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Angular dependence of phonon transmission through a Fibonacci superlattice
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Phonon imaging is employed to examine the propagation of acoustic phonons through a Fibonac-
ci superlattice, Ballistic transmission of phonons with v & 850 6Hz through 750 superlattice inter-

faces is detected. In addition, sharp variations in the phonon intensity with propagation angle are
observed. These nMasurements are consistent with Monte Carlo simulations presented in this pa-

per. Distinct stop bands are expected theoretically, and the angular dependence of these structures

is remarkably similar to those predicted for a periodic superlattice.

I. INTRODUCTION

The recent discovery of metallic alloys exhibiting
icosohedral crystallographic symmetry' was one of the
most surprising in modern condensed-matter physics.
Theoretical studies of the materials2 soon revealed that
their properties could be explained neither by a periodic
array of atoms nor a totally random placement. The ma-
terials belonged to a third, totally new class of
materials quasip—eriodic crystals. Since the initial
discovery in 1984, the properties of one-, two-, and
three-dimensional quasiperiodic systems, including their
vibrational properties, have been examined. In one di-
mension, arrays ordered according to the Fibonacci series
display quasiperiodic characteristics. In 1985, Merlin
et al. fabricated a Fibonacci superlattice (SL), i.e., a SL
which the individual A1As/GaAs layers alternate accord-
ing to a Fibonacci (iteration) rule. Subsequent x-ray'
studies revealed that this heterostructure indeed exhibit-
ed properties characteristic of quasiperiodic systems. Ra-
man experiments" have been performed on similar Si/Ge
superlattices.

The acoustic-phonon propagation through periodic
SL's is a highly complex yet interesting process, and has
recently been the subject of experimental and
theoretical research. ' ' Bragg scattering of acoustic
phonons has been observed in several crystalline' ' and
amorphous' ' systems. Basically, gaps in the phonon
frequency ("stop bands" ) occur when the phonon wave
vector touches the boundary of the Brillouin zone. Cor-
responding dips in transmission have been observed by
phonon-spectroscopy and phonon-imaging techniques.
Elastic anisotropies make this a particularly interesting
problem. It is found, for example, that coupling between
the longitudinal (L) and fast and slow transverse (FT and
ST) phonon modes at an interface produces a new type of
"coupled-mode stop band" which occurs inside the Bril-
louin zone. ' Such intrazone stop bands occur only for
phonons incident on the SL at oblique angles.
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FIG. 1. The Fibonacci SL. The composition of the individu-

al "building blocks" A and 8 is showa. The 5rst four Fibonacci
generations 6&, 62, 63, and 6& as well as the rule to derive an
arbitrary generation 6, are also indicated. (Adapted from Ref.
9.)

In this paper, we will examine the transmission of
short-wavelength acoustic phonons through a quasi-
periodic SL The theoretical basis for this problem has
been previously reported by Tamura and Wolfe. s Well-
defined stop bands analogous to the zone-boundary and
coupled-mode stop bands of the periodic case were pre-
dicted, and striking similarities to the periodic case were
noted. Here, we extend these calculations to predict the
angular distribution of phonon stop bands for a Fibonac-

37 8829 Qc 1988 The American Physical Society



HURLEY, TAMURA, %OLFE, PLOOG, AND NAGLE 37

ci SL. Also, phonon-imaging experiments have been per-
formed on this system with the following results: (a)
ballistic transmission of 850-GHz phonons is observed
through a large number of interfaces ( ~ 750), attesting to
the quality of this structure; (b) attenuation associated
with Bragg-like reAection is observed in all three phonon
modes, as indicated by relatively sharp cutoffs in phonon
intensities as the propagation angle is scanned. Due to
the size of the SL layer thicknesses compared to the pho-
non wavelength, the observed drops in transmission cor-
respond to higher-order Bragg reflections (n =2, 3,4) in

the periodic system.

II. THEORETICAI. BACKGROUND

Figure 1 (adapted from Ref. 9) shows the layering
scheme for the A1As/GaAs Fibonacci SL created by
Merlin et a/. The SL consists of individual building
blocks 3 [(17-A A1As)/(42-A GaAs)] and 8 [(17-A

AlAs)(20-A GaAs)]. The sequence of A and 8 blocks in
the SL is determined by the Fibonacci generation number
r. A SL of the rth generation 6„is created by combining
(i.e., concatenating or juxtaposing) the two prior genera-
o»: 6„=6„,6, 2, where 6) ——»nd Gz ——~&. Thus

higher generations start with the sequence
ABAABABA . (This corresponds directly to the
terms in the Fibonacci series, determined by
F +&

I' ——&+F, where Fc——0 and F& ——1.) The ratio of
the thickness of block A to that of block 8 is (59
A /37 A ) =r = ( 1+&5 ) /2, the golden mean.

In an infinite Fibonacci SL the structure factor which
describes the phonon interference efFects shows 5-
function peaks at v=v „—:U (m +n~)/2(vd„+da ),
where m and n are integers and u is an appropriate sound
velocity. This means that Bragg-like reflection of pho-
nons occurs at frequencies v=v „,and frequency gaps
in the phonon-dispersion relation are created at these fre-
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FIG. 2. (a) Experimental constant-velocity (u =5.4 km/s) image for L phonons propagating through a Fibonacci SL from a GaAs
substrate. (b) Corresponding phonon image for the GaAs substrate a1one. The center of the images is (001),with (111)directions
indicated by the crosses in (a). The diagonals of the images are parallel to the (100) plane. The images span approximately +60 left
to right. (c) Scan of the phonon intensity along a line across the center of the images in (a) (solid line) and (1) (dashed line). The two
curves have been arbitrarily displaced.
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quencies, making a self-similar band structure. In a real
Fibonacci SL consisting of a finite number of layers,
signi6cant transmission dips are predicted to appear at
frequencies in these band gaps. The study of the struc-
ture factor for a Fibonacci SI. predicts the presence of in-
termode Bragg-like rejections for phonons which propa-
gate along nonsymmetry directions. That is, at oblique
angles of incidence, phonons of diferent polarizations
couple to each other. It should be noted that those pho-
non modes which couple together have common dips in
the transmission.

As discussed in Ref. 8, the phonon transmission rate

can be calculated explicitly using the transfer matrix
method. We apply this method to compute the angular
regions of phonon attenuation (i.e., the spatial distribu-
tion of the stop bands). Since the number of layers in-
creases dramatically with generation number r, the nu-
merical methods involved produce numerical inaccura-
cies' for fairly small values of r. Therefore, our calcula-
tions are restricted to SL systems with generation num-
bers r & 7 or 8, depending on the phonon mode involved.
However, we believe that these calculations satisfactorily
approximate the behavior of SL's with a larger number of
layers.
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FIG. 3. (a) Difference image obtained by subtracting the substrate image in Fig. 2(b) from the SL-plus-substrate image in Fig. 2(a),
sho~n at increased gain. The image has been quadrant averaged for a better level of signal to noise. (b) Calculated spatial depen-
dence of L-phonon attenuation in a Fibonacci SL (r =8, 34 A and 8 blocks), v=850-900 GHz. Dark points represent phonons with
a transmission rate T g0. 5. (c) Corresponding distribution for a periodic SL with 34 blocks. (d) Maps of the single-mode and
coupled-mode Bragg condition for L phonons in a periodic AlAs/GaAs SL with GaAs substrate. A phonon frequency v= 850 GHz
and period thickness D =d& +dz ——96 A have been assumed. The curves are labeled according to the order of reAection (n) and the
mode pairs participating in the reflection. The plots in (b)-(d) span +63 (tan8=+2) left to right.
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The phonon-imaging experiments were carried out
with a sample identical to that speci5ed by Merlin et al.
Using the method described in Fig. 1, a 13th-generation
SL (377 separate A and 8 blocks) was fabricated with
molecular-beam epitaxy (MBE) methods on a (001)-
oriented GaAs substrate -500 Jum thick. The phonon-
imaging experiments were performed in an identical
manner to those described in Ref. 14, using a tunnel-
junction detector with phonon cut-on frequency v, =850
6Hz.

Experimental results for longitudinal (L) mode pho-
nons are shown in Fig. 2. The image in Fig. 2(a) is for the
SL-plus-substrate sample, and represents the intensity of
detected phonons with velocity u =5.4 km/s, i.e., L-
mode phonons. For comparison, Fig. 2(b) is the L-mode
image for the GaAs substrate alone. Figure 2(c) indicates
the phonon intensity for horizontal scans across the
center of the SL image (solid line) and substrate image
(dashed line). The SL image displays a rather sharp
fallofF in intensity in the vicinity of (111) (8=54.7'),
that is, towards the left and right edges of the scan. In
addition, the intensity diminishes somewhat more sharply
towards the center of the SL image than in that for the
substrate.

To isolate the SL effect, the substrate image in Fig. 2(b)
was subtracted from the SL-plus-substrate image in Fig.
2(a). This difference image is shown in Fig. 3(a) with
enhanced gain. In the image, dark areas indicate at-
tenuation by the SL. These data reveal the strong at-
tenuation region at large angles and the somewhat weak-
er effect in the central region.

Figure 3(b) shows the predicted stop bands for L pho-
nons, v=850 —900 GHz, in a Fibonacci SL (r =8, 34
blocks). In this figure, the dark points represent phonons
which have a transmission rate T less than 0.5. Figure
3(c) shows the same calculation for a periodic
AlAs/GaAs SL with 34 alternating A and 8 blocks. It is
remarkable that the two figures resemble each other
closely, demonstrating that not only the frequency depen-
dence but also the angular dependence of the SL at-
tenuation in the periodic and quasiperiodic cases is very
similar.

This similarity in the angular dependence of the
transmission for ihe two systems encourages us to com-
pare quasiperiodic results with periodic ones in other
ways. For example, spatial maps of the Bragg condition
in a periodic SL can help to determine the origins of the
observed stop bands. Assuming v= 850 GHz,
D =d„+dz ——96 A, the map shown in Fig. 3(d)
represents the spatial dependence' ' ' ' of the Bragg con-
dition for the I.-phonon Inode. This combination of v
and D means that the rejections relevant to this angular
range are of order n =2 or 3. Both interrnode and in-
tramode scattering processes are shown. Comparing this
to the Monte Carlo images in Figs. 3(b} and 3(c), we Snd
that the innermost ring-shaped structure centered on
[100] is an intramode re8ection, while the more aniso-
tropic structures close to (111} are the combined eI'ect
of L-L (single-mode} and L-FT (coupled-mode)
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FIG. 4. Calculated transmission rate T for L phonons in a Fi-
bonacci SL (r =8) vs the real-space direction O. The plots were
calculated assuming a fixed k-space azimuthal angle /=20'.
The plots represent the transmission rate for a phonon frequen-

cy of (a) v=800 GHz; (b) v=850 GHz; {c) v=900 GHz; (d)
v=950 GHz'„and (e) v=1000 GHz.
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rejections. An L-ST coupled-mode stop band appears at
larger real-space angles 8 from (100), near the edges of
the image. Examination of the difference image [Fig.
3(a)] suggests that the observed attenuation near (111)is
likely to arise from the L-L-L-FT stop band combina-
tion. Moreover, the somewhat sharp falloff' in intensity
toward the center of the image could be attributed to the
presence of the inner L-L stop band.

Of course, the experimental image represents a range
of phonon frequencies, as determined from the gap of the
superconducting tunnel-junction detector and phonon
scattering in the substrate which suppresses the balBstic
propagation of high-frequency phonons. Previous experi-

ments on periodic SL's (Ref. 14) grown on GaAs sub-
strates of similar thickness suggested that the frequency
range of ballistically transmitted phonons was 850-1000
GHz. To determine more quantitatively how the
transmission profile depends on phonon frequency, ere
have generated angular scans of the transmission rate T
in an eighth-generation Fibonacci SL for phonons with
v=800, 850, 900, 950, and 1000 GHz, as shovvn in Figs.
4(a)-4(e). The form of the condition (cos8=nk, /2D,
where 8 is the angle the wave vector makes with the in-
terface normal) dictates that the stop band has a much
larger width when centered on small incident angles (e.g. ,
for 800 GHz) and becomes much sharper at large Bragg
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FIG. 5. (a) Constant-velocity image for FT phonons in the SL sample (U =3.1 km/s). (b) Corresponding image for the substrate-

only case. The images in (a) and (b) have been processed to remove a 20-pm source/detector broadening and to compensate for l /r
and cos8 intensity fallofF. The lines labeled FT and ST refer to Figs. 6 and 8. (c) Predicted stop band distribution for FT phonons
(v=850-900 GHz) in a sixth-generation Fibonacci SL. Points represent phonons with T ~005. (d) Maps of the single-mode and

coupled-mode Bragg condition for FT phonons, v=850 GHz, D =96 A, in a periodic SL. The curves are labeled according to the
mode pairs participating in the reflection. The dashed lines indicate the phonon-focusing pattern of caustics for FT phonons. The
scale for each image is the same as for similar plots in previous figures.
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FIG. 6. (a) Transmitted phonon intensity along the FT phonon-focusing caustic for the SL sample (solid line) and substrate only
(dashed line). The direction along which the curves were obtained is indicated by the line labeled FT in Fig. S(b). (b) Normalized
phonon intensity obtained by dividing the intensity in the SL sample by that in the substrate. The intensity is reduced in half at
8=41.6, with a width of about 3 . (c} Calculated FT-mode phonon-transmission rate for a Fibonacci SL {r =6) as a function of
real-space direction 8 along the FT caustic.

angles (e.g. , for 950 and 1000 GHz), because 68= 1/sin8.
The predictions at 800 GHz seem to most closely repro-
duce the reduction in the central region of the experimen-
tal image.

The phonon transmission for the two transverse polar-
ization modes also shows SL effects. Constant-velocity
images for the F'l mode for both the SL-plus-substrate
and substrate-only samples are shown in Pigs. 5(a) and
5(b), respectively. A 20-pm broadening due to detector
and source size has been deconvolved from these images.
The images have also been compensated for I/r2 and
cosO dependences in the intensity. The most obvious
cAcct of the SL is the sharp cutofF in intensity of the
transverse phonons, as indicated by the arrows in Fig.
5(a). It is also interesting to note that the caustic pattern
in Fig. 5(a) is relatively sharp, in spite of the fact that the
phonons have propagated through 377 blocks —more
than 750 interfaces, signifying a high-quality heterostruc-
ture.

Figure 5(c) shows the predicted stop band distribution
for FI phonons, v=850-900 GHz, in a Fibonacci SL

with r =6 (13 blocks). As before, phonons with a
transmission rate less than 0.5 are represented. The
figure indicates the presence of a stop band in the vicinity
of the observed cutoK A spatial map of the Bragg condi-
tion for FT processes, Fig. 5(d), reveals that the attenua-
tion in this angular region arises from both a coupled-
mode (ST-F'T) re8ection and a "normal" (FT-FT)
re6ection. The intensity fallol' can be analyzed more
quantitatively by examining the phonon intensity along
the FT caustic, as indicated by the line labeled "FT" in
Fig. 5(b). Figure 6(a) shows the intensity along the caus-
tic for both the SL sample (solid line) and the substrate-
only sample (dashed line). The normalized phonon
intensity —i.e., the intensity in thc SL-plus-substrate
sample divided by that in the substrate alone —is shown
in Fig. 6(b). A rather sharp falloF in the transmission is
clearly evident. %e estimate the onset of ihc stop band
as thc point where the intensity drops by a factor of 2.
This occurs experimentally at 8=41.6+1', with a width
of about 3', as shown. A theoretical plot of thc phonon
transmission factor T as a function of position along thc
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FIG. 7. Maps of the Bragg condition for ST phonons in a
periodic SL with v=S50 GHz, D =96 A. The curves are la-

beled according to the mode pairs participating in the re8ection.
The dashed lines indicate the ST phonon-focusing caustics. The
scale is the same as for corresponding plots in Fig. 3.

FT caustic is given in Fig. 6(c). Smaller dips can be seen
which correspond to the FT-ET (n =4} and ST-FT'
(n =4) reflections. A large dropoff in intensity is ob-
served at tane=0. 9, which corresponds to the El'-FT
(n =3) stop band. This angle is almost exactly where the
data of Fig. 6(b) show an intensity falloff.

The ST mode transmission also indicates an intensity
cutofF. The map of the Bragg condition for the corre-
sponding periodic SL is shown in Fig. 7. Plots of the
phonon intensity along the ST caustic [indicated by the
line labeled "ST"in Fig. 5(b}]and the normalized phonon
intensity are shown in Figs. 8(a} and 8(b), respectively.
These scans indicate a noticeable ST cutoF occurring ex-
perimentally at 8=34.521'. The Bragg map indicates
an ST-FT stop band in the range 8=21'-38'. Thus, it
seems likely that the observed ST attenuation can be at-
tributed to the same ST-FT stop band responsible for the
FT mode attenuation.

IU. CONCLUSIONS
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transmitted phonon intensity can be observed. The at-
tenuation is associated with Bragg-like re8ection process-
es, and is quite similar to the periodic case in its angular
and frequency dependence.

FIG. 8. (a) Transmitted phonon intensity along the ST
phonon-focusing caustic. The direction along which the curves
were obtained is indicated by the line labeled ST in Fig. 5(b).
Transmission for the SL sample (solid line) and substrate only
(dashed line) are both shown. (b) Normalized phonon intensity
obtained by dividing the phonon intensity in the SL sample by
that in the substrate sample. The intensity is decreased by a fac-
tor of 2 at 8=34.5', with a width of about 3'.

Phonon-imaging experiments of the acoustic-phonon
transmission through a quasiperiodic superlattice indi-
cate attenuation due to Bragg-like rejections for all three
polarization modes. Calculations presented here are in
reasonable agreement arith the experimental results. The
calculations are based on estimates of the SI elastic con-
stants and ignore dispersive effects, which in the present
case amount to approximately a 10% correction in the
phonon velocity for the transverse modes. Some experi-
rnental uncertainties exist in the phonon-frequency distri-
bution and SL layer thicknesses. Nevertheless, it is clear
that in a Fibonacci SI, sharp angular variations in the
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