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Dynamics of xenon, krypton, and methane monolayers in registry with graphite
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The self-consistent phonon (SCP) theory is used to study the dynamics of monolayers of xenon,
krypton, and methane adsorbed on graphite. Only the ~3Xv 3 sohd phase is considered. It is

shown that the phonon energies of the Xe monolayers are very similar to those of their Soating
counterparts, while the interaction of the Kr and CH4 monolayers vnth the graphite signNcantly
a8ects the phonon dispersion curves. The gap in the phonon dispersion curves at the center of the
Brillouin zone is computed as a function of temperature. At a critical temperature, the gap goes
spontaneously to zero and a transition from a locked-in commensurate phase to a floating phase
takes place. This transition appears to describe the commensurate to Boating transition in CH&

dwell. A simple model of the floating transition is compared to the full SCP calculations. The
one-phonon dynamic form factor, including the cubic anharmonic term, and phonon lifetimes are
also evaluated for Kr and CH4.

I. INTRODUCTION

The structure and dynamics of layers of atoms and

simple molecules adsorbed on surfaces is a subject of
great current interest. This interest is both to explore
phase transitions and melting in two dimensions and to
study phonons of 20 systems. ' The purpose of the
present paper is twofold. Firstly, we investigate the dy-
namics of solid monolayers of Kr, Xe, and CH4 ad-
sorbed on graphite. The aim is to evaluate the frequen-
cies and lifetimes of in plane phonons in these two-
dimensional (2D) solid films within the self-consistent
phonon (SCP) theory. The dynamics of atoms and mole-
cules in 20 solids have now been explored experimental-
ly by neutron, ' ' helium-atom, ' and electron"'
beam scattering from adsorbed films. Particularly, neu-
tron studies have determined owder averages of the
phonon density of states of 2D Ar films ' adsorbed on
graphite. These techniques hold great promise for de-
tailed studies of phonons in 20 solids in the future. A
speci6c goal is therefore to evaluate the one-phonon dy-

namic form factor Si(Q, to) for comparison with these
experiments.

In an earlier paper' we evaluated the energies of pho-
nons in an ideal, floating 2D sohd (in the absence of a
substrate) within the self-consistent harmonic (SCH) ap-
proximation. Here we incorporate the interaction be-
tween the 20 solid and the substrate, and add the cubic
anharmonic term to the SCH dynamics so that phonon
lifetimes can be obtained. Throughout, we assume that
the monolayer is periodic so that the possibility of
domain-eall formation is excluded.

Secondly, we explore the Aoating transition. At low
temperatures we find the adsorbed monolayer is locked

into a structure commensurate (C) with the substrate.
There is a gap in the phonon-energy dispersion curves at
the Brillouin-zone center (finite phonon energies at
q =0). The root-mean-square (rms) vibrational ampli-
tude (u ) of the atoms vibrating around their equihbri-
um position is finite due to the interaction with the sub-
strate. As the temperature is increased, the gap at the
zone center closes and (tt ), which is determined simul-
taneously with the phonon energies in the SCP theory,
increases. At a critical temperature (T=50 K for CH4
on graphite), the gap goes spontaneously to zero and
simultaneously (u ) diverges. The break in the transla-
tional symmetry induced by the substrate is lost, the
monolayer Soats above the substrate and translates free-
ly. The Boating transition has been discussed previously
assuming a Debye-like phonon dispersion. ' The gap
equation is then analytically tractable and the 6oating
transition temperature is found to depend on the square
of the effective sound velocity. The present paper takes
the full self-consistent phonon frequency into considera-
tion. The gap equation is solved numerically, and it is
seen that the floating transition temperature TF is an or-
der of magnitude less than that predicted by the simple
model. In the full equations, Ty depends critically on
the adatom-substrate interaction.

There is some evidence' ' of a transition from a
locked-in, commensurate phase to a floating phase in
CH4 on graphite. The phase digram of CD4 on graphite
is shown in Fig. 1. For coverages p 51 and at low tem-
peratures, the CH4 molecules are in the &3X&3830'
structure commensurate with the graphite (nearest-
neighbor spacing 4.26 A). At T=51 K, Vora et al. '

observed a transition to a floating" phase in which the
&3X+3 structure remains but the nearest-neighbor
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FIG. 1. Phase diagram of CD4 on graphite from Ref. 16.

spacing expands as T is increased above 51 K. Glachant
et al. observed this transition to an expanded solid at
T =47-49 K. There is no evidence' ' of domain walls
in the expanded "floating" phase.

As the coverage p is increased above p= 1, there is
again a transition from a commensurate &3X~3830'
phase (a =4.26 A) to a compressed ~3 &(~3 sohd phase
in which a is reduced below 4.26 A (see Fig. 1). At low
temperature, T=5 K and 1&pal. 1, data analyzed b
Dutta et al. ' show the coexistence of two &3X 3
solid phases; one having the commensurate spacing
a =4.26 A and another having a somewhat smaller spac-
ing a =4.20 A. At high temperature (T =81.4 K) and
p~ 1 the neutron data of Nielsen et al. ' show only a
single peak in the static structure factor characteristic of
a single compressed &3X~3 structure. There is no evi-

dence of domain walls in the compressed phase in either
case. Thus above a temperature of T=50 K, CH mole-
cules appear to float above the substrate in the 3 X ~3
structure with its spacing free to expand or contract as
thermodynamics dictates. The present calculation msy
therefore describe this commensurate to s Boating transi-
tion well. Phillips' has previously predicted a Hosting
phase for CH4, using the quantum cell model. The latter
is a single-particle model snd it dim'ers from our SCP
theory in its circular averaging scheme, hence resem-
bling the self-consistent Einstein technique. At all the
temperatures of interest here, the CH& molecule may be
regarded as freely rotating.

%e have also investigated our simple model of s Host-
ing transition for parameters set to describe monolayers
of Kr and Xe on graphite. The experimental situation is
more complex in Kr. It has recently been reviewed by
Abraham and discussed in detail by Stephens et al. '

and by Specht et aI. At p=1, adsorbed Kr is com-
mensurate with the graphite. However, st high T, this
commensurate phase melts directly into s 6uid. There is

no transition to an incommensurate phase at p= 1. At
p&1, Kr forms an incommensurate solid. At low T
there is clear evidence of domain walls forming s honey-
comb structure in this incommensurate phase. At
higher T (T=100 K) the walls are very mobile. At
high temperatures (T & 95 K) and for coverages p ~ 1 far
from the commensurate value (p = 1), the data of
Stephens et al. ' shows no evidence of domain walls, and
simulations suggest rapidly mobile walls. In this region,
the Kr could be reasonably described as Hosting and
nearly periodic. As the coverage is increased, 20 the com-
mensurate solid melts, then reenters into s narrow in-
commensurate solid phase. Koch and Abraham also
found in computer simulation ' that Kr undergoes an in-
commensurate to commensurate transition at T=30 K.
This appears to result from the thermal expansion of the
KR lattice spacing until it becomes commensurate
with the graphite value, a =4.26 A.

In our calculation, we 6nd that the Hosting tempera-
ture for Kr is 30 K. This seems too low and is very sen-
sitive to the height of the modulation of the epitaxial-
substrate interaction. %e used a modulation parameter
VG ———10 K suggested by recent calculations ' which
is twice the modulation barrier proposed by Steele. "

In Xe, recent data of Venables et al. confirm a com-
mensurate phase over a narrow temperature range just
below T =60 K which undergoes a transition to an in-
commensurate phase at T =60 K.

In Sec. II we describe our model of atoms adsorbed on
graphite. The SCP theory is described in Sec. III. Pho-
non dispersion curves, phonon lifetimes and the one-
phonon dynainic form factor, S,(g, co), are presented in
Sec. IV. The Aoating transition is discussed for CH~,
Kr, and Xe in Sec. V.

II. MODEL

On the exposed (002) face of graphite, the carbon
atoms form a 20 honeycombed structure. Atoms such
as Kr adsorbed on the (002) face have their lowest ener-

gy sited at the center of s hexagon. In the commensu-
rate phase, the adsorbed atoms are locked into registry
with the honeycomb structure and occupy every third
hexagon center. This is referred to as the &3Xv 3830'
commensurate structure of adsorbed, solid monolsyers.
In it, the adsorbed atoms form sn equilateral triangular
lattice having nearest-neighbor distance a =4.26 A.

A. Adatom-a@atom potential

The adatom-sdatom potential 4» was assumed to be
a sum of interactions between pairs only,

For the Kr-Kr and Xe-Xe potential U~(r), we have used
the Aziz-Chen form. The speci6c parameters we em-
ployed are tabulated and explained in Ref. 13. Cardini
and O' Shea have found that the in-plane vibrations of
commensurate Xe are insensitive to reasonable changes
in the adatom-adatom potential.
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At the temperatures of interest here, the CH4 mole-
cule adsorbed on graphite can be considered as freely ro-
tating. ' The CH&-CH4 interaction can then be reason-
ably approximated by a central potential depending only
on the separation r between the molecules —as if they
were atoms. In a deta11ed study, RlghlM 8t QI. have
shown that this spherically averaged potential is very
similar to the Kr-Kr interaction. %e have therefore
simply used the Aziz-Chen Kr-Kr U(r) described above
to represent the CH&-CH& potential. This may oversim-
plify the interatomic potential, as we shall discuss below.

When the atoms are adsorbed on graphite, the latter
responds like an elastic medium. To describe this a sub-
strate mediated potential of the McLachlan form
was added to U„(r). It reduces the well depth of U (r) by
10% to 20%.

8. Matolm-substrate yetentI|al

We denote by 8 (r,z) the potential seen by an adsor-
bate atom due to its attraction by the graphite substrate.
Here, z is the equilibrium height of the adatom above
the substrate and r measures its location in the plane
parallel to the graphite surface. The adatom has its
minimum energy at a position immediately above a hex-
agon of the graphite lattice. Saddle points in the poten-
tial separate the minimum positions. The modulation of
the 8 (r,z}with r due to the graphite is usually expanded
as a Fourier series with the height z taken as a parame-
ter, '4

8(r)=80(z)+QBG(z)e' '.
6

From translational invariance, 6 s are reciprocal-lattice
vectors 6 of the substrate.

The coeScients 8 are discussed in the literature. '

We assume that the equilibrium height h of the adatoms
above the substrate is independent of their location r on
the substrate. The Bo(z), which serves to determine the
height h and is well known, then does not enter the
dynamical equations. The modulation amplitudes BG(z)

I

are not so well known. Since the 86 faB exponentially
with increasing

I
G I, only terms corresponding « the

first reciprocal shell S, are important. 8(r) in (1) is,
then,

8(r)= g Bo(h)e'
G(~0)

4m 2m
=2VG cos x +cos (x —yv'3)

bo bo

2m+cos (x +y&3)
bo

0
where b0=4. 26 A and r=xi+yj. Our Vz=—86 is half
the value of VG de6ned by Abraham. %e choose
VG ———10 K for krypton, —6 K for xenon, l and
—19.25 K for methane. ' The adatom-surface potential
can also be represented by a 12-6 I.ennard-Jones interac-
tion, but its weak variation across the basal plane makes
the above truncation series computationally more con-
venient.

III. SELF-CONSISTENT PHQNQN THEORY

The dynamics of the xenon, krypton, or methane
monolayer adsorbed on graphite may be studied in a
modified version of the self-consistent harmonic (SCH)
model described in Ref. 13. An adatom at ro is subject-
ed to a potential which is the sum of the interparticle
potential —,

'
g& u {roi ) and the substrate potential 8 (ro).

The U (roi) depends on relative separation rai while 8 (ro)
depends upon the position of the adatom relative to the
substate.

The SCH equations may be derived by applying varia-
tional techniques or any of the various approaches
followed in three dimensions. They differ from those
describing the floating phase' in that there are now two
essentially different terms, u(roi) and 8(ro), in the total
interaction.

The SCH frequency coq& of a phonon having a wave
vector q and branch X is given by

2

e (q, A, )egq, i, ) g(1—e ")4 &(0,1)
a,P=1 I

where e(q, A, ) is the phonon polarization vector, M is the
atomic mass, and Roi de6ne the Bravais lattice vectors.

The 4
& are the force constants corresponding to

U {rl) averaged over u, the relative vibrational ampli-
tudes; u = roI —Ro&. They are given by

The probability distribution is a Gaussian whose
width is dictated by the relative displacement-
dlsplacelllellt coI'I'elatloll A( 0,1},sllcll tlla't

A~&(0, 1)= (u~(0, 1)u&(0,1))

g(1 —e ")e (q, A, )e&(q, A, )

q, k

=(2p
I
A

I )
'~z I d u exp( ——,'u. A '.u)

coth( —,'Plruoqi )
x (2')

8 U(u+Roi)
X

Bu~Bup

The 4 & are the second derivatives of 8 (ro) av«aged
over m, the atomic displacements from equilibrium,
vr =ro —Ro. Namely,
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and CH~ monolayers to evaluate phonon lifetimes and
response functions in monolayers for the 6rst time.

=(2n.2
i g ~

)
'i J d w exp( ——,'w. ( ' w)

8 8(.w+R()
X , (3)

BN BNp

and the displacement correlation matrix g(1) can be re-
duced to the following sum:

g ~(1)= ( w (1)to~(1) )

coth( —,'Pficoq& )

g e (q, A, )e&(q, A, ) . (3')
c},A, qA,

In (2') and (3'), P=(ksT) ' and E is the number of
iG RI

atoms in the monolayer. Using e =1, Bloch's identi-

ty for harmonic systems, (e~)=e" ' ~, and the
modulation expression for 8 (ro), 4 &(1) becomes

= —vg x G, Gpexp[iG (R, +w(i])
GAS)

IV. MSPKRSION CURVES

The SCH phonon frequency dispersion curves for xe-
non on graphite at 0 K are displayed in Fig. 2 and com-
pared with the results in which the Xe-substrate interac-
tion is neglected. The interaction of the adsorbed atoms
with the substrate is seen to introduce a gap in frequency
at the center of the Brillouin zone (q =0). This means
that the monolayer cannot undergo a zero-energy
translation in the presence of a substrate. At q =0, the
first term 1n (I) vanishes and

coop
—— g e (O, A, )ep(O, A, )%~—=EG .

a,P= I

(4)

The gap in the dispersion curves, 56, depends only on
8 (r, z) and not on the adatom-adatom interaction explic-
itly, as expected. For Xe, the gap at the zone center is
5.1 cm ', in good agreement with other calculations. 2 ' '

At other q values the phonon energies with and without
a substrate differ at most by 4%. If the substrate-
mediated interaction were ignored, the difference would
be even smaller, but evidently the gap would not be
affected.

= —VG g G G&exp( —
—,'G g G) .

GFSl
(3")

Equations (l), (2), and (3) are from SCH theory. The
quasiharmonic (QH) frequencies are obtained from (I) by
taking the Gaussian vibrational distribution in (2) and (3)
to be a 5 function. The 4 & and 4,& reduce then to
force constants evaluated with the atoms fixed at their
sites R&. Starting with those QH frequencies, Eqs. (I),
(2), and (3) are iterated until self-consistent to obtain the
SCH frequency.

The SCH model takes into account only the even
anharmonic terms to 6rst order in the atomic interac-
tion. These anharmonic terms are purely real, and
therefore the phonons have infinite lifetimes. The cubic
anharmonic term, in particular, is neglected. The cubic
term is expected to be important and should be included
in the study of anharmonic 20 systems to obtain a bal-
anced theory, as was recently found for neon mono-
layers. For example, vrhile the even anharmonic terms
increase the frequencies, the cubic term reduces the fre-
quencies. %ith the cubic term included we may also
readily evaluate the one-phonon dynamic form factor
S&(q, A, ;co). The lifetime of a phonon of a given branch I,
and wave vector q is the inverse of the half width at half
maximum (HWHM) of S,(q, A, ;co). The cubic phonon
energy is defined as the position of the maximum in
A (q, A, ;co), the response function of the monolayer is an
external dlstuI bance of a given wave vector q. This
function, whose details are given elsewhere, depends on
the phonon energy shift b, (q, A, ;m) and inverse lifetime
I (q, A, ; co ). The relation between A (q, A, ; ra) and
S&(q, A, ;co) is also presented in Ref. 40. The cubic anhar-
monic term is included in a model of Boating Xe, Kr,

50

cp 0
h 60

Xe

FIG. 2. Upper part: The SCH phonon frequency dispersion
curves for xenon absorbed on graphite at 0 K along the
I KMI directions (solid curve). The dashed line is obtained
with substrate mediation of the atom-atom interaction neglect-
ed. In the dotted curve all interaction of Kr with the substrate
is neglected. Lo~er part: SCH dispersion curves for xenon
compared with MD calculations (Ref. 41) at 21 K.
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Also in Fig. 2, we compare the SCH results for Xe at
21 K with molecular-dynamics (MD) calculations. ' The
agreement is found to be better than one part in a hun-
dred. The MD results also agreed well with the QH
values. ' This shows that anharmonic contributions,
zero-point fluctuations, and the interaction of the sub-
strate afFect the phonon energies of Xe little, except at
the zone center.

Unlike xenon, the physisorption of krypton on graph-
ite affects its properties and the phoaon energies
significantly. 2 ' As shown in Fig. 3 the interaction
with the substrate increases the phonon energies, from
10% to 20% between I and K. This difFerence de-
creases with increasing temperature, at 6xed lattice spac-
ing, but remains noticeable. The gap at q =0 is wider
for krypton because the commensurate structure is more
favored and the coeScient VG is larger than for xenon.
The volume dependence of the phonon energies is shown
in Fig. 4. The krypton and xenon monolayers have to be
expanded and compressed respectively to be in registry
with the graphite structure, changing the stifFness drasti-
cally. This can be seen in the sound velocities in Table
I. This difFerence in the stifFness leads to Griineisen pa-
rameters which are larger in xenon than in krypton. '

The Griineisen parameters for Kr can be found from
Fig. 4.

The SCH phonon energies for methane on graphite
are shown in Fig. 5. The CH& phonon energies are al-
most three times larger than those for krypton. Since
we used the same potential to describe the Kr-Kr in-
teraction and the freely rotating CH4-CH& molecule in-

teraction, this difFerence is simply due to the difFerence
in mass. The gap at I' for CHs on graphite is also large,
25.8 cm ' at 0 K and decreases slowly to 20 cm ' at 40
K. The difFerence in gaps between CHs (25.8 cm ') and
Kr (8.1 cm ') is due partly to the mass difFerence and
partly to the difFerence in modulation height VG

..
—19.25 K for CH& and —10 K for Kr.

We now include the contribution of the cubic anhar-
monic term to the dynamics of solid CH& and Kr mono-
layers. We consider only floating monolayers since the
effects of interaction with the substrate have been inves-
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FIG. 4. Longitudinal and transverse phonon frequencies at
special points in the Brillouin zone (M, K,I,E/2) as a function
of lattice spacing for Boating krypton monolayers; ao is the
4.26-L graphite lattice spacing, a„, is the krypton equilibrium
nearest-neighbor separation.

tigated above. With the cubic anharmonic term includ-
ed the phonon energies are shifted to lower values and
the phonons have a finite lifetime. In Fig 6 we show the
one-phonon dynamic form factor S&(g,co) for Kr for
a typical wave vector and a =4.26 A. The phonon fre-
quency is given by the position of the peak of S,(g, co}
and the inverse lifetime r '= I by the half width at half
maximum (HWHM} of the "one-phonon group. "

In Fig. 7 we show the HWHM (r ') and the peak po-
sition (v) dispersion curves (solid lines) for phonons
along the I EC direction in Kr at 20 K. We see that the
cubic anharmonic contribution reduces the phonon fre-
quency (v) typically by approximately 8% below the
SCH values (dashed line). The anharmonic correction
due to the even anharmonic terms contained in the SCH
theory, given by the difFerence between the SCH
(dashed) and QH (dotted) curves, is clearly larger than
the cubic correction. The total anharmonic contribu-
tions, the SCH and the cubic term together, increase the
phonon frequencies above the QH values by approxi-
mately 15% in Kr at 20 K. The HWHM dispersion
curves (r ') for the Kr monolayer are very similar to
those found for bulk Kr with the longitudinal phonon
having a maximum width about three-quarters of the
way toward the Brillouin-zone edge. At the E point, the
ratio vier is approximately 15, indicating that the pho-
non "oscillates" about 15 times before it decays. The

TABLE I. Transverse and longitudinal sound velocities in
m/s of the v 3&(v 3 structure and at equilibrium lattice spac-
ings for Xe and Kr at T =0 K.

FIG. 3. The SCH frequency dispersion curves for krypton
on graphite at 0 K, same legend as Fig. 2.
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FIG. 5. SCH dispersion curves for methane at 0 K, legend
as ln Flg. 2.
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phonons are therefore well de6ned with a sharp dynamic
form factor as seen from Fig. 8.

The dynamic form factor S,(Q, ro) for a 6oating CH4
monolayer is shown in Fig. 9. Since we use the same in-
teraction for CH~ and Kr, the di8'erence between CH4
and Kr here is entirely due to the mass difference —a
simple scahng. We see that Si(Q, ui) is broader and CH4
is more anharmonic due to the lighter mass. The cubic
anharmonic term is relatively more important in CH4-
as rellected in the larger HWHM in Figs. 8 and 9 and in
the larger cubic shift in the phonon frequencies shown in
Fig. 9. The net increase in the phonon frequencies due
to anharmonic terms above the QH values (dilerence be-
tween solid and dotted curves) is approximately
25-30% in CH4. Thus anharmonic corrections are
clearly very important in CH4. They must be included
in a realistic evaluation of the phonon dynamics.

V. VIBRATIONAL AlMPLA UDES
AND FLOA j.ING TRANSITION

The other important e8ect of the substrate is that the
gap at the zone center removes the logarithmic diver-
gence of the mean-square vibrational amplitude ( u 2 ) at
finite temperatures. The (u ) is given by

0

I
0.50 I.OO

coth(-,'Piruoqi )

At T=O,

l

2M/

is 6nite for a 20 periodic lattice with or without the sub-
strate. For T &0 K and in the 6oating case, (uo, )'~,
the rms of the relative displacement between nearest
neighbors and given by

FIG. 7. Frequency (bottom) and inverse lifetime (top)
dispersion curves for longitudinal (1.) and transverse (Tj pho-
nons along I EC in Kr. In the bottom Sgure the dotted curves
are the QH values, the dashed are the SCH values, and the
solid lines are the full phonon energies with the cubic term
added,

10 20 K

0.6
t /Hz)

FIG. 6. S&(q,m) for Kr at point E (0.67, 2m ja).

1.5
v (7Hz)

FIG. 8. S&(q,m) for CH4 at point E.
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FIG. 9. Frequency and inverse lifetime dispersion curves for
CH4 along I E as defjned in Fig. 7.

(uu, ) =Tr[A(0)]=+ (1—cosq Ro, )
MN

coth( —,'Piiicoqi )
X

qx —cB +~6 ~

2 2 2 2 (5)

is also 6nite. This quantity works well as a replacement
of (u ) in the consideration of I.indemann's ratio as a
meltin~ criterion. We have previously' tabulated
(uui ) at three difFerent temperatures for Iloating,
in6nite 20 solids.

The ( u u, ) ' is also the quantity measured in the
"Debye-Wailer" factor of extended x-ray-absorption fine
structure spectroscopy (EXAFS). For Kr on graphite,
our result for a commensurate structure, 0.19 A, is in
good agreement with the experimental number,
(0.20+0.02) A, at 10 K of Guryan et al. In the float-
ing case when the Kr-graphite interaction is neglected,
this quantity becomes 0.28 A.

In the presence of a substrate, the phonon frequency
at small q can be approximated by a Debye-like expres-
sion:

where e& is an effective sound velocity of branch A, .
prevents (u ) from diverging. We tabulate the dimen-
sionless rms displacement 5= (u )' /au for xenon,
krypton, and methane at several temperatures in Table
II. The magnitude of 5 depends critically on Va as well
as on ihe mass and force constants.

As the temperature is increased, the vibrational ampli-
tude 5 increases and the gap ha decreases. At a critical
temperature TF, AG becomes zero while 5 becomes
in6nite and the monolayer "Boats" above the substrate.
The lpga and 5 obtained in the SCH approximation are
displayed as a function of T in Figs. 10-12. This Qoat-
ing transition and TF are discussed below.

Since (u ) diverges logarithmically with sample size
in the floating phase it is important to test whether our
b, G and T~ are characteristic of the sample or simply
size determined. To test this we show values of AG as a
function of the number of mesh points N in q space for
Kr in Fig. 13. %'hen N reaches 21000 an asymptotic
limit independent of N appears- to be reached
(N =20000 corresponds to a sample size L =500 A). In-
creasing N further serves to lower TF marginally. The
values of b a and ( u ) shown in Figs. 10-12 are for
X =21 000.

In Figs. 10-12, the SCH theory predicts a Boating
transition temperature of TF =60 K for Xe, 30 K for
Kr, and 50 K for CH4. At T~, 6& vanishes and (u ) of
our 5nite monolayers increases rapidly. In the floating
phase, (u ) is infinite. It is finite here because we have

TABLE II. 5= ( u ) '~ /ao, ao ——4.26 A for Xe and Kr at several temperatures.

CH4

0.051
0.089
0.110
0.137

0.045
0.106
0.200

0
20
40

0.049
0.081
0.123
0.141

0
20

45
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used a finite mesh size which corresponds to a finite sam-
ple size (I.=500 A). As we mentioned earlier, this tran-
sition depends sensitively on the modulation of the
substrate-adatom interaction and the mass of the adsor-
bate. This explains the high TF for Xe in comparison to
that of Kr and CH&. The value of VG is not precisely
known for Kr; when we double it to —20 K, TF moves
up to 50 K. %'ith this value of VG, the only diN'erence

between Kr and CH~, in our model, is their substrate
screening potential and their masses. The latter pro-
duces a large difference in their zero-point energies E„
and Debye temperatures, ' SD =3E, /2k& ——35 K for Kr
versus 93 K for CH4, both at a =4.26 A.

One can find an approximate analytic expression for
Tz using a "Debye-like" model [Eq. (5)] for the phonon
dispersion. ' This gives (see the Appendix)

C
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FIG. 12. hz and Lindemann's ratio for methane as in Fig.

where c is the sum of the inverse square of the sound
velocities in the floating phase, 6 =4m/4. 26 A, A is
the area of the crystal, and M the atomic mass. This ap-
proximate TF is not a function of VG. If one uses the
frequency around q =0 to estimate c (Table I), this for-
mula will provide a temperature equal to 640 K for Kr,
which is larger by l order of magnitude than that ob-
tained from our SCH calculation. Presumably, this

FIG. 13. The gap AG for Kr dispersion curves at 20 K for
several mesh sizes in the Brillouin zone.

comes from the sensitive dependence on the value of c
used in Eq. (6). Indeed, if we pick c by dividing the
zone-boundary phonon frequency by the zone-boundary
wave vector, we obtain a transition temperature smaller
than TF by a factor of 8.

Including the dispersion in the phonon-frequency
dispersion curves as well as the magnitude of VG is im-
portant to obtain a reliable value of the floating transi-
tion temperature TF.

VI. DISCUSSION

In the preceding section we saw that the monolayer
undergoes a transition from a locked-in, commensurate
phase at low temperature to a Boating phase at high
temperature. This transition occurs "naturally" within
the SCH equations. At low T the atoms or molecules
are 1ocked into the commensurate position by the corru-
gation in the substrate potential. As T and the rms vi-
brational amplitude (u ) increase, the effect of the cor-
rugation is smeared out until eventually the atoms Boat
above the substrate. The transition temperature TF de-
pends sensitively on the barrier height of the corrugation
determined by Vz. The SCH model predicts a TF ——50
K for CH& on graphite which is very close to the ob-
served' ' transition, TF =48-52 K. The present model
restricts the monolayer to be periodic both above and
below TF. This appears to describe the observed transi-
tion in CH4 weB where no domain or domain wall struc-
ture is as yet observed in the Aoating phase.

The full SCH set of equations is qualitatively and
quantitatively diferent from the simple Debye-like pho-
non dispersion model ' given by (6) and discussed in
the Appendix. The simple linear dispersion model does
not depend explicitly on VG and predicts a TF a factor
of 10 greater than the present SCH equations. Thus we
believe it is important to take account of the dispersion
and of VG.

The present Hosting transition between periodic
monolayers obtained within the SCH equations is far too
restricted to describe the rich array of transitions ob-
served in Kr. For Kr the present model predicts a Boat-
ing transition at TF ——30 K for VG ———10 K and
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Tz ——50 K for VG ———20 K. %hile this is in reasonable
agreement with the observed transitions, neither
domain-wall formation nor reentrant melting can be de-
scribed. Also, since VG is not well established, TF is not
certain in Kr. It is interesting to speculate why CH4 and
Kr behave so di8'ercntly on graphite. This may be due
to CH4 being a molecule while Kr is an atom. The actu-
al V6 for Kr may be higher than expected. If so, this
can be determined experimentally from the gap in the
phonon dispersion at the zone center. Also, quantum
efFects and therefore the light mass are more important
in CH4 above TF. This may smear out effects of the sub-
strate in thc Aoating phase and prevent domain-wall for-
mation. In CH4, TF -O~D/2.

The critical nature of the Qoating transition is be-
lieved2 3 to belong to the same universality class as the
Kosterlitz- Thouless types. Our calculation does not
determine the critical nature of the transition. However,
we Iind the transition is sharp and takes place over quite
a narrow temperature range of a few degrees in CH4 and
Kr. By contrast in Xe the transition in Fig. 10 has a
width of the order of 20 K. We believe this large width
is due to the small value of VG and the large mass in the
case of Xe. Since VG is small the heavy Xe atom is not
strongly localized, and with the large mass Xe responds
"sluggishly" to increased temperature in the SCH equa-
tions. Otherwise the transition is sudden and the two
phases do not coexist. Below TF, (u ) in Table II de-
pends largely on VG. Above TF, (u ) depends upon N
(as in' and is proportional to T. The present floating
transition is very similar to SCH models of the ferroelec-
tric or displacive transitions and to models of mechani-
cal instability" in crystals.
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The substitution of (A3) in (Al) yields
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Equation (A5) can be rewritten as

where A is the area of the crystal. To evaluate (A2) we
note the following: (i) for T ~OD, where OD is the De-
bye temperature, ' coth( —,'pRcoq2) —2kii Tliraoqi', (ii)

Cgqi =(Cig ) +KG for A, =TL at slilall ig [EG is tile gap
(4) and cz are the sound velocities from the floating
dispersion curves ]; (iii) eqT q= 1 and eqL, q=0; (iv) ci,
and cT are isotropic in the triangular symmetry, and

MN 3p+ k
A p, (2@+)l, )

where p and A, are the corresponding elastic constants.
After evaluating the integral in (A2) using polar coor-

dinates over a circle of large radius, we find the ex-
ponent in (Al) is

APPENDIX
—xTA 2(Ty —1)A

3XVo
(A6)

From (4) and the simplified expression for g(1) in (3"),
we 6nd

8)
2~, = y y G.G,exp( ——,'G. (uu) 0),

a,P GGS)

where in this appendix, u:—ro —Ro is the atomic dis-
placement from equilibrium. In (3') we replace the sum
by an integral to get

Tp
—1 (A7)

Equation (A7) is the analytic expression often used to
determine Tz.

As temperature increases, the barrier of height VG can
no longer localize the atoms and at a critical tempera-
ture Tz, EG ~0 and the atoms Soat above the substrate.
At TF the exponent of 66 must vanish so that
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