here we shall only consider the operator
Sst g;( —1)tS,', representing the staggered magnetiza-
tion. The energy of this state, which is given by
&~o I S~H.ffS~ I ~o&/&~o I Sk I ~o&, is found to be lower
than Eo, which is given by (~Q ( H ff ( %Q&/(8'o [ %'o&. Thus,
the paramagnetic RVB state is unstable with respect to
the staggered magnetic operator. A new trial function is
needed to rid of this instability.

The new wave function we shall propose is a magnet-
ized RVB state. It has the form

1%'sr& exp(hSst) I +o& (s)

The variational parameter h might be thought of as a
self-consistent staggered field. Both parameters d and h
are to be determined by minimizing the total energy.

At half-filling, the nearest neighbor spin-spin correla-
tion (S; S,) is evaluated for various lattice sizes, L 26,
50, 82, and 122, by using VMC. The result is plotted in
Fig. 1(a). Technical details of VMC can be found in Ref.
22. We chose 6 1 for all the points shown in Fig. 1. The
solid circles are for the paramagnetic RVB states where
It 0. The triangles are the result for finite h ho. The

I I

1=82 L=26 (1/Q

FIG. 1. Data for the half-filling case and d-wave MRVB
state with d, 1. The nearest-neighbor spin-spin correlation (a)
and the staggered field Ito that minimizes the total energy (b)
are plotted as a function of L for lattice with a total number
of sites L 26, 50, 82, 122. Typical error bars are shown.

staggered field Ito that minimizes the energy is plotted as a
function of L in Fig. 1(b). Its value is about 0.17 and is
rather insensitive to the size L of the lattice. Our result
definitely shows that the MRVB state has lower energy
than the particular paramagnetic RVB state considered
by Gros. The staggered moment or the order parameter
extrapolated for infinite size is about 0.37(1). As shown
in Table I, both energy and moment calculated by the
MRVB state seem to be closer to the "exact" extrapolated
finite-size result than the spin-density-wave (SDW) state
used by Yokoyama and Shiba. '9 Our results are almost
identical with that of the three-parameter variational cal-
culation by Huse and Elser. 's

In the presence of holes, the field h that minimizes
both (H t) and (H2) is greatly reduced as the hole loses its
kinetic energy (Ht) moving in a LRO AFM background.
As h becomes zero, the AFM LRO is destroyed and the
holes regain their kinetic energy. Here, our goal is to
quantitatively determine h as a function of the hole con-
centration. But the quantitative behavior will depend on

TABLE I. A comparison of the ground-state energy and sublattice magnetization for the Heisenberg
model on a two-dimensional square lattice.

Author (s)

Anderson (Ref. 17), Kubo (Ref. 18)
Horsch and von der Linden (Ref. 13)
Oitmaa and Betts (Ref. 12)
Yokoyama and Shiba (Ref. 19)
Gros (Ref. 9)
Huse and Elser (Ref. 16)
Liang et td. (Ref. 20)
Present work

—(s,'s, &

0.329
0.3219(9)
0.328 (3)
0.321(1)
0.319(1)
0.3319
0.3344(2)
0.332(5)

0.303
0.335
0.24
0.43
0
0.355
0.375
0.37(1)

Method

Spin wave
Variation al
Finite lattice
Variational SDW
Variational RVB
Variational
Variational RVB
Variational
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the ratio r/J. The total variational energy (H,a) is plotted
as a function of h for two different values of h in Figs.
2(a) and 2(b) where t/J 5 and 2.5, respectively. The
calculation is done for two holes in a 82 sites or hole con-
centration 8-2.4%. For t/J-5, the values of 6 and h
that give the minimum energy are about 0.55 and 0.1, re-
spectively. For r/J 2.5, 6 is about 0.6 and h =0.16. In
the presence of four holes in a &2 sites where 8=5%,
minimum energy is obtained at 6=0.6 for both r/J 5
and 2.5.

In Fig. 3, h*/ho, which is proportional to the ratio of
magnetization, is plotted as a function of hole concentra-
tion b for several values of h. The solid and open circles
are for 6 0.6, t/J 5, and 2.5, respectively. The solid
and broken lines are guides for the eyes. For six holes in
82 sites where b=7% we found h 0 and AFM LRO is
destroyed. At t/J 5, the reason that h is more sensitive
to 8 for d, 0.6 than 0.2 is due to the relatively smaller
magnetic energy gain by h. For comparison we also plot-
ted result for d, 0.2 and t/J 5 shown as the triangle in
Fig. 3. The dashed and dotted lines are guides for the
eyes. In this case, a very large error bar at b 5% is ob-
tained because that energy is hardly varied as a function
of h.

Our results clearly show that magnetic order is des-
troyed around -5%-7% of holes for t/J -2.5%-5%.
This is in very good agreement with experiments. In Fig.
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FIG. 2. Total energy per site for two holes (Ns 2) in a 82
sites, for & 0.2 (triangles) and 6 0.6 (solid circles), as a func-
tion of the staggered field II. in units of J. Typical error bars are
shown. In (a) t/J 5 and in (b) t/J 2.5.
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FIG. 3. Data of the ratio h /ho as a function of the hole con-
centration b for 6 0.6, t/J 5 (solid circles), 6 0.6, t/J 2 5.
(open circles), 6 0.2, t/J 5 (triangles), and internal field
measurement (Ref. 4) of (La~-, Ba )2Cu04 (squares), respec-
tively. Typical error bars are shown.

3, the internal magnetic field determined by nuclear quad-
rupole measurement for La-Ba-Cu-0 is shown in
squares. Notice that the projected spin density wave state
used by Yokoyama and Shiba' predicted —15% of holes
is needed to destroy AFM for t/J 2.5 and mean-field
theory of the weak coupling Hubbard model needs more
than 25%.

The three-site term H3, which we have neglected so far,
gives a very small contribution to the total energy. The
ratio of (H3) and (H,g) is about 1/20 at t/J 5. We
found negligible effect of this term in determining h as a
function of concentration of holes. This result disagrees
with the conclusion reached by Inui, Doniach, and Ga-
bay. We believe that the trial function used by them in
the presence of holes has a much higher energy as dis-
cussed by Zhang et al. " and that makes H3 more impor-
tant while the kinetic energy H~ becomes irrelevant.

Based on our wave function, the drastic reduction of
AFM LRO by a small concentration of holes has a rather
simple reason. The paramagnetic RVB state is only mar-
ginally unstable relative to the AFM LRO state. Because
t/J is large (—2.5-5) and because hole moves a little bit
more difficult in a LRO AFM background than in the
paramagnetic RVB state, a small concentration of holes
would already favor RVB state to be the ground state.

In summary, we have shown by using variational Monte
Carlo method that a modified RVB state with AFM LRO
has a lower energy than the paramagnetic RVB state for
hole concentration less than —5%-7%. This result is in
very good agreement with experiments on La2Cu04. It
should be noticed that the RVB wave function chosen by
us is certainly not the lowest energy RVB state. Liang,
Doucot, and Anderson have shown a much smaller ener-
gy difference between AFM LRO state and the paramag-
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netic RVB state. It implied that a better choice of RVB
wave function will probably destroy AFM even faster by
doping than what we have obtained.

Our result provides additional support to applying the
RVB theory to Cu-0 superconductors but it also raises an
interesting question about the coexistence of AFM and su-
perconductivity. Since with holes the paramagnetic RVB
state is shown to be superconducting, ' our trial function
for the MRVB state also would give nonzero supercon-
ducting order parameter. This coexistence phase was first
proposed in the slave-boson mean-field theory. z4 At
present, there is no experimental evidence for the coex-
istence. Whether or not this means inaccuracy in our trial
wave function or other e6'ects beyond our consideration,

such as two-dimensional fluctuations, will have to be
resolved in a future study.
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