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We examine the eAccts of disorder on superlattices made of semiconductor alloys by proposing a
method for obtaining an approximate solution of the coherent-potential approximation for superlat-

tices. Our method is tested on a model one-dimensional superlattice for which it is possible to gen-

erate the "exact" densities of states with a Monte Carlo method. Our results are shown to be in

good agreement with the Monte Carlo results. As an example of how this method might be imple-

mented for realistic systems, we have computed the density of states and self-energies for
Al„era& „As/Al~Ga, ~As superlattices.

I. INTRODUCTION

Semiconductor alloys are frequently used in the growth
of semiconductor superlattices. The use of the alloys are
important because they offer a simple way to tailor the
superlattice electronic and optical properties. In the
GaAs/AI„Ga, „As superlattice, for instance, one could
adjust the barrier heights of the quantum wells by vary-
ing the composition of the AI„Ga, „As alloy. Since sub-
stitutional disorder is always present in these semicon-
ductor alloys, it is of scientific as well as practical interest
to investigate the effects of disorder on the electronic
properties of superlattices. One method for studying the
effect of disorder is the coherent-potential approxima-
tion' (CPA) which, within the framework of the
single-site approximation (SSA), is considered to be the
best among the existing theories for treating disorder.
Previously, the CPA has been used extensively to study
the effects of disorder on the electronic and optical prop-
erties of bulk semiconductors. Because of the two-
dimensional nature of the confined states in superlattices,
the effect of disorder is expected to be more pronounced
than in bulk, three-dimensional (3D) aHoy semiconduc-
tors. However, due to the large amount of computation
required, there have been no attempt to perform CPA
calculations for realistic superlattices.

In this paper we propose a method for eSciently ob-
taining an approximate solution to the CPA equations for
superlattices. The approximation scheme is tested on a
1D linear-chain model for which it is possible to
eSciently generate the "exact" densities of states using a
Monte Carlo method. %e also present some results on
Al„Ga, „As/Al Ga, As superlattices to demonstrate
how our method might be applied to realistic superlat-
tices.

II. THEORY

Consider superlattices made from the alloys of materi-
als C and D. We use the notation (Lit„Ltt) C„D, „/
Cy D f y to describe a superlattice in which each period
consists of I.z layers of well material C„D, „, followed

by Ltt layers of barrier material C D, . (It should be
noted that our theoretical treatment is still applicable if
the barrier material is an alloy made of materials other
than C and D. ) The typical approach taken in treating
such a system is to invoke the virtual-crystal approxima-
tion (VCA} and consider the alloys in the superlattices as
fictitious materials whose properties are determined by
weighted averages of the materials C and D. The VCA
Hamiltonian is given by

xH +(1 x)H in—the well region,
0

yH +(1 y)H in —the barrier region,

where V is the disorder potential. Following the usual
procedure, we define the self-energy operator X(E) in
conjunction with the configuration-averaged single-
particle Green's function:

(G(E))=
E —Ho —V E —Ho —X(E)

(3)

where the angular brackets ( ) are used to denote the
average taken over all possible configurations of the
C„Di „/C„D~ ~ superlattice. X(E) is complex, and en-

ergy dependent, and may be viewed as an effective poten-
tial which represents the effect of the disorder potential
V. Knowing (G (E}),or equivalently, X(E), allows us to
compute properties such as density of states and optical
absorption. To determine X(E) we invoke the well-
known single-site approximation (SSA). ' We define a
reference potential V(E). Assume that V, V(E), and
X(E) can be decomposed into a sum of contributions
from individual unit cells:

~here 0 and H are the Hamiltonians for the pure bulk
materials C and D. The VCA Hamiltonian is periodic
with the periodicities of the superlattice, and can be
treated by known solid-state techniques. Although the
VCA completely ignores the effects of disorder, it serves
as a good starting point for treating the alloy problem.

To include the disorder effects, we write the full Hamil-
tonian as
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v = y U„~ n ) & ii ~, In evaluating the SSA equations, the most diN{cult
quantity to compute is 6„, which, with the aid of
Dyson's equation, can be written as

& n
I
G(E)

I
~ & = & n

I [1—Go(E) V(E}] 'Go«)
I

n &

where
~

n ) is a basis orbital located at the unit cell la-
beled n. It can be shown that within the single-site ap-
proximation o „ is given by '

where

G„=&$7 ~G ~n&=&n ~[E H ——V(E)] '~n&,

and & t„) is the averaged r matrix representing the aver-
aged scattering relative to the reference medium V(E)
due to a single scatterer U„at site n:

&r„)= &(U„—&„)[I—G„(U„—&„)] ') .

Note that for the sake of clarity we have assumed that
only one basis orbital per unit cell ( { n ) ) is used, and
treated o„,t„, . . . , etc, as scalars. In general, there are
more than one orbital per unit cell, and the SSA equa-
tions are matrix equations.

Equations (7} and (8) are known as the SSA equations,
and they serve as the starting point of our treatment of
alloy superlattices. Although the SSA equations were
originally developed to treat bulk alloys, they are perfect-
ly applicable to alloy superlattices. The only difference is
this: In the case of the bulk alloy, U„ is the same random
variable for all sites n, and O.„ is site independent. There-
fore, we only need to solve the SSA equations for any sin-
gle site. In the case of the superlattice, however, the set
of random variables {U„j are not identical for all sites,
and there are L =La, +Ls distinct a„'s to be solved for,
one each for the L inequivalent layers in the superlattice.
Note that the SSA equations for different sites are cou-
pled through 6, which depends on the value of V at all
sites.

To self-consistently solve the SSA equations for alloy
superlattices, we use a technique due to Chen called the
iterated average —t-matrix approximation (IATA).

Kith the IATA we can converge on the CPA solutions
quickly by calculating a„ iteratively. The technique was
developed for solving the SSA equations for bulk alloys,
but can be extended to treat alloy superlattices in a
straightforward manner. The procedure is as follows:
%e start out with a set of initial guesses to the correct
{0„j,namely, {U„j. Use {u„j as the input for Eq. (8) and
compute the set of single-site averaged r matrices {& r„) j.
If the &r„)'s are zero (or, in practice, smaller than a
predefined tolerance), then we say that the CPA condi-
tion is met, and that {V„j is the desired {o„j by virtual
of Eq. (7}. If the CPA condition is not met, we use the set
of {& t„)j as input for Eq. (7) and obtain a set of {u„j.
We then use the {o „j as the new set of guesses {U„j, and
repeat the procedure until the CPA condition is 6nally
met.

where Go(E)=(E Ho—) ' is the unperturbed Green's
function. To properly evaluate G„(E) involves (1) trans-
forming the problem into the superlattice basis where Go
is block diagonal in L XL blocks, (2) computing the ma-
trix element of Go(E), each of which is an E-dependent
one-dimensional integral, and (3) inverting an L )&L ma-
trix [1—Go(E) V(E)] ' for each E. In addition,
remember that this process must be repeated for each
iteration in the IATA procedure. As we can see, this is
quite impractical due to the amount of computation in-
volved.

To circumvent this problem we make the following ap-
proximation: We note that V is a smoothly varying func-
tion of position. In evaluating G in the SSA equations at
site I, we approximate V by its value at site 1 and write

V(E)= g U, (E)
~

n ) & n
~

=u(E)y ~n&&n
~

.

This, in turn, allows us to write

Note that by making this approximation we have decou-
pled the I site from the other sites. Note also that this ap-
proximation becomes exact in the bulk alloy case.

With the above approximation we can evaluate GI(E)
as follows:

In the equation above E, and
~
v) are, respectively, the

vth eigenvalue and eigenstate of the VCA superlattice
Hamiltonian. pr(E) is the local density of states associat-
ed with the site I.

The CPA density of states for superlattices can be ob-
tained by calculating the imaginary part of the trace of
the CPA Green's function over the VCA eigenstates

~

v):
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p(E) =— 1
Im Tr6""(E)

Imp(v~6 (E)~v), (13)

able. The Hamiltonian for this system can be written as

H= g [E„~n)(n
~

+T(
/

n —1)(n
f
+ [n+1)(n

f )], (20}

6 (E)= [E——H —&(E)] (14)

By multiplying both sides of Eq. (14) by [E—Ha —X(E)],
it can be shown that

(15}

t't„„=(E E„)g„„—cr„~—„„.
For p =v, we could solve for g „directly and obtain

1

V VV

It can be easily shown that rJ„„(E)is given by

(16)

(17)

where g„„(E)=(p
~
6 "(E}

~
v) and rJ„„(E)

=(&
~

X(E)
~
v).

Now note that as the disorder potential V~0,
g„„~5„~„.For V reasonably small, we expect the
dominant contribution to the sum in the above equation
to come from the term containing g,„. We can therefore
approximate the sum by this dominant term and write

where N is the number of atoms in the chain, T is the
nearest-neighbor interaction, and E„ is the on-site energy
at site n E.„can take on the value of Ec or ED, depend-
ing on whether the atom at site n is C or D. The density
of states of this superlattice can be computed numerically
using a very eScient method due to Dean. ' The method
has previously been used extensively to calculate pho-
non' and electron' densities of states for disordered
linear chains. It allows us to obtained the density of
states without explicitly knowing the eigenvalues, i.e.,
without performing matrix diagonalization. We could
therefore very efficiently perform Monte Carlo calcula-
tions on a large random linear-chain superlattice and ob-
tain the "exact" density of states for comparison with our
results.

As an example, we consider the random linear-chain
superlattice (10,10) Ca sD p 2 /D (i.e., L~ = 10, La = 10,
and x =0.8, y =0). The on-site energies are taken to be
Ez ——3.0 eV and ED=3.5 eV, and the nearest-neighbor

cr,„(E)=g [
C„"

~
cr„(E), (18)

where the coefficients C„"'s are the components of the vth
eigen vector:

2.0

1.5

1D Superlattice (10,10) Co aDp 2/D

EC=3.0 ED=3.5 T=1.0

~

v)= gC„"(n) . (19)
1.0IJJ

Q
(a} Monte Carlo

Note that this has a simple interpretation. Equation (18)
says that rr„„, the coherent potential associated with the
state

~
v), is an average of the o„'s belonging to the

di8'erent sites, weighted according to the charge density
associated with

~
v).

III. RESULTS AND DISCUSSION

In this section we apply our approximation to two ex-
amples. In Sec. IIIA we examine a one-dimensional
linear-chain model as a test case, and in Sec. III 8 we ex-
amine soine Al„Ga, „As/AI~Ga, ~As superlattices.

0,0
0.5 1,0 1.6 2.0 2.6 3.0 3.5 4.0 4.5 5.0 5.5 6.0

2.0

A. One-dimensional superlattice

In the theory section we have not rigorously justified
our approximation. Here we try to see how well this ap-
proximation works by testing it on a 10 linear-chain
model for which it is possible to obtain the exact density
of states for comparison. %'e examine a simple 1D
(L~,Lz) C,D, „/C„D, ~ superlattice for which we
only include on-site energi. es and nearest-neighbor in-
teractions. The nearest-neighbor interaction is taken to
be the same in the entire chain (i.e., no off-diagonal disor-
der), while the on-site energy is treated as a random vari-

0.0 t I I I

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4,5 5.0 5.5 6.0
E

FIG. 1. Density of states for the random linear-chain super-
lattice (10,10) Co8D02/D as obtained by the Monte Carlo
method and by the virtual-crystal approximation.
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interaction is T= 1 eV. Figures l(a) and 1(b) show the
density of states for this linear-chain superlattice as ob-
tained, respectively, by the Monte Carlo method, and by
the virtual-crystal approximation (VCA). We see that
while the VCA does an adequate job in predicting the
overall shape of the true (Monte Carlo) density of states,
there are some important difFerences. The VCA spec-
trum is separated by 19 minigaps into 20 segments (corre-
sponding to the 20 subbands for this superlattice). In the
Monte Carlo spectrum the minigaps have disappeared
due to disorder broadening. Note that the VCA does a
much better job at the upper end of the spectrum than at
the lower end. This is mainly due to the composition of
this particular superlattice. The upper end of the spec-
trum corresponds to the unconfined states which are pri-
marily localized in the barrier region (the so-called an-
tiwell states). Since for this example there is no disorder
in the barrier region, the VCA results are quite satisfacto-
ry. The lower end of the spectrum, on the other hand,
are made up of the confined states which are primarily in
the well (Co sDO z alloy) region where the effects of disor-
der must be taken into account. Since the VCA ignores
the disorder eft'ects, it fails to give a good description of
the densities associated with the confined states.

In Fig. 2 we take a closer look at the confined states by
examining the density of states from 1.0 to 1.5 eV. The
VCA confined-state spectrum (dotted curve) shows two
narrow peaks corresponding to the two lowest subbands.
The Monte Carlo spectrum (histogram) is considerably
richer in features, showing substantial disorder broaden-
ing. Note that the broadening is highly asymmetrical
about the positions of VCA peaks. The CPA spectrum
(dashed curve) compares very favorably with the Monte
Carlo results. (Note: by "CPA" we mean our approxi-
mate solution to the CPA; the same applies to all the la-
bels in our figures. ) In particular, the CPA correctly pre-
dicts the closing of the minigaps as well as the asym-
metric broadening of the con6ned-state peaks. Note that

the Monte Carlo result contains some fine structures not
found in the CPA spectrum. The smoothness of our
CPA spectrum is characteristic of the single-site CPA
theories (recaH that with our approximation the sites are
deco up1ed).

%e should point out thai by performing calculations
similar to the above, we find that our approximation
tends to underestimate the effects of disorder on the
bound quantum-well states for superlattices in which
only the barrier layers are disordered. This is probably
because of the fact that we have decoupled the sites, and
the disorder in the barrier region is not "communicated"
well enough to the bound states which are primarily lo-
cated in the we11 region.

B. Al„Ga& „As/Al~Ga& ~As superlattices

In this section we apply our superlattice CPA theory to
some Al„Ga, „As/Al Ga, As superlattices. We con-
centrate our e6'ort on studying how the confined states
are affected by disorder. In these calculations we start
out with the VCA, and then treat the remaining disorder
potential with CPA. In our CPA treatment we have used
the method of Chen and Sher~ of casting the disorder po-
tential in the bond-orbital model' basis in which the oft-
diagonal disorder is much smaller than the diagonal dis-
order. This allows us to ignore the off-diagonal disorder
to the 6rst approximation. In addition, structural disor-
der' ' is also disregarded in this calculation. The VCA
electronic structures of the AI„Ga, „As superlattices are
calculated by the one-band %annier orbital model as de-
scribed in Ref. 17.

We first consider a (20,20) Alo zGao sAs/Alo 6Gao ~As
superlattice. Figure 3 shows the conduction-band density
of states for this superlattice as computed by the VCA
and CPA. The energy range is in the confined-state re-
gion. In our calculation the disorder experienced by the
conduction-band states arises from the difFerence between

1.0

1D SUperlattice (10,10) Co ADO 2/D

EC=3.0 ED=3.5 T='1.0

" VCA
I

Monte Carlo, :

(001) - (20,20) Alc 2Gac sAs/Alc &Ga& 4AS

VCA l

CPA I

I

/

1.68 1.7O

E {evI
1.78

FIG. 2. Density of states for the random linear-chain super-
lattice (10,10) Co 8DO 2 ja in the confined-state energy range as
obtained by the Monte Carlo method (histogram), VCA (dotted
curve), and CPA (dashed curve).

FIG. 3. Conduction-band density of states for the (20,20)
Alo 2Gao SAs/Alo 6Ga04As superlattice in the confined-state en-

ergy range as obtained by VCA (dashed curves) and CPA (solid
curves}.



the antibonding energies (e, ) of AlAs and GRAs. For
this example we have used c,(AlAS)=6. 114 eV and

c,(GRAS) =6.310 CV. The numbers are taken from Chen
and Sher, but adjusted to conform with the recently re-
ported band-off'set value of Q, =0.7 (Refs. 18—20) (mean-
Illg that 70% of thc direct-balld-gap difference bctwccI1
the well and barrier materials is associated with the con-
duction band). This gives us a rather small scattering
strength of 5, =e,, (GRAS) —e, (A1AS)=0. 196 eV. How-
ever, as we can see from Fig. 3 by comparing the VCA
and CPA results, the eff'ects of disorder on the superlat-
tice density of states is quite visible. Most noticeably, we
see that the CPA spectrum is down-shifted -10 meV
from the VCA spectrum.

Next, we consider a (7,14) AlQ 3GRQ 7AS/Alo 7GRQ 3As
superlattice. This diiYers from the previous example in
that whereas the lowest confined state in the (20,20)
AlQ 2GRQ SAS/AlQ SGRQ 4As superlattlcC IS nladC up Of
electrons from the I valley, the lowest con6ned states in
thc (7 14) Alo 3GRQ IAs/Alo IGRQ 3As supcrlattice is made
up of electrons from the X and I. valleys. As before, we
examine the conduction-band density of states for this su-
perlattice in the confined-state energy range (see Fig. 4).
We note that again the CPA spectrum is down-shifted
-8 meV from the VCA spectrum. In addition, some of
the sharp peaks in the VCA spectrum are broadened.

The density of states shown in this figure actually con-
sists of contributions from different regions of the Bril-
louin zone. Namely, from regions arouIid kll=(0 0),
kll = ( 1 0) Rlid kll

=(0.5, 0.5) (in units of 2Ir/a ). In Fig.
5(a) we plot these three contributions separately. We
note that rather than the steplike density of states which
we normally expect for superlattices, there are some
sharp peaks present in the VCA spectrum associated with
thc kll ( 1 0) RIld kll (0.5, 0.5 ) regions. These peaks are
the results of the anisotropies present in the superlattice

0.8
(001) - (7,14) AIO SGRQ IAs/AIQ7GQQ SAs

———VCA

0.6

0.2

band str'ucturc. Thc details of the orlgms of thc aiilsotro-
py are discussed elsewhere. ' However, it is relevant to
point out here that the states near kll 0' an

kll
——(1,0) are deri~ed from the bulk X-valley states, and

their densities are concentrated mainly in the barrier re-
gion (the X-point energy of AlQ 7GaQ 3As, the barrier ma-
terial, is lower than that of Alp 3Gap 7is, the well materi-
al). The states near kll

——(0.5, 0.5) are derived from the
bulk I.-valley states, and their densities are concentrated
mainly in the v ell region.

In Fig. S(b) we expand the vertical scale of Fig. S(a)
and examine the "tails" in the CPA density of states.
Note that while the VCA spectrum for the kll =(0.5, 0.5)
states is cut off at —1.845 CV, the corresponding CPA
spectrum tails all the way down to -1.733 eV. A similar
tail is also found for the CPA spectrum for the kll =(1,0)
states. The presence of these tails indicates disorder-
induced intervalley scattering in this superlattice.

Figure 6(a) and 6(b), respectively, shows the real and
imaginary parts of the coherent potential crz(E) for the
(7,14) Alo 3GaQ IAS/AIQ IGRQ 3As superlattice. The indi-
vidual graphs in these two figures are labeled by their lay-
er numbers (A, ), and their baselines are indicated by the

2.0

(001) (7,14) AIQ SGSQIAS/AIQ IGao SAs 1,73 1.75 1.77 1.79 1.81 1.83 1.85 1.87 1.89

1.5

VCA

CPA

0 020

LLJ

o 10

LLJ
0.010

(0.5,0.5)

0.005

O.o
1.73 1.75 1.77 1.79 1.81 1.83 1.85 1.87 1.89

E (ev)

FIG. 4. Conduction-band density of states for the (7,14)

AIQ 3GRQ,AS/Alo, GRQ, As supcrlattice in the confined-state en-

ergy range as obtained by VCA (dashed curves) and CPA (sohd

curves).

1.73 1.75 1.77 1.79 1.81 1.83 1 85 1.87 1.89

E (ev)

FIG 5 Contributions to the (7 14) Alo 3Gao 7AS/
Alo 7Gao 3As superlattice conduction-band density of states
from di5'erent regions of the Brillouin zone.
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dashed lines. For Retrz(E}, the baselines are at —0.0103
eV, and the distance between successive basehnes is 0.004
eV. For Imoi(E}, the baselines are at 0 eV, and the dis-

tance between successive baselines is 0.0025 eV. For this

-0.0063

-0.0068

(00't) - (7,14) Alc sGao i As/Alo ~Gao sAs

(001)-(7,14) Al( 3Ga07As/AI0 3Ga07As

-0,0073

-0.0078

-0,0083

e -0,0088
tX:

-0 0093

-0 0098

-0.0103
1.73 1.75 1.77 1,79 1.81 1.83 1,85 1.87 1.89

E {ev)

FIG. 7. The real part of the coherent potential oz(E) for the

(7,14) A10 36ao 7As/Alo 7Ga 3As superlattice.

12

1.73 1.75 'l.77 1.79 1.81 1.83 1.85 1.87 1.89
E (eV)

(001)-(7,14) AI0 sGa07Asi'AI07Ga0 3As

particular superlattice, X=1,2, . . . , 7 correspond to the
well (Al~ &GaoiAs} region, and A, =8,9, . . . , 21 corre-
spond to the barrier (Alo iGao iAs) region. Since there is

symmetry about the centers of the wells and barriers, we

only plot oz(E) for A, =4, 5, . . . , 14. Note that the well

center is located at A, =4, and the barrier center is be-
tween A, =14 and 15.

The amount that the energy level of a VCA state with

energy E is shifted due to disorder is determined by a
weighted average of all the Rnrz(E)'s. In Fig. 6(a), we

see that in the energy range that we are investigating, all
the Real(E)'s are negative. The down shifting of the
CPA spectrum from the VCA spectrum that we observed
in Fig. 4 is a direct consequence of this. Note that if we

plot all of the Reer&(E)'s together (see Fig. 7), we find that
they separate into two distinct groups, namely, those that
are associated with the well region, and those with the
barrier region. This stems from the fact that the disorder
potential in the well region and disorder potential in the
barrier region are two distinct random variables.

The Imoz(E)'s give us information about how the
VCA states are broadened by the disorder potential.
They are complicated functions of energy as well as the
layer number A. . At E =1.75 eV, for instance, the max-
imurn of Imo. z occurs at the barrier center, and decreases
as we go towards the well center. The opposite is true for
E =1.87 eV. This is because the magnitude of Imo„(E)
depends on the amount of electron density with energy E
present at layer A.. At E =1.75 eV, the electrons are in
tile ki ( 0 0 ) and ki = ( 1,0 ) confined states, which, as we

discussed before, are concentrated in the barrier region.
At E =1.87 eV, we have a peak in the density associated
with the k~~ =(0.5, 0.5) confined states, which are concen-
trated in the well region.

1.73 1.75 1.77 1.79 1.81 1.83 1.85 1.87 1.89
E (ev)

FIG. 6. {a) The real part of the coherent potential oz(E) for
the (7,14) Alo 3Gao &As/Alo 76ao 3As superlattice. (b) The imag-
inary part of the coherent potential a z(E) for the (7,14)
Alo 3Gao 7As/Alo 7Gao 3As superlattice.

IV. SUMMARY

We have developed a method for obtaining an approxi-
mate solution to the CPA scheme for superlattices made
from semiconductor alloys. %'e tested our approximation
method on a one-dimensional model, where our CPA re-
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suit is found to be in good agreement with "exact" result
obtained by the Monte Carlo method. In particular, the
disorder-induced asymmetrical broadening of the
confined-state spectrum is well predicted by the CPA.
%e have also computed the conduction-band density of
states Al„Ga& As superlattices using both the VCA and
our method. Our approximate CPA spectra in the
confined-state region are found to be down-shifted from
the VCA spectra. The CPA spectra are also broadened,
and exhibit intervalley scattering. Finally, we should
point out that the technique developed here is not re-

stricted in its application to superlattices; rather, it can
be used to treat heterostructures of arbitrary profile.
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