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Properties of strong-coupled superconductors
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By use of Eliashberg equations the system of electrons and phonons with the Einstein spectrum
a (co)F(m)=(XQ/2)5(~ —0) is studied. The orbital and paramagnetic upper critical magnetic
fields are obtained in the case of strong electron-phonon coupling A, (including A. &&1). For A, ~~1,
superconducting parameters at very low temperatures differ remarkably from those near T, ; the
crossover takes place at a temperature corresponding to the phonon frequency Q. For A, & 4, at tem-

peratures below about 0/3 the superconducting correlation length decreases, giving the positive
curvature in the temperature dependence of the upper critical field. The coefficients of the
Ginzburg-Landau functional are calculated. The absolute value of the specific-heat jump grows
with A, while its relative value drops. For A, 4, the resistivity above T, increases linearly with tem-

perature.

I. INTRODUCTION

The Bardeen-Cooper-Schrieffer (BCS) model is known
to describe the behavior of superconductors with weak
electron-phonon interaction, A, « 1, well. The supercon-
ducting properties of the most real compounds with A. = 1

deviate slightly from the BCS behavior (see, for example,
Ref. 1). Recently a number of superconductors were
studied whose properties differ remarkably from the stan-
dard BCS results.

For example, in organic layered superconductors
bis[(ethylenedithio)tetrathiafulvalene] tri-iodide [PH-
(BEDT-TTF)ziz] with T, =8 K and P-(BEDT-TTF)zAuiz
with T, =5 K the anomalous temperature dependence of
the upper critical fields 0,2 was observed. In the former
the dependence H, z( T) for the magnetic field perpendicu-
lar to the layers has a positive curvature and the reduced
upper critical field h, z(T)=H, z(T)/( dH, z/dT)r —r T,

C

reaches the value of 1.4 as T~O, while in the BCS mod-
el h, z(0) =0.7. It should be noted that for the perpendic-
ular field the orbital effect alone is significant. For the
parallel direction both the effects (orbital and paramag-
netic) determine the upper critical field. Measurements
of the parallel upper critical field show that h, z(0) obvi-
ously exceeds the BCS result which corresponds to the
combined action of the orbital and paramagnetic effects.
In P-(BEDT-TTF)zAulz the dependence H, z(T) is linear
down to very low temperatures and the ratio b, (0)/T, as
high as 7 was observed at T « T, (Ref. 4) instead of 1.76
in the BCS model. Here b(0) is the superconducting gap
at T =0 (a more detailed discussion of organic supercon-
ductors is given in a review ).

A similar behavior of H, z( T) was observed also in the
system Ba(Rbi „Bi„}Ozand in the new high-temperature
superconductors of La-Sr-Cu-0 or Y-Ba-Cu-0 type. It is
impossible to explain the above-mentioned strong devia-

tions from the BCS behavior in the framework of the
electron-phonon model with intermediate coupling A, = 1

though the theoretical calculations based on Eliashberg
equations show the tendency of the values of h, z(0) and
b(0)/T, to grow with A, .

II. ELECTRON-PHONON MODEL
WITH EINSTEIN SPECTRUM

Henceforth we consider a system of electrons coupled
with a one-phonon mode, whose spectral density of in-
teraction (Eliashberg function) is a (co)F(to) =(AQ/
2}5(to—Q). In the limit A, »1 the asymptotic behavior
of T, is known, T, =0.18Qv'A, (see Ref. 9). We study
here the dependence of the upper critical field H, z(T) on
k. Part of the results obtained for H, z( T) and some ther-
modynamical properties of the model under considera-
tion were discussed in Ref. 10.

Some remarks concerning the model with a one-
phonon mode will be useful. First, all the results for this
model are valid in the case of the excitonic mechanism of
superconductivity also, i.e., in the case of electron pairing
due to exchange by any excitations with a frequency 0
such that Q «Et;/A, . Second, the deviations of the real
extended phonon spectrum from the Einstein one can be
taken into account in our final results if we change the
value 0 by the corresponding moment of the function
ct (to)F(co) For example, in. the asymptotic expression of
T, the value Qv'A. should be changed by the value

(A, (co ) )' =[M(1)]'
where

M(1)=2J dcotoa (co)F(co) .
0

More important is the question about the possibility of
very large A, values in real compounds. Values as high as
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2.5 were observed up to now in alloys such as Pb-Bi.
Theoretical estimations give similar values in La-Sr-Cu-0
compounds. " In principle, larger A, 's can be realized in
crystals near structural instabilities.

In the general case A, and phonon frequencies are deter-
mined by the expressions

X=N(0)(I'& (1/M~'&,

(~') = (~', ) =(4n, /S)N(0)(I') /M,

where (I ) is the mean value of the electron-phonon ma-
trix elements over the Fermi surface, M the ion mass, no
the number of conducting electrons per atom, (co ) the
mean value of the squared frequency of phonons, and coo

the pseudoatomic bare frequency (the bare frequency in
the Frohlich electron-phonon model); see Refs. 12—14.
As the value (4n /o5)N(0)(I )/M grows, the phonon
frequencies fall and the system approaches structural in-
stability. This fall is maximal for some mode i, and the
parameter A, ; which describes the coupling of this soft
mode with electrons increases and can reach a very high
value. What is important is that this growth gives an in-
crease of T, limited to T, '"= 01 8[ N( 0)(I )/M]'
According to (1) the stability condition co; &0 restricts
the maximal values of N(0)(I )/M, and as result T, is
limited to a value of about 0.2(coo). Thus, very high
values of A, may occur near a structural instability, and
that inode is important for the pairing which softens
here. In such a case the electron-phonon model under
consideration may be good enough.

III. THE UPPER-CRITICAL MAGNETIC FIELDS

H,*2 is small as compared with the paramagnetic upper-
critical field H,'f' which will be studied hereafter. For a
dirty superconductor with r; ' »A, Q Eqs. (2) take a more
simple form,

h(ico„)
b, (i co„)=m T g A,(co„—co )

I ~. I +p

co„=co„+77T g A, (co„—co~ ) sgnco~
(4)

where p=eH, '2D, and D =vFr; ~/3 is the difFusion

coefficient. So the calculation of 0,2 is reduced to the
problem of finding the maximal eigenvalue of the linear
finite-difference equation.

In the limiting ease A, » 1, the inequality T, »Q is
fulfilled, and near T, the eigenfunction may be approxi-
mated as E(nT)=E( —nT)&0, all other b(co„)being
zero. Such an approximation gives a rather good value of
T, for )(, » 1 (see Ref. 9). The result for H,~z( T) is

H,'2 ( T) = [li,(n T }—1]=
Tko Tko

T2

(5)

When T~T, we get H;2 ( T~T, ) =2$oT, t /D, where
t =(T,—T)/T„while the extrapolation to temperatures
T =Q gives H;2 =ctpoT, ~A, /D, i.e., it is larger by the fac-
tor v'A, than the corresponding BCS result. The correct
results obtained numerically are

2.20$o T,
H 2(T)= t, t «1

Now we write the equations for the upper-critical field

H, 2 which take into account the orbital effect of a mag-
netic field as well as a paramagnetic one. (We neglect the
Coulomb pseudopotential p' in comparison with large lL, .}
They have the form (see Ref. 7}.

h(ico„)=nTgA,(co„—c'o )[X '(co„)—(2r; p) ']

q v'a
X

~
co„)+ipH, z sgnco„'

(3)

a =n.H, ~vF /2$o,

for an isotropic three-dimensional system. Here Po is the
quantum Aux, p the Bohr magneton, and r; the scatter-
ing time due to the nonmagnetic impurities.

We first consider the orbital upper-critical field H,'2
without paramagnetic effect [i.e., setting p=O in (3)].
This approach is good enough if the obtained value of

X b(i co ),
co„=co„+nT g A(co„co ) sgnco —+(2r; )

' sgnco„,

A(co„—co )=AQ /[Q +(co„—co ) ], co„=mT(2n+1), .2 2 2
(2)

where

X(co„)= I dq exp( —q ) tanv'a o

l.08$oT,~A,
H;2(0) =

(6)

By use of Eq. (6) the reduced orbital critical field may be
found, h;2(0)=0.45&A., for A, »1. This asymptotic be-
havior is correct for lL. & 6. For the intermediate values of
A, the numerical results for h;2(T/T, ) are presented in
Fig. 1. For li, »1 the value of h;2(0} greatly exceeds the
BCS value of 0.7. At li, &4 the dependence H;2(T) has a
positive curvature.

Now the correlation length g(T) can be obtained by
means of the relation H,'z(T)-Polg (T). Near T, we get
the usual BCS expression for a dirty superconductor,
g(T)-(g, l; &)' t '~, where l; is the electron mean
free path, 1; z vFr; ~, and ——the actual supercondueting
length (,(T, )=vF/T, . However, when T~Oand k&&1,
the value of g, is decreased by the factor v'A, , i.e.,
g(0) =[(,(0)l; ~]' with g, (0)=(,(T, )/A, .

If we introduce the order parameter b,(0) at T =0 by
means of the relation 6(0}=vz/g, (0), we obtain
6(0}=CAQ, where C is some numerical factor. We note
that the order parameter may differ from the energy gap
b,g(0) because in the case of strong coupling there is no
reason to identify these quantities. Moreover, they actu-
ally differ according to the result 5 (0)-Qv'A, at large A,

obtained in Refs. 15 and 16.
We now consider a clean superconductor, i.e.,
' «AQ, and A, »1. The equation for b,(ico„)can be
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0.2 0.4 0.6 0.8 1.0
t=T Tc

FIG. 1. The temperature dependence of the reduced orbital
upper critical field h, 2( T/T, ) in the dirty superconductor with
Einstein spectrum for some values of A.. The curve A. =1
represents the BCS result well. 0.2 0.4 0.6 0.8 t = T/Tc

reduced to the standard eigenvalue problem in the case
T—+T, only. Then

and as a result,

H,'2 ( T~T, ) = 12nkT, pot Iv. F. .

This expression coincides with the corresponding one in a
dirty system if we introduce the diffusion coeScient
Dzh vFr~h/3 wi——th rzz' 2m', T„wh——ich describes the
scattering of electrons on thermal phonons. In the fol-
lowing, we will discuss this relation in more detail. The
numerical calculations for A, && 1 yield

12.5mB, T, Po
H,'2(T) = t, t «1,

FIG. 2. The temperature dependence of the reduced orbital
critical field h, 2(T/T, ) in an isotropic clean superconductor for
some values of k.

value Pot /g( T, ) by the factor A, in a clean superconduc-
tor.

We now explain, first, why the value b(0) is much
larger than T, (by the factor v'A, ) in systems with A. »1
and, second, the reason of the above-mentioned
differences between the behavior of H,'2 in dirty and clean

H (o)

3

18.8rrk T, Po
H 2(0)= 2

The behavior of h;2( T/T, ) for the intermediate values of
A, in clean superconductors is shown in Fig. 2. In Fig. 3
we present the value 2a, which is ( dH, 2/dT)r r n—or-

C

maljzed to the corresponding BCS value as a function of
A, , as well as h;2(0) in clean and dirty superconductors.

Making use of Eq. (7) we see that h;2(0) is saturated as
k~ ao for clean superconductors, while in dirty ones h,*2

grows as v'A, . This distinction is connected with difFerent
behavior of H,'z(T) near T, and not near T =0. Actual-
ly, g, (T, )=vF/T, and g, (0)=vFIT, v A, irrespective of
the system purity. By use of these values of g, (T) we get
the expected values of H, z(0)=go/I; g, (0) in dirty and

2
c2 0 imp s

Pp/g (0) in clean superconductors. However, near T, we
obtain the expected value H;2 =Pot /l; g, ( T, ) in a dirty
system, while the actual H,'z differs from the expected

' vr
FIG. 3. The dependence of superconducting parameters on A,

for the electron-phonon model with Einstein spectrum. The
data for 5(0)/T, are taken from Ref. 15, the ratio T, /0 from
Ref. 9. The value 2a is ( —dH, 2/dT)z- z normalized to the
corresponding BCS value. The H,'f' is the upper critical
paramagnetic field (without orbital effect) for the appearance of
infinitely small superconducting nuclei as the magnetic field is
decreasing. The dependence of parameter P in GL functional
and H, (0)/H, &cs(0) on A, is also shown.
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systems.
Qualitatively the first result may be explained by

depression of the Cooper pairing near T, due to the pres-
ence of thermal phonons (Q « T, at large A, ) and the cor-
responding disappearance of this depression factor at
T «Q where the thermal phonons are frozen out. At
T = T, the attraction of electrons via virtual phonons
would give T, -A,Q which should be diminished by the
small factor N~z' ——(e" —1)=Q/T, because thermal
phonons destroy the coherence of the interaction via vir-
tual phonons. Thus we get T, -A,Q(Q/T, ) from which
the result T, —Q v'A, follows. At low temperatures
T &&0 the depression factor disappears and the relation
6(0)-A,Q ought to be valid. Thus the superconducting
length g, is VF /T, near T, and less by the factor A

'~2 at
T «Q. For this reason the rapid growth of h;2(T/T, )

below the temperature T=0 occurs in dirty supercon-
ductors, and in this case h;z(0)-v'A.

In clean superconductors the effect of impurities is
negligible. However, the thermal phonons present near
T, here determine the electron scattering time

7 ph= (2irA T, )
' and r~z' && T, for A, && 1. So with respect

to the electron scattering on phonons, the clean super-
conductors with A, »1 near T, occur actually as dirty
ones because

l&h
—vga pi, gq( T, )/A, « ((T, ) .

Thus using the standard theory for H,*2 in dirty systems
we get

T, ( dH 2/dT)—r -p 0/lp ig, (T, )=$ OA(/, ( T),

i.e., a„„„-A.On cooling below T=Q the value l~h

grows. However the increase of I h is compensated here
by the decrease of g, (T). So the rapid growth of H;2
below T=Q is absent.

By use of (6) we find the relation connecting the value
(dH, 2/d T)r r the density of states N (0), and the resis-

C

tivity p( T, ) at T= T, for dirty superconductors (the
Gor'kov relation)

where az;„„~0.5 as A, ~O. The same relation is valid in

clean superconductors with A, »1 if their resistivity is
determined primarily by electron-phonon scattering near
T. ~

By means of Eqs. (2}and (3}we can calculate the upper
critical field due to the paramagnetic effect alone (p&0,
a~O). We then get the linear difference equation with a
complex kernel. It gives the critical field H,'(' at which
for the first time infinitely small superconducting nuclei
appear as the magnetic field is decreasing. [Actually the
first-order transition from the normal state to the super-
conducting one can occur at H =Hz where the magnetic
field H is thermodynamical critical field which is deter-
mined by the free-energy consideration. For the BCS
model pH,'$'=b, (0)/2, while pH =b,(0)/&2 at T =0.]
We are interested here in the behavior of H,'(' as a func-
tion of A, at T =0. The numerical results for the ratio
IMH,'f'/2T, are shown in Fig. 3. The asymptotic behavior
of this ratio is &A for large A, . The BCS value (A, « 1}is
0.44. Again, the value pH,'$'(0) should be determined by
the value b, (0) (with some numerical coefficient} and we
obtain additional evidence in favor of the relations
b (0)—A,Q and 6(0)/T, —&A for large A, .

The numerical calculations of b (0)/T, for values of A,

up to 28 were done in Ref. 15 any they are presented in

Fig. 3. Here b, (0) is the energy gap for tunneling of
electrons. Based on the analytic consideration the au-
thors of Ref. 15 came to the conclusion that the value
5 (0)/T, is saturated at very large A, . We give here

strong evidence as well as a clear physical picture in favor
of the ratio for order parameter b, (0}/T, to be propor-
tional to &A, for A, &4. This discrepancy shows that the
order parameter and the gap may be quite different at
large A, .'

IV. DERIVATION OF THE GINZBURG-LANDAU
FUNCTIONAL

dHc2 = 16ad;„„(A,)ep( T, )N(0) /n. ,T=T
(8) The free-energy functional in the case of the space-

homogeneous parameter h(i co„)was obtained in Ref. 18,

(F, F„)/N(0)=m T—g co„(sgnc0„—sing„)+m T g [sgn(co„co }—cos(p„—y )]A(co„—c0 ), y„=q(ice„). (9)—
n, m

(F, F„)=N(0)(2~T, )'t—'/P(A, ) . (10)

The function P(A, ) is shown in Fig. 3. The BCS value of P

By use of (9) we calculate the thermodynamical critical
field H, (0) at T =0. The asymptotic behavior for large A,

is H, (0)/H, (0)=1.16''A, , where H, acs(0) is the value

H, (0) which corresponds to T, by the BCS relation. The
dependence H, (0)/H, acs(0) on A, for intermediate A. is
shown in Fig. 3. Thus H, (0) is proportional to A, at large
A, like H,'$'(0) and g, '(0).

Minimization over y„gives equilibrium free energy
near T,

I

is 7g( 3 ) =8.4 [for A. » 1 in the approximation
b(n T) =b, ( —mT)&0 and others, b, (co„)being zero, we

get P=l]. Now we can write Ginzburg-Landau (GL)
functional. It has the forxn

2

(F, —F„)/N(0)(2mT, ) =g V — A 1t tg—
+-,'P(A. )f' .

The value of g is determined by H,~2 near T, according to
the relation
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( d—H,'q ldT)r p——o/2nf~T, .

Thus

g =nD /16T, ad;„y(A,)t

for dirty superconductors, and for clean ones

g =0.009vt;/T, a„„„(A,)t .

(12)

(13)

We can now calculate the London penetration depth near
T, . For clean superconductors

(T) =8.4
(0) a„„„(&)p(~)'

(14)

peculiar to large A, starts at A, ~ 4—6; see Fig. 3. In the re-
gime of large A, the thermal phonons weaken Cooper
pairing near T„giving T, -&A, , and they freeze out at
T 5 Q, giving b,(0}-A, and the ratio b,(0)/T, —VA, .
Thus the superconductors with A, ~4-6 may be called
strong-coupling superconductors. They are character-
ized by the depairing effect of thermal phonons near T,
and by the corresponding anomalous enhancement of su-
perconductivity at low temperatures.

The properties of strong-coupling superconductors in
the normal state are characterized by the linear depen-
dence of resistivity above T, . According to our result for
H,'2 in clean systems the scattering of electrons on the
thermal phonons gives the temperature-dependent part

See(0)= N(0)v
3G p(T)=8m A, T/roz, (18}

and for dirty superconductors

At (T) 2m~; „Tt
(0) a„„(&)P(&)'

By use of (10) we find the specific heat jump

bC=8tr N(0)T, /P(A, ) .

(15}

(16)

From the GL functional, the following relation can be
obtained for isotropic superconductor:

N(0}= Hcl C2p(~} kcp(A, }

(lnz+0. 497)32tr 8' T,

He

1m+0.497

(17)

where H,'& ——( dH, ~
IdT)r—r and a. is the GL parame-

C

ter. According to (16) and the dependence p(A, ) the abso-
lute value of the specific-heat jump grows with A, . How-
ever, its relation to the full specific heat (C, +C h) at
T=T, falls because (C, +C h) increases more rapidly
than b, C with A, due to the phonon contribution. '

V. DISCUSSION

We obtain the upper-critical magnetic fields (orbital
and paramagentic) and the coefficients of GL equations
as functions of A, for A, & I in the electron-phonon system
with an Einstein spectrum. The asymptotic behavior

=(300—400 K)(m /M)'i (19)

where m~ is the proton mass. So, in principle, values as
high as 100 K (for M =16m ) may be obtained in oxides
if the conducting electrons interact strongly with oxygen
ion vibrations. The singularities of the density of states
near the Fermi surface additionally enhance the values of
Tc'

(2) The small value of the isotope effect in the Y-Ba-
Cu-0 system does not exclude in principle the photon
mechanism. The Debye-Wailer factor in electron-
phonon coupling which takes into account the effect of
nonlinearity of ionic displacements [it is dropped in Eq.
(19)) can compensate for the dependence of T, on M
given by Eq. (19). For example, in palladium hydrides
PdH and PdD, the isotope effect has opposite sign.

(3}The linear dependence p on T was observed in oxide
superconductors Y-Ba-Cu-0 giving A, =2. 5 for
dp/dT =2 pQ cm/K (see Ref. 18 and references therein).

which allow us to estimate A, if the plasma frequency ~
is known.

Now we consider briefly the possibility to explain the
high T, values in oxides in the framework of electron-
phonon mechanism of coupling. Three points are essen-
tial in this discussion.

(1) The limiting value of T, may be estimated from the
dependence of T, on A, and A, on Q for A, & 2. Thus

T =Q. 18[N(0)(12)/M]'~&
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