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Solid and liquid para-hydrogen and a solid mixture of ortho- and para-hydrogen have been stud-

ied by inelastic neutron scattering at momentum transfers from 5 to 30 A . The observed scatter-

ing function can be interpreted in terms of scattering from independent hydrogen molecules using

the impulse approximation when internal excitations of the molecules are included. Scattering

peaks are observed at the recoil energy, shifted by the energy of the internal rotational transitions,
and broadened by the translational motion of the molecules. The peaks can be fitted by Gaussian

functions, showing that, to within the accuracy of the measurement, the translational momentum

distribution of the hydrogen molecules in the condensed phases has a Gaussian form. The kinetic

energy of the para-hydrogen molecules at 1 bar is 76+9 K in the solid at 10 K and 63+6 K in the

liquid at 17 K. The kinetic energy for the ortho component in the solid ortho-para mixture is es-

timated to be the same as for the para solid within the experimental error, although extraction of
quantitative information is more diScult because of the complicated spectra.

I. INTRODUCTION

Hydrogen is the lightest molecule which forms con-
densed phases. The light mass of the molecule and the
weak intermolecular forces lead to pronounced quantum
effects in the solid and liquid, the most prominent being
the high contribution of the kinetic energy of the zero-
point motion to the total energy of the system at low tem-
peratures. For example, the melting point' of the H2
crystal is only about one-tenth of its Debye temperature
of 120 K, as compared to more classical solids where the
melting point is usually larger than the Debye tempera-
ture.

Molecular hydrogen has been the subject of several
neutron scattering studies due to its interesting properties
in the condensed phases and its high neutron cross sec-
tion. Most experiments have been carried out at relative-
ly low energy and momentum transfers. In the solid, the
phonon dispersion relation and the Debye-Wailer factor
have been measured using coherent scattering, and the
phonon density of states has been measured using in-
coherent scattering. In the liquid, a collective excitation
was found which corresponds to the phonons in the
solid. 4

Neutron scattering measurements at high momentum
transfers will be dominated by scattering from single par-
ticles. At sufficiently high momentum transfer Q, the im-
pulse approximation (IA) is valid and neutron scattering
measurements can be used to directly determine the

single-particle momentum distribution n (p). The
momentum distribution is of particular interest since the
average kinetic energy per atom may then be directly
determined and compared with the results of microscopic
theories of the condensed phase. Similar measurements
on helium, the most extensively studied quantum sys-
tem, have shown that the IA provides an excellent
description of the observed scatteirng for Q's above 10
A '. The experimentally determined n (p) has been com-
pared with the results of microscopic calculations using
both variational and Monte Carlo techniques, and the
agreement is, on the whole, quite good.

In the present paper we report measurements of the
scattering function S(Q,E) of a condensed molecular sys-
tem (hydrogen) at high momentum transfers. Our results
are interpreted using the impulse approximation and a
model where the internal excitations of the molecule (ro-
tations and vibrations) are decoupled from the transla-
tional degrees of freedom. We 6nd that this model pro-
vides a good description of the observed scattering and
allows us to extract the kinetic energy in the liquid and
solid phases.

Microscopic theoretical studies of the condensed
phases in hydrogen are not as extensive as in helium. No
published theoretical calculations of the kinetic energy
are known to us. Therefore, current estimates of the ki-
netic energy are based primarily on the Debye model
which may not provide a good representation of quantum
solids, where the zero-point motion plays an important
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role. The measurements presented here provide a direct
measure of the kinetic energy, without reference to any
particular model, that may be compared with theoretical
calculations of the condensed phases of hydrogen. (Ei, ) = f n (p)dp (2.4)

The kinetic energy per atom may be evaluated directly
from the momentum distribution

H. THEORETICAL BACKGROUND

A. Deep inelastic neutron scattering

In the limit of large momentum transfer Q, the scatter-
ing function may be expressed in terms of the scattering
of individual particles from a bound initial state, deter-
mined by the many-body interactions in the sample, to a
free particle fina state. This is the well-known impulse
approximation, which leads to a general form for the
scattering cross section for a monatomic system of the
form

which gives, in terms of the measured width of the ob-
served scattering

3MO. ,(E, )=
2A' Q

(2.&)

where o, is the observed standard deviation of the
scattering, Q is the momentum transfer, and (Ek ) is the
kinetic energy. In an ideal gas the kinetic energy is sim-

ply —,'T, where T is the temperature of the gas. In solids,

(Ek ) is 38@ in the Einstein model and —,', GD in the De-

bye model.

d cT
b S(Q,E),

!

S(Q,E)=f n(
I p I

)& E—E.— "p
(2.1)

where b is the bound-atom scattering length, k; and k&

are the initial and final neutron wave vectors, n (
~ p ~

) is

the distribution of atomic momenta, p, and
E„=A Q /2M is the recoil energy corresponding to the
atomic mass M of the scattering atoms. The approxima-
tion is generally considered to be valid when E„&&Ace„
where co, is a characteristic phonon frequency. This cor-
responds to a physical picture in which the surrounding
atoms do not move appreciably during the time in which
the neutron interacts with the scattering nuclei.

For a harmonic crystal the impulse approximation may
be derived from a multiphonon expansion of the scatter-
ing starting from the low Q limit. Multiphonon transi-
tions become more prominent and gain intensity as Q in-

creases. At sufficiently high Q, the envelope of the mul-

tiphonon scattering approaches the form given by the im-

pulse approximation. The condition for this is readily
seen to be a small Debye-Wailer factor [exp( —Q ( u ) /
3)« 1] which for a set of harmonic oscillators reduces to
the condition E, &&Ace„as before.

The Gaussian form for the momentum distribution

B. Scattering from molecules

In the case of molecules with internal degrees of free-

dom, Eq. (2.1) can readily be generalized if the internal
excitations are decoupled from the translational degrees
of freedom. Then, Eq. (2.1) becomes

1n(p)= exp
(27pg ~

)
~ ~~ 2g 2

P

(2.2)

holds a special significance. It is the expected form for
classical systems obeying MaxweH-Bo1tzmann statistics
and, using the central limit theorem, when many interact-
ing normal modes are present. ' This form has been ob-
served in many systems, including quantum 1iquids and
solids such as the solid and normal liquid phases of heli-
um. The scattering, in the impulse approximation, then
has the simple form

S(Q,E)= 1
exp

(2~~,')'"
(E E )~

2cT
(2.3)

which is a Gaussian with a standard deviation
0, =AQcr~ /M centered at the recoil energy.

g b„S„(Q,E),
i n

S„(QE)=f„f ~(
~ p ~

)5 E E„E„——— dp.~ep
(2.6)

The summation is over all internal excitations of the tar-
get molecule and b„, f„,and E„represent the scattering
length, structure factor, and excitation energy of the nth
internal level. For a Gaussian distribution of translation-
al momenta, this reduces to a series of Gaussian functions
of different weights centered at (E„+E„)and having a
standard deviation determined by the translational
momentum distribution only.

The classical treatment of the scattering from mole-
cules which are rotationally excited in the scattering pro-
cess gives the recoil mass in terms of the Sachs-Teller
mass tensor. " This should also represent the limit of the
quantum-mechanical expression when the energy spacing
of the internal levels is compared with the peak width (or,
equivalently, with the energy resolution of the measure-
ment). If, on the other hand, the transitions between the
internal levels can be resolved, Eq. (2.6) with the molecu-
lar mass M should be used in the form given, and each
internal transition is broadened by the translational
momentum distribution. The structure factor governing
the integrated intensity of the line corresponding to this
transition should be calculated on the basis of the inter-
na1 degrees of freedom only, as pointed out by Gri%n and
Jobic. '

C. Molecular hydrogen

The scattering function of hydrogen has been calculat-
ed by Sarma' and by Young and Koppel. ' Both papers
take rotations into account and assume a complete sepa-
ration of translationa1 and internal modes; in addition,
the Young and Koppel calculation includes the stretch
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2

fg.= —,
v! 4M' b

(2J +1)C'(O,J,J;00)

dpi' exp—1

2
&O'V' +.Qua8M'„2

(2.7)

where J and v are the quantum numbers of the final rota-
tional and vibrational states respectively, C is a Clebsch-
Gordan coefficient, a is the distance between the two pro-
tons in the molecule, and PJ is a Legendre polynomial of
order J. If the Snal state does not involve excition of the
vibrational levels, Eq. (2.7) simplifies to

fj——(2J+1)C (O, J,J;00)
~

2i jJ(Qa/2)
~

~, (2.8)

where jj is the spherical Bessel function of order J. This
simple form arises from the model since the rotational
states are assumed to be those of a simple idea1 rigid ro-
tor (i.e., the rotational wave functions are proportional to
the spherical harmonics).

vibrations of the H2 molecule which are assumed to be
decoupled from the rotational motion. The energies of
the rotational levels, characterized by the quantum num-
ber J, are given by E„,=J(J+1}B,where B =7.35
meV. The vibrational energy levels, characterized by
quantum number v, are given by E„;~=(v+ ,' )fico—„;&,

where Ace„;b=516 meV. With the incident energies used
in the present experiments, it is clearly important to al-
low for both kinds of internal transition.

The central feature in both calculations is the decou-
pling of the translational motion from the internal excita-
tions of the molecule. Thus, these models should also be
valid in the solid where spectroscopic studies have shown
that the hydrogen molecules behave as nearly free ro-
tors. ' The primary modification to the calculations is
the replacement of the ideal-gas momentum distribution,
a Maxwellian with a width determined by the tempera-
ture, by the more general form of Eq. (2.2) to take into
account the larger zero-point motion in the condensed
phases. With this replacement the formalism of Young
and Koppel provides an excellent framework for analyz-
ing the present data. In particular, explicit expressions
for the appropriate molecular scattering lengths and
structure factors appearing in Eq. (2.6) are given.

An important result of the Young and Koppel calcula-
tion is that the scattering cross section depends on the
parity of the initial and final internal states of the hydro-
gen molecule. At the temperature of these experiments,
the molecules are predominantly in their vibrational and
rotational ground states, the latter being J=0 for para-
H2 and J =1 for ortho-H2. In the case of para-H2, the
scattering to even-J states is then proportional to the
coherent cross section O.„while that to odd-J states is
proportional to the incoherent cross section 0.;. Since
o, &&cr, for natural hydrogen (the bound-atom values are
79 9b and 1.8b. , respectively' ), this means that in para-H2
only scattering to odd-J states should be observed. The
form for the structure factor' of Eq. (2.6) when the ini-
tial state is pure para-H2 then becomes

+ [J(J +1)}'H (2.9)

where v signifies the associated vibrational state. The
first few terms of this expansion for v=0 are 80=7.356
meV, DO=5.689&(10 meV, and HO=6. 446&&10
meV. For small values of J the energy levels are essen-
tially given by the free rotor expressions. For higher J
values small deviations from the ideal rigid rotor appear.
To a first approximation, we may simply replace the ideal
rigid rotor values for the excitation energies in Eq. (2.6)
with the more accurate values in Eq. (2.9).

III. EXPERIMENTAL PROCEDURE

The measurements were carried out using the Low-
Resolution Medium Energy Chopper Spectrometer
(LRMECS) at the Intense Pulsed Neutron Source (IPNS}
at Argonne National Laboratory. ' LRMECS is a time-
of-fiight (TOF) spectrometer with a chopper before the
sample to monochromate the pulsed white beam from the
spallation source. Incident energies of 500 and 1900 meV
were used in these measurements. The Fermi chopper
had a pulse width and slit curvature that were optimized
for 500-meV neutrons. Operation at 1900 meV resulted
in some degradation of both resolution and intensity.
Detectors are located at scattering angles between 2.6'
and 116', in this measurement useful data were obtained
between 15' and 75'. This represents Q's between 5 and
16 A ' at 500 meV incident energy and Q's between 9
and 31 A ' at 1900 meV incident energy.

The samples were condensed into a slab-shaped cell
which consisted of 20 aluminum capillaries, each with an
internal diameter of 1.3 mm. This design reduced the
contamination of the observed spectra by multiple
scattering within the sample. The cell, which was at-
tached to a Displex closed-cycle refrigerator, was mount-
ed on a vertical plane at 45' to the incident beam
(transmission geometry) and extended over the full beam
area of 5 cm wide by 10 cm high. The temperature was
measured with thermocouples at the top and bottom of
the cell; the steady-state difference between the top and
bottom was about 1 K.

Two different samples were studied under various con-
ditions. Nearly pure para-hydrogen was obtained by

For ortho-H2 the situation is more complex. The cross
section for transitions where the change in J is odd is o.;
and the cross section for transitions where the change in
J is even is 3o., +2o;. Thus, in ortho-H2 scattering to all
final state should be observed as long as the energy con-
servation condition can be met and the structure factor is
large enough at the momentum transfer of the measure-
ment. This leads to a considerably more complex spec-
trum.

The simple model of an ideal rotational and vibration
spectrum that do not interact is not entirely appropriate
for hydrogen. Raman scattering measurements for H2
vapor indicate that the vibrations and rotations are not
completely decoupled. ' As a consequence, the expres-
sion for the rotational energy levels takes the modified
form

E„,=J(J+1)B„—[J(J+1)]D„
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holding liquid in the cell in contact with a ferromagnetic
catalyst, ' which enhances the ortho-para conversion, for
two days prior to the experiment. The catalyst was locat-
ed in a portion of the cell not exposed to the neutron
beam to avoid contamination of the scattering. Measure-
ments of this sample were carried out at 10 K in the solid
and 17 K in the liquid. After removing the catalyst, a
second sample of normal H2, expected to have an initial
concentration of 75%, was studied at 10 K immediately
after condensation of the sample. Due to conversion in
the solid during the course of the measurement the mean
ortho concentration of this sample was approximately
40%, as discussed in Sec. IV.

The data were analyzed using standard programs'
developed to handle time-of-flight data from the chopper
spectrometers at IPNS. The analysis included correction
for detector eSciency obtained from measurements on a
vanadium reference sample, subtraction of the empty cell
scattering, conversion from time-of-flight to energy
scales, and interpolation of the spectra taken at constant
detector angle to constant momentum transfer. The re-
sults presented here have all been converted to constant

Q to facilitate comparison with the theoretical expres-
sions for the intensity of the transitions.

To accurately determine the true scattering function,
the efFects of instrumental resolution and multiple
scattering must be taken into account. Time-of-flight in-

struments at spallation sources have a complicated asym-
metric resolution function due to the asymmetric shape
of the pulse of neutrons from the moderator, the
transmission through the chopper, and the finite rotation-
al speed of the chopper. In general, the resolution is a
complex function that is not amenable to simple solu-
tion. However, an analytic ca1culation ' of the resolu-
tion is possible if all the source terms are represented as
Gaussians of the appropriate width. This approximation,
which we use here, results in a Gaussian resolution func-
tion which greatly simplifies the analysis of the results.

Multiple scattering can provide a substantial contribu-
tion to the observed scattering, particularly in strongly
scattering samples such as hydrogen. To minimize the
contribution of multiply scattered neutrons we used the
sample cell described above. The multiple scattering is
determined primarily by the dimension of the sample in
the direction of the incident beam, since the cross section
is largest for coherent scattering which occurs at small

energy and momentum transfer, and is minimized by us-

ing a sample with small dimensions in the direction of the
beam, as has been done here. The contribution of multi-

ple scattering to the total scattering was estimated using
a Monte Carlo simulation of the scattering. We find,
for our sample geometry, that the multiple scattering ap-
pears as small, nearly constant background that does not
appreciably distort the shape of the observed peaks.

IV. RESULTS

Figure 1 shows examples of constant-Q spectra taken
with an incident energy of 500 meV. All spectra consist
of one or more peaks which are considerably broader
than the instrument resolution. The positions, widths,
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TABLE I. Amplitudes (A), energies (E) and standard devia-

tions (pro) of the fitted peaks for solid hydrogen spectra at 10 K
and an incident energy Eo ——500 meV. Standard deviations in

parentheses have large associated errors and were not used in

calculation of kinetic energy. The intrinsic standard deviation

(cr, ) is obtained by correcting for the resolution (cr, ) using

g, = (o'o —&„)'~ . The momentum transfer is in A, the ampli-

tude in arbitrary units, and the standard deviations in meV.
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FIG. 1. Spectra of liquid and solid para-hydrogen at a
o

momentum transfer of Q =7 A . The incident energy was 500

meV. The recoil-shifted transitions from the J=0 ground state

to final states J'=1 and 3 are seen. The solid line is a fit by the

sum of two Gaussians (dashed lines) and a straight line back-

ground.
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and relative intensities of these peaks depend very sensi-
tively on the momentum transfer. Spectra of 1iquid and
solid para-H2, however, corresponding to the same
momentum transfer, are very similar to each other. Only
the linewidths are different, being wider for the solid than
for the liquid.

The peaks in the spectra from para-H2 samples taken
with an incident energy of 500 meV are reasonably well
separated. These peaks should occur at the recoil energy,
shifted by the energy of the rotational transitions. In or-
der to assign them, the position, width, and amplitude of
each peak were found by a chi-square fit to a model
scattering function consisting of a sum of Gaussians plus
a small constant background. The results of these fits for
the spectra taken with an incident energy of 500 meV are
presented in Table I for the solid and in Table II for the
liquid.

The position of the peaks versus the square of the
momentum transfer is shown in Fig. 2. As predicted by
the theory, the peak positions fall on straight lines with
intercepts equal to the transition energy from the rota-
tional ground state J=0 to the final state J'=1,3,5, . . .
and a slope which corresponds to the recoil energy of a
free hydrogen molecule. The rotational transition ener-
gies have been calculated using Eq. (2.9), which gives
somewhat better agreement for the higher rotational
transitions than the rigid rotor values used in the original
calculation of Young and. Koppel.

Each transition to a given state is found only in a limit-

500

300

100 ogen
rogen

I

100
t

Q'(A-')
j

300

FIG. 2. Plot of peak energy vs Q2 in the spectra of liquid and
solid para-H2 for an incident energy of 50 meV. The statistical
errors (standard deviations) of the fitted values are within the
size of the points. The straight lines have a slope corresponding
to M =2 amu and an intercept equal to the energy of the transi-
tion from the ground state (J =0) to the final states J'= 1, 3, and
5, calculated using Eq. (2.9).
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TABLE II. Amplitudes, energies and standard deviations of
fitted peaks for the liquid-hydrogen spectra at 17 K and an in-
cident energy of Eo ——500 meV. Notations are the same as in
Table I.

ed Q range. This point is illustrated in Fig. 3, which
shows the peak intensity as a function of Q for each J'
transition and the predictions of the Young and Koppel
calculations for the scattering strength. It is clear that
for each J' there is a value of Q where the intensity is
highest, and for Q values greater or (if J'&1) less than
this, the intensity falls off and the transition is unobserv-
able. Overall, the Young and Koppel model predicts the
qualitative behavior of the scattering intensity quite well.

1000l

J I
1 3 5

))qu)d para-hydrogen ~ o o

0
10

I

20

FIG. 3. Plot of the relative intensities (amplitude times stan-
dard deviation) of the rotational transitions vs Q for liquid and
solid para-hydrogen, compared with the theoretical values (solid
lines) from Young and Koppel (Ref. 14). The statistical errors
(standard deviations) in the fitted values are within the size of
the points.
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60 - liquid para-hydrogen

40

E k)n - 63'- E'~

It correctly predicts the fall-off of the J=0 to J'=1 tran-
sition as Q increases and the subsequent buildup and de-
cay of the J'=3 and J'=5 transitions. However, quanti-
tative differences exist between the experimental results
and the theoretical predictions; these will be discussed
later.

Intrinsic peak widths due to the translational momen-
tum distribution were extracted from the fitted Gaussians
by correcting for the spectrometer resolution. Using the
Gaussian approximation for the instrumental resolution,
the resolution simply adds in quadrature to the intrinsic
peak width. Since the rotational and translational
motion are decoupled, we expect the intrinsic widths to
be the same for different rotational lines observed at a
given Q. The width obtained from the fits, corrected for
instrumental resolution, are shown in Fig. 4. The expect-
ed behavior in the IA (linear dependence of a on Q) is
clearly reproduced in the resolution-corrected data.
Apart from some data points representing peaks with
small amplitudes or peaks which are only partly covered
by the available energy-transfer range, both cases result-
ing in a large uncertainty in the peak width, we find good
agreement with the behavior predicted by the IA. From
the slope of the straight lines fitted to the data in Fig. 4,
we find mean kinetic energies of (Ez ) =76+9 K in the
solid phase (10 K) and (Ek ) =63+6 K in the liquid
phase (17 K).

The difference in the kinetic energy between the solid
and the liquid measurements is within the respective er-
rors for the kinetic energies. However, these errors are
determined by considering the overall best fit of the width
measurements to the IA prediction. These fits include

several sources of error not directly related to the relative
width of the observed spectra. A more sensitive test is
to compare the fitted widths in the solid and the liquid at
each Q. This comparison is shown in Table III. The
average value of the ratio of the width in the solid to the
width in the liquid is 1.106+0.0425, indicating that the
kinetic energy in the solid is a factor of 1.22+0.09 greater
than the kinetic energy in the liquid. This most likely
represents the increased freedom of the molecules in the
liquid phase.

The value of (Ek ) obtained for the para-H2 solid may
be compared with the Debye temperature. The Debye
temperature may be determined using several methods.
Heat-capacity measurements give eD ——125 K at T =0
and 99 K at the triple point, a strong variation with tem-
perature. The Debye temperature may also be determined
from density and sound velocity measurements. Using
these data, eD is 108 K at T =0 and 104 K at the triple
point, showing a much smaller variation with tempera-
ture than the values obtained from heat-capacity data.
eD may also be extracted from infrared measurements,
giving values in agreement with the density and sound ve-
locity values. Near the triple point all methods give com-
parable values for eD and would give a kinetic energy at
1 K of 60-65 K, significantly lower than our measured
value in the solid.

Microscopic calculations, which explicitly take into ac-
count correlations between molecules and the hard-core
repulsion, give somewhat better agreement with the mea-
sured values. A recent first-principles calculation by
Goldman gives ( Ek ) =68 K for the solid at 10 K,
agreeing with the experimental value within the estimat-
ed error.

The Debye model does not formally describe the liquid
state. However, Debye temperatures for the liquid have
been determined from heat-capacity measurements.
These range from 106 K at the triple point to 92 K at 20
K. Thus, using the same arguments as in the solid, we

20 TABLE III. Comparison of the peak widths in the solid at 10
K and in the liquid at 17 K.

0, I

0 60-
Q)

E
solid para-hydrogen

40

20

0
15

FIG. 4. Plot of the intrinsic width of the individual rotation-
al transitions vs momentum transfer Q for liquid and solid
para-H2. The statistical errors (standard deviations) in the
values are within the size of the points. The dashed lines in the
upper figure show the instrumental resolution in terms of the
equivalent Gaussian width.

5.0
6.0

7.0

8.0

9.0

10.0
11.0
12.0
13.0

14.0

15.0
18 ~ 5

16.8
20.6
21.3
22.5

25.2
23.2
28.3
31.0
33.2
36.6
39.4
41.7
45.4

13.9
16.6
14.3
19.0
18.2
21.7
21.4
23.4
24.4
27.9
30.7
33.1

36.7
36.4
41.8

R =cps/o I

1.079
1.114
1.175
1.084
1.170
1.037
1.177
.991

1.160
1.111
1.081
1.106
1.074
1.146
1.086

1.106+.0425



38 INELASTIC NEUTRON SCATTERING FROM LIQUID AND. . . 11 281

expect the kinetic energy to be on the order of 56 K,
which is again lower than our observed value but by less
than in the solid.

The much lower kinetic energy in the liquid is some-
what surprising. The Debye model predicts a slightly
lower (El, ) for the liquid, due to the lower density of the
liquid. The density in the liquid at 1 bar and 17 K is
27.5 cm cm/mole while in the solid at 10 K it is 23.31
cm /mole. This 15%%uo change in the density is consistent
with the slightly lower (El, ) in the liquid predicted by
the Debye model.

The higher-kinetic energy in the solid phase most likely
results from correlations between the molecules that are
not included in the simple Debye model. Correlations be-
tween molecules can increase the kinetic energy if they
force the atomic wave functions to overlap the hard-core
region of the potential. Thus, Goldman's calculation,
which includes correlations between the molecules, pre-
dicts a larger kinetic energy than the Debye model,
which essentially ignores correlations.

It is possible to fit all peaks in the spectra simultane-
ously using the structure factors from Young and Kop-
pel. However, the resultant fits are not satisfactory as
those obtained using multiple independent Gaussians. It
is clear from Fig. 3 that, while the Q dependence of the
intensities is qualitatively reproduced by the Young and
Koppel formalism, real discrepancies remain. For exam-
ple, the measured intensities appear to be above the
Young and Koppel prediction for J'=3 but below them
for J'= I.

The reasons for the deviations of the experimental in-
tensities from the calculated structure factors are not
clear. The vibrational-rotational coupling, neglected in
the Young and Koppel calculation, may affect the inten-
sities as well as the energies of the rotational transitions.
It is also possible that the rotations are not in fact com-
pletely free in the condensed phases, in which case the ro-
tational wave functions and hence the matrix elements of
the transitions would be perturbed.

'-9

1500

1000

'=5

$3

The scattering function of solid para-Hz was also mea-
sured with an incident energy of 1900 meV as shown in
Fig. 5. Since the resolution width of the instrument at
this energy is much greater than at 500 meU, the lower
rotational lines are no longer resolved in these spectra.
The width of the observed lines at this incident energy is
determined primarily by the instrumental resolution. As
the plot of energy versus Q (Fig. 6) shows, transitions to
the J'=7, 9, and 11 rotational levels are seen in addition
to those observed at the lower neutron energies (the ener-

gy values represent estimates since a Gaussian fit was not
performed). Most of the observed peaks can be assigned
to rotational transitions. However, there is some evi-
dence at lower Q values of the stretch vibration at 516
meV, although the structure factor is small due to the
small amplitudes of motion encountered at this energy
and temperature. At larger Q values, the conditions of
the measurements reported here largely correspond to
scattering from rigid molecules.

In these measurements the effective mass entering the
recoil energy E„ in Eq. (2.6) is the mass of the hydrogen
molecule, i.e., M =2 amu. The classical picture which
describes the rotational excitations on the basis of the
Sachs-Teller mass tensor suggests an effective mass of
M=~4 amu for the hydrogen molecule. This should ap-
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FIG. 5. Spectra of solid para-hydrogen at a momentum
o

transfer of 23 A, taken with an incident energy of 1900 meV.
The transitions to J'=7 and 9 are well resolved. The solid line
is a guide-to-the-eye extrapolation of the J =7 transition. The
transitions to J'=1, 3, and 5 form the wing on the low-energy-
transfer side of the peak.

FIG. 6. Plot of the estimated peak energy vs Q' for the spec-
tra recorded with an incident energy of 1900 meV. The dashed
line through the origin corresponds to an effective mass of —,, as

predicted by the Sachs-Teller mass tensor. The straight lines
have a slope corresponding to M =2 amu and an intercept equal
to the energy of the transition from the ground state (J =0) to
the final states J'= 1, 3, 5, 7, 9, and 11 calculated using Eq. (2.9).
The rectangle marked off by dotted lines represents the region
covered by Fig. 2, in which the different rotational levels are
resolved.
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oFIG. 7. Spectra of a solid ortho-para mixture at Q =7 A
The upper trace shows the observed spectrum. The lower trace
shows the di8'erence between the mixture spectrum and the para
spectrum multiplied by 0.4 The vertical lines indicate calculat-
ed positions and relative intensities of the recoil-shifted rota-
tional transitions.

ply in the situation where the different rotational lines
cannot be resolved. In Fig. 6 a line with zero intercept
and slope corresponding to M =—', amu is plotted. It does
appear to pass through the energy regions where the
strongest scattering occurs at a given momentum
transfer. It is clear that very much higher momenta,
such that E, &&E„;b, would be required to observe recoil
scattering corresponding to free hydrogen atoms, M =1
amu.

We have also measured the spectra of a solid ortho-
para mixture at 10 K. Due to the rapid conversion of the
J =1 excited state to the J =0 ground state it was not
possible to carry out these measurements at constant
J= 1 concentration. Therefore, our measurements
represent an average over the changing J = 1 concentra-
tion in the sample. The amount of para-H2 present in the
mixed sample, averaged over the time of the measure-
ments, was estimated to be on the order of 40% using the
known conversion rate in the solid a similar value was
obtained by comparing the spectrum with the pure para-
H2 spectrum.

The upper portion of Fig. 7 shows a spectrum of the
ortho-para mixture. It is no longer possible to distin-
guish separate peaks in this spectrum. The scattering
function of pure ortho-H2 can be extracted by subtracting
the para-H2 spectra, multiplied by the concentration,
from those of the mixture. The result of this subtraction
is shown in the lower portion of Fig. 7. The lines in the
spectra of the ortho component still overlap since transi-
tions to all J' states are now possible. It is not possible to
assign these lines to individual transitions in any model-
independent way. However, using the Young and Kop-
pel calculations for the intensity of the individual transi-
tions we have determined the widths of the peaks in the
pure ortho-H2. These widths are consistent with those

determined in the measurements on para-H2, indicating
little dependence of (Ek ) on the ortho-para ratio.

V. CONCLUSIONS

The principal finding of this experiment is that, within
the range of momentuin transfer Q studied (5 —30 A '),
the scattering from liquid and solid hydrogen can be de-
scribed on the basis of transitions between rotational and
vibrational states and a Gaussian translational momen-
tum distribution, with little or no coupling between the
internal and translational modes.

The mean translational kinetic energy is dominated by
the quantum-mechanical zero-point motions for both the
solid and the liquid. The kinetic energies are significantly
larger than would be predicted on the basis of a simple
Debye model and the measured Debye temperatures.
Surprisingly, the kinetic energy in the solid is 22% higher
than in the liquid, a much larger difference than predict-
ed from the Debye model. Microscopic calculations of
the solid by Goldman, which include correlations that are
ignored in the Debye model, give better agreement.

The scattering from molecular hydrogen at low Q's
(2—5 A') can be interpreted in terms of multiphonon pro-
cesses. Measurements ' ' at intermediate energy and
momentum transfer (50—90 meV) have been attributed to
recoil phenomena. However, attempts to interpret the
scattering based on an ideal-gas model were not very sa-
tisfactory. ' This is not surprising considering the large
contribution of the quantum zero-point motion in the
solid and liquid. At higher Q's () 5 A ) the scattering
approaches the limiting form expected for single-particle
scattering.

There appear to be real discrepancies between the mea-
sured molecular structure factors and those calculated
from the Young and Koppel free-rotation model. The
origin of these discrepancies is not clear. They may re-
sult from coupling of the rotational and vibrational exci-
tations in the molecule. Another possibility is coupling
of the rotational moments to the translational motion
(crystal-field effects) of the molecule.
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