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Auger recombination in direct-gap semiconductors: Effect of anisotropy and warping
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We show that the temperature dependence of the Auger lifetime for direct-gap semiconductors
depends on the symmetry of the band structure. For a complete three-dimensional anisotropy such
as the warping of the valence band, one finds that the usual Beattie and Landsberg result,
7' ~(kpT/E,)*"*exp(—AE, /ky T, has to be multiplied by k T /E,, while for a dispersion relation
having the shape of an ellipsoid of revolution (or more generally for a symmetry of revolution
around some axis), it has to be multiplied by k3 T/E, or (kg T/Eg)” 2, depending on whether the
direction for the threshold energy of the Auger process is or is not parallel to the symmetry axis.

The Auger recombination of an electron-hole (e-h)
pair in a semiconductor is an old subject. In 1950,
Frohlich and O’Dwyer! used, in the e-h recombination
rate, an exponential term exp(—E, /kgT) coming from
the e-h minimum energy which they assumed to be the
band gap E,. In 1958, Beattie and Landsberg? showed
that energy and momentum conservation during an
Auger process imply nonzero kinetic energies for the
electron and the hole which recombine, so that the
threshold energy for the Auger recombination has to be
larger than E,. More precisely, they have shown that,
for nondegenerate e-h plasma, in the limit of large
E, /kgT, the temperature dependence of the Auger life-
time is

3/2
1 kpT exp _1_‘_22 E,
T E, 1+p kgT |’ "
. m, my,
p=inf s
m, m,

m, and m, are the e and # masses, the band structure be-
ing assumed isotropic. Inf(x,y) is the smaller of x and y.
Twenty years later, Haug, Kerkhoff, and Lochmann?
made an exact calculation of the Auger coefficient at any
value of E, /kpT for a nondegenerate plasma, but still
with an isotropic band structure. Their result, of course,
agrees with Eq. (1) for large E, /kpT.

In Auger-effect theory for direct-gap semiconductors,
there are mathematical difficulties coming from the re-
strictions due to energy and momentum conservation. It
is indeed much simpler to consider the Auger effect in
indirect-gap materials as the phonon required in the
recombination process reduces these constraints. In a
previous work,* we used a very convenient device to deal
with the conservation laws for the case of a degenerate
e-h plasma. This consists of replacing the & functions of
the conservation laws by their standard integral represen-
tations in terms of the exponential. Although the order
of the integral appearing in the recombination rate is in-
creased, this approach greatly simplifies the calculation
as it decouples the integrations over each particle. In this
paper we use the same procedure. It allows one to get
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very simply the exact result of Haug et al. in the case of
nondegenerate e-h plasma with isotropic band structure.
More interesting is the fact that this procedure allows
one to take into account anisotropy of the band structure.
Considering first the case of an ellipsoidal dispersion rela-
tion as for CdS or CdSe, we show that the appropriate
effective mass which enters in p differs from the density-
of-states mass; but surprisingly, we also show that the
temperature dependence in the prefactor term of 1/7 is
changed. The power of (kT /E,) in front of the ex-
ponential is linked to the degeneracy of the threshold for
Auger recombination, which is itself, in general, related
to the dimensionality of the band-structure symmetry. If
the energy threshold for Auger recombination is degen-
erate for a set of wave vectors, the extremities of which
cover a surface, as in the case of spherical symmetry, one
finds the temperature dependence of Eq. (1). But if the
energy threshold corresponds to a finite number of wave
vectors as in the case of the two extremities of an ellip-
soidal symmetry, one finds a prefactor in (kzT/E, )72,
In between, a prefactor (kzT/E, )2 is found if the degen-
eracy of the wave vectors at threshold is one dimensional
(which means that the extremities of these wave vectors
are along a line).

We have also been able to include explicitly the
valence-band warping. Along the same lines, we find that
the effective mass that appears in p is different from the
usual heavy- or light-hole mass, and also that the temper-
ature dependence of the recombination rate is different
from that in Eq. (1), the energy threshold corresponding
to a finite number of wave vectors. Naturally the
effective-mass approximation is only valid for low-energy
electrons and holes. But our study of warping allows one
to see quite explicitly the effect of anisotropy, besides its
direct interest whenever it is applicable.

In Sec. I, we write the basic equations for the Auger
recombination rate. As is usually done, we do not take
into account the problem coming from the uncertainties
on the e-e interaction and consider the matrix element as
a constant. In Sec. II, we calculate the threshold energy
for an ellipsoidal conduction band and for a warped
valence band. We consider both Auger effects, between
two electrons and one hole, and between two holes and
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one electron. In Sec. III, we consider the case of spheri-
cal symmetry and recover the exact result of Haug et al.
In Sec. IV, we take an ellipsoidal band structure and
show how the temperature dependence of the Auger life-
time varies with symmetry. In Sec. V, we include the
valence-band warping and calculate the Auger effect for
two electrons and one hole. In Sec. VI, we do the same
for two holes and one electron. In Sec. VII we present a
complete account of our method previously reported in
Ref. 5 in abbreviated form. In this section we show how
a stationary phase method may be used to solve for the
temperature dependence of Auger recombination in a
semiconductor whose band gap is much larger than kg T.
This result is both powerful and general as it does not re-
quire explicit knowledge of the (k) energy-momentum
relationship.

I. BASIC EQUATIONS

The recombination probability of the Auger processes
of Fig. 1 is given by

W =42m) " 2rhi~! [dk,_, 4| M | 2P
X8(E,+E,+E}—E,)
X 8(k,+k,+ks—k,) . (2)

An electron (hole) with momentum k; and energy E,
recombines with a hole (electron) with momentum k; and
energy E3, while an electron (hole) with momentum k,
and energy E, is excited in the state (ky,E,), see Fig. 1.
The energies will be counted from the bottom of the con-
duction band (top of the valence band). We assume that
| M |, the matrix element for such a collision, remains
constant as is usually done. We will review this assump-
tion at the end of Sec. VII. P is a statistical term which
accounts for the occupation probabilities of the different
states:

P=f1fof 3(0=F)—0=f)A=f)A=f3)f 4

2u+u' —(E\+E,+E})
kyT

p—E,

~exp —exp

(3)

for a nondegenerate e-h plasma, u and u’ being the e and
h chemical potentials.

Let us introduce dimensionless momenta K=k/K,
where K, has the dimension of a momentum and is such
that A4()K3=kpT, A, being an arbitrary temperature-
independent constant. We will assume that the depen-
dence of the dispersion relations €(k) on the modulus of
the wave vector k is quadratic, i.e., e(KoK)=K3e(K).
Expressing the chemical potential g (') in terms of the
particles density n (n'),

n=202m) %" 27K} [aik e T M )
and using the energy conservation one can rewrite the
statistical factor P [Eq. (3)] as

Ae A\e
10 4
1 2 1o
v h v h
h-h-e
(3) (b)

FIG. 1. Auger effect where the e-h pair energy is given (a) to
an electron or (b) to a hole.

nn' _
n3(T)

n

_ —E /kyT
ak}

) (5)

where n((T) is the equilibrium plasma density (obtained
for u+p'=0) at temperature T and « is a T-independent
constant.

Using Eq. (5), one can rewrite the recombination prob-
ability [Eq. (2)] as

nn’ _
n3(T)

_n_
To( T)

The parameter 7yo(7T) has the dimension of time and
varies with temperature as K5 '2+3*3(ky; T)~T 2. The
dimensionless function G (y) is a 12th-order integral con-
taining the two & functions coming from conservation
laws:

G(y)=[d*K,_, 3K, +K,+K;+K,)

e(K ) +e(K,)+e(K;3)—e(Ky)
4

X6 |y +

@)

X exp

e(K,) ]

0

(we have changed K, into —K,). For an h-h-e Auger
process E,=A+¢e(K,) [see Fig. 1(b)], so that A=A the
valence-band splitting, while for an e-e-k process A =0.

The €(K;) are quadratic functions of K. For an ellip-
soidal band structure, the dispersion relation is

e(K)=A4,K;+4,K;+ 4,K} . ®)

This band structure is encountered in II-VI semiconduc-
tors such as CdS and CdSe, but also in materials under
uniaxial stress; the spherical case would correspond to
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A,=A4,=4,=A.

For low-energy holes, the k-p theory gives a warped
form for the two upper valence-band energies, usually
written as

e(K)=A'K*+[B?K*+ CHKIK}+KK:+K2K})]'/?
= A'[K? 4 ed(K)]=4'KW(Q) . 9)

Equation (9) is a definition for ®(K) and ¥(£); ¥(Q) de-
pends only on the direction ) of K, e ==*1. The usual
heavy- and light-hole masses are related to the
coefficients 4',B’,C’ by

2 172

c"?

BI2
7%

=A4A'F (10

2my

The warping of the third valence band is smaller and for
simplicity we will assume it is spherical, e(K)= 4"K 2.

The problem is to calculate G (y). One keeps the sym-
metry between the four particles and decouples the in-
tegration over the K;’s if one uses

8(K)=(2m) "3 [dre™®T (11a)
sE)=(2m " [ Tdre™. (11b)
This leads to
Gy)=@m~* [ [drd’re™'g,(r,0g,(x,1)
Xga(r,t)g lr,i —1t) . (12)

The functions g; are defined in terms of the energy ¢; of
the ith particle as

1

g,~(r,t)=fd3K exp |/ |[K-r+ (13)

&;(K) ]
t

0

In the case of an e-e-h Auger effect, g,, g,, and g, are
identical, while g, =g,+#g,4 for an h-h-e process, as the
excited hole is going in a different valence band.

We will see that g;(r,?) is singular for t =0. In order to
avoid this singularity we can, since exp(iEt) is analytical,
push the contour of integration in Eq. (11b) slightly into
the upper complex half-plane. This gives ¢ a positive and
infinitesimally small imaginary part. In this way the
defining integral equation (13) for g; is always convergent
for large k on our ¢ contour (it is divergent if ¢ is in the
lower complex half-plane). In the same way the integral
giving g4(r,i —t) will be convergent.

II. THRESHOLD ENERGY

Before going further into the calculation of g and G, let
us find first the lowest possible value of E, taking into ac-
count the conservation laws. From Egs. (2) and (5), this
threshold energy gives the principal exponential term of
the Auger lifetime for small T (i.e., large E, /kgT). This
threshold energy has already been calculated in the case
of spherical symmetry,® or evaluated’ by numerical
methods for other symmetries. We give here an analyti-
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cal method that we apply to ellipsoidal symmetry as well
as to the case of the warping of the valence band.
We look for the smallest E,=A+K3e(K,), i.e., the
smallest positive value of e(K,), with the constraints
K1+K2+K3+K4=0 Py
E(Kl)+€(K2)+€’(K3)—‘€(K4)
4, 7

(14a)

where y=(Eg—3)/kB T. The simplest way is to use

Lagrange multipliers ¢ and u and look for the extremum
of

8(K4)+“'(K1+K2+K3+K4)

E(K1)+€(K2)+E'(K3)“‘E(K4)
+a |y + P ’
0

or to introduce V= Aya "'u and b = 4ya "' —1, and to
look for the extremum of the quantity S defined as

S =V‘(K1+K2+K3+K4)+'}’AO
+e(K,) +e(Ky)+€'(Ky)+be(Ky) . (15)

The fact that S has to be extremum versus the K;’s leads
to

AY aE(KLz)
K, , =V+ K, , =0, (16a)
as ae'(K;)
3K, ~ + K, =0, (16b)
S d0e(K,)
:V =
3K, +b K, 0 (16¢)

Equations (14) and (16) form a set of 16 equations with 16
unknowns (the K;’s, V and b).

(@) e-e-h, spherical symmetry: g, (K)=AK?
€3(K)= 4'K?. Equations (16) give immediately
\ v \4
K =—-, =7, = e
==y K= Ke=—75 an

One gets b from Eq. (14a), then V from Eq. (14b), and
finally the lowest €(K,) and the threshold energy
En=K3ein(K,) are

4424

——17;“‘}’.40, i.e., Ey=

A+24 E
A

A+4 78"
(18)

Emin(Kq)=

This is, with the usual notations, Ey,=E,(m,+2m,)/
(mj, +m,), in agreement with the result of Eq. (1) for the
e-e-h process.

(b) h-h-e, spherical symmetry: €, ,4k)=A'k* and
e5(k)= Ak2. A procedure similar to the above case gives

EminlKg) =7 4{(A4'+24)/[A'+ A(2—A4"/A4")]}

if ¥ is positive, but €, (K,;)=0 if ¥ is negative, so that
the threshold energy is
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A'+24
A'+24—AA4'/74"
where sup(x,y) is the larger of x and y.

(©  Ellipsoidal symmetry:  e(K)=A,K}+ A,K}
+ A4,K? and similarly for €. Equation (16) gives
(K, ,);=—V;/24,;, and similarly for K; and K,. Re-
placing the K;’s by their above values into the momen-
tum conservation Eq. (14a), one finds that two com-
ponents of V must be zero, and one obtains the coefficient
b from the equation for the third component. Then the

calculation goes on as in case (a) and one finds for the
threshold

E,=A+ sup(0,E, —A), (19)

A, +24,
Ep=——>E,, (20)
A+ A

the direction x being the one giving the lowest value of
(A;4+24])/(A4;+ A)).

(d) e-e-h, warping: €;,,K)=A4K? €&(K)=4'K?
+e®(K), where ®(K) is defined in Eq. (9). Equation
(15a) gives K,,=—V/24, while Eq. (15c) gives
K,=—-V/24b. From momentum conservation one
deduces

K;=V(2+b~1/24 . 1)

For a quadratic function £'(aV)=a’'(V) and Eq. (16b)
gives

C12
B"?
4 T,

cp?
A’ :
270 T4 T V)

“T20(V)

=0,

(22)

for i =x,y,z. Equation (22) implies that zero, one, or two
V; must be zero, and that the nonzero V; are equal. The
first solution of Eq. (22) is ¥V, =V, =V,50: in that case
Vi=¥?/3, and ®(V)=V*B'?>4+C'?/3)!""2. From Egs.
(14b) and (22), one obtains ¥? and b, and finally the
threshold energy for that direction is found to be
vkT /(b +1),ie.,

A +2A’+2e(B’2+C'2/3)”2E

E[}l,“]= .
t A +A:+e(B:2+C/2/3)1/2 4

(23)

The next solution is V,#0, V,=V,=0; then ®(V)
=B'V? and the corresponding threshold is

A+24'+2eB’

EL100] — .
th A+A'+eB' ¢

(24)

Finally for the third kind of extremum, with all the K in
the direction [110], for example, one replaces B’ by
(B'*4+C'?/4)"% in Eq. (24).

The direction of the lowest threshold depends on
whether the Auger recombination is with a heavy or a
light hole. From Egs. (23) and (24), the threshold corre-

sponds to [2—A/(A+A'+e®)]E,, with ®=B',
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(B'*+C'*/4)'2, or (B'*+C'*/3)'/2, depending on the
direction. For a heavy hole, e =—1, and the lowest
threshold is for the largest ®, i.e., in the [111] direction.
For light hole, e = + 1, and the lowest threshold is for the
smallest ®, i.e., in the [100] (or [010], or [001]) direction.
But in both cases & differs from (B'>4+C'?/6)'/%, the
value appearing in the usual light- and heavy-hole
masses.

() e-h-h, warping: €, ,(K)=A'K*+®(K), e;= AK?,
g4= A" K2 Equations (16b) and (16c) give K;=—V /24
and K,=—V/24"b. As Eq. (16a) leads in general to
K,=K,, one deduces from the momentum conservation

K,=V(1/44 +1/44"b) . (25)
Using Eq. (25) into Eq. (16a), V should be such that

c2p?
~Zev) |70
(26)

_ 244"
"l A"+b A4

, B12+C12/2 )
AT v

for i =x,y,z. The calculation goes on as in case (d), and
one finds for the threshold

A +ed4+24
A(A' +e®d)
AII

E;,=A+ sup(0,E, —A) .

A +e®+24 —

(27)

We have set $=(B'>+BC'?)!/? with B=0, 1, or 1 de-
pending on the directions ([100], [110}, and [111], respec-
tively). For heavy holes (e = — 1), the lowest threshold is
for the largest ®, i.e., ®=(B'>+C'?/3)'7, in the [111]
direction, while for light holes (e =+1) the lowest
threshold is for ®=B’, in the [100] direction. The con-
clusions are identical to the ones for an Auger effect be-
tween two electrons and one hole. But this was not a
priori obvious: in particular, if the excited hole stays in
the same valence band, one has to replace 4" by 4’ +e®
in Eq. (27) and in that case, one finds the reverse: the
threshold for heavy holes is in the [100] direction, while
the one for light holes is in the [111] direction.

(f) Numerical estimate. If we define the threshold ener-
gy as AE,, for an e-e-h Auger process the factor A is of
the form 4 +2A'/A+ A' where A depends on the
effective mass as m ~!.

For a conduction band with ellipsoidal symmetry, the
usual electron effective mass is m, =(m"mf )173, while
from Eq. (20) the threshold corresponds to the smallest of
m, and m,. For germanium m;=1.59, m,; =0.082: us-
ing the hole effective mass m, =0.30, one finds A=1.42
(taking m, =0.22) while A=1.21 if one uses m,.

For a valence band with warping, the usual hole
effective mass is given by Eq. (10) while from Eq. (23) the
real threshold corresponds to use B'2+C'?/3 instead of
B'?4+C'*/6. For GaAs, A =14.9, 4'=17.65, B'=4.82,
and C'=7.71. This gives A=1.07 instead of A=1.11.
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II1. SPHERICAL SYMMETRY

Let us return to the explicit calculation of the g’s and
G(y) defined in Egs. (12) and (13). For e(K)= 4K?
g(r,t) is easily found as
J

6

A iyt
_ —4/: _\6 0 e
G (y)=2m)~Him) AQ/ZA,a/Zfdztm(i

which gives after an easy integration over r
32

- — 4y 64 3/ 2
G (y)=2m)~*im)*(4m) FEVEWBIE

Ity), (30

with
I(y)=i3/2f+w+iedt——-—£’lt——— 31
—wic 13t —ir)? ]

T A+ A4

In order to calculate I(y), we deform the integration
path, see Fig. 2.

For ¥ <0, we can push it to infinity in the lower com-
plex half-plane. The only nonzero contribution comes
from the pole at 1 =0 which gives

Iy <0)= Af/z[(ky)2—3l7+l}] . (33)

For ¥ >0, we push the contour toward infinity in the
upper complex half-plane. The nonzero contribution
comes from the cut starting at the branch point t =iA
and going to +i o along the imaginary axis. We make
the change of variables ¢t =ix so that

Ip)= [ dx—2"

¢ x¥x =1y’ 34

L9
~y

~y

(c)

———-——

p

o]

{<o

FIG. 2. Integral path used for the calculation of the integrals
I(y)fory>0andy <0.

3
o fd r exp
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3/2
, Ao’2

BRPYT

At

(28)

gr,t)= exp

We recall that 7 has a small positive imaginary part. Re-
placing these values of g’s into Eq. (12), one finds

P2A[t(A+A)—i(A+24")]
! 4(i—nAA'

) (29)

with an integration path C around the cut [A, + o[ (see
Fig. 2) and a determination for (x —A)*/? real positive
below the cut, and real negative above it. The calculation
of I(y) goes on in the following way: one integrates
(x —A)~3/2 by parts in order to have at x =\ a conver-
gent function behaving as (x —A)~!/2, Then the function
jump over the cut gives a factor 2 and one obtains two
real integrals, the integration over x going from A to .
The integrals can be identified® as two Whittaker func-
tions W_s,, _s,, and W_;,, _7,. Using® the identity
W, u =W, _,, one can finally rewrite the result in terms
of only one Whittaker function:

I(‘)/ > 0)=41Tl/2l—7/2(k’}’ )5/4e ~AY/ZW_3/4'7/4()L?’) .

(35)
One can check that the three incomplete I" functions ap-
pearing in the exact result of Haug et al. form simply

W _3/47/4-
As for large z, WM,(z)~z}‘e ~2/2 one finds that

lim I(y)=47'/2)"3y172¢—2r (36)

Yo+
as easily obtained directly from Eq. (34). This gives for
the Auger rate a temperature variation in the case of
E,>A

2 172

E,—A

_1_ kBT g exp | — K
| E, kT kT
A+24" E,—A
—_ s 37
X exp A+ A kT (37

in agreement with Eq. (1) for A=0. (The additional E}
term comes from dimensional argument.)

IV. ELLIPSOIDAL SYMMETRY

We consider now the case &(K)=A,K!+AK}
+ 4,K? and €' (K)=A,K}+ A)K}+ A;K}. The calcu-
lation of the g’s gives a result similar to Eq. (28),

172

372 3
: A
glr,t)= LS —
1 A, A, A,
AO x2 2 22
_i2e - 38
XX\ L T, T, (38)

Using these g’s into G(y), one can easily perform the
Gaussian integral over x, y, and z, so that



8786

A 9/2

MONIQUE COMBESCOT AND ROLAND COMBESCOT 37

G(y)=2m)~Yim)%4m)*”?

A A A(A + AV (A, + 4) (A4, + 4)'?

I(y),

w4i iyt
I( ) 3/2 + o + E t e
L4 f wrie 13t —id)VHE —id)) U1

N ’
i)

with A, =(A4,+2A4,)/(A,+ A,). Equation (39) reduces to the spherical expression (31) if A, =A,=A4,.
The calculation of I(y) is very simple for ¥ <0 as the contribution of the t =0 pole gives again a second-order poly-

nomial in y:

1

1 1
Ir<o= TR T
y z

N S
(A A 2,012

For v >0, one has now four “poles,” t =0, A,, A.y, and
A,, and our expression does not reduce to a Whittaker
function.

If A, <A, <A, one is left with a first-order integral

e 1

I(y) 2fk’d
Y= A, xxl(x_kx)I/Z(x _ky)l/2(x_kz)l/2

e V¥
X3 =A )V 2x = A Hx =22

(41)

+2f:dx

which has to be calculated numerically. However, in the
limit of large positive y, the result is controlled by the
lowest pole A, and one easily finds that

172

—yA
e

2
7&,3()\, }" )1/2(;\’ A )1/2

_TL

X

lim I(y)=

y—>+m

(42)

One sees that the exponential term of the Auger rate is
controlled by the lowest (A4;+2A4/)/(A;+ A]) as previ-
ously found in the threshold calculation, but most of all
that the prefactor of I(y) goes now as ¥ ~!/2 instead of
y172, so that

kgT |

E,

k. T 172
B

Eq

1

~

T

exp | — (43)

g
* kB T
i.e., 1/7 goes as T°/? and is smaller than the well-known
result of Eq. (1) by a factor k3 T/E,.

If two of the A; are equal, as encountered in most phys-
ical situations, one has to consider two cases:

(i) If A, =A, > A,, the preceding result applles, and one

finds a prefactor temperature dependence going as 7>/
(ii) If A, =4, <A, then

9/2
4
G (y)=2m) Yim)*”? [7" ] fa oF

X fa""r exp

3
4

*—-*—-——-)3/2 fd K exp |i

1 L, ], 1 1 1
Tt T2 s TR T, 40
[
Ay

Iy)=2m——
K?c/z()"z —)‘x )1/2

+2[ "dx e ™ @4)

AT xdx = A (x —A 2

The first term comes from the contribution of the pole at
A,. For large v, it is the dominant factor of the result,
and one finds in that case for the temperature dependence

of the Auger rate,
kgT

1

T

~

exp (45)

g

If A, =X, =A,, the result is that of Sec. IIL

One can relate these behaviors to the symmetry of the
band structure. When all the A; are distinct, the thresh-
old corresponds to only two points on the energy surface
because we have only a discrete symmetry: in that case
G (7) behaves as ¥ ~!/2. This is also the case if one has
an ellipsoid of revolution, and if the threshold corre-
sponds to the direction parallel to the symmetry axis: in
that case also only two points contribute at threshold.
On the contrary, if the threshold is in the direction per-
pendicular to the symmetry axis, because of the symme-
try of revolution, there is a degeneracy for the threshold
which corresponds to an equatorial circle and in that case
G (y) behaves as y°. Finally, for a spherical symmetry,
there is again degeneracy and the threshold corresponds
to a spherical surface which gives G(y )~y

V. WARPING, e-e-h AUGER EFFECT

We have now ¢;,(K)=4K? and &(K)
= A'"W(Q)K?, where ¥(Q) depends on]y on the momen-
tum dlrectxon [see Eq. (9)]. The g, , 4’s are simply given
by Eq. (28), but, due to the complexity of W({2), we leave
for the moment the integral of g; uncalculated. G(y)
can be written as

zzl

4o
—i—r?

44

2 1
+—.__.—

+iK- r] . (46)
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The Gaussian integral over r is then easily calculated, so that G () becomes

3
J(y),

A
G(y)=m)~*im)® X 4imp/? | =2

eirt

l «© 2
J(’}/)=fdlwfdﬂﬁfo dK 47K “exp

Performing the Gaussian integration over K, one is left with a third-order integral

1 + 00 +i€
J(y)=(im4y)’"* [ dQ
Y ITA f 47T[A+A,‘~P(Q)]3/2 f_w+i€

One can check that for ¥(Q)=1, Egs. (47) and (48) give
the spherical case, Egs. (30) and (31). The next step is to
perform the integration over z. This is done as for the
spherical case (Sec. III), where A is replaced by A(Q) with

_ A424'V(Q)
M@= = (49)

The result depends if y is positive or negative.
For y <0, the contribution of the ¢t =0 pole gives, as
for Eq. (33),

372
72 A,
Ty <0=" [0 |
T R © 50)
N T ] (

One concludes that the temperature dependence is the
same as for the spherical case, with only some different
combinations of 4’,B’,C’ than the ones appearing in the
usual heavy and light holes.

For y >0, the integration over ¢ gives a Whittaker
function, as in Eq. (35), so that

|

47)
.t , i—t 2
i— | A \P(Q)-}-A—,—]K J .
2 —t
iyt
: 377 - (48)
3|, A+24"WQ)
A+ A'V(Q)
[
3/2
AO
J(’)/>0)=7deﬂ m
[yA(Q)]P* yAMQ)
X exp | —
1(9)7/2 2
XW,3/417/4(7/}\.(Q)) . (51)

There is of course no hope to do this last integral analyti-
cally for any y. Nevertheless one can find simply, from
Eq. (51), its behavior for large y. Using the asymptotic
expansion of the Whittaker function, one rewrites J(y)
as

J(y—+ )=7ry1/2fdﬂ

b

A, 3/2e_yum
A+ A'V(Q) A(Q)

(52)

for which the dominant contribution comes from the
directions where A({}) is minimum. These directions
have already been found in Sec. II, and they vary depend-
ing whether the recombination is with a heavy or a light
hole. Noting Qy(8y,¢,) as such a direction, one expands
the function to be integrated around (1, so that

I ) A, 32 172 expl — YA (Qy)]
—_—> o0 )=
Rl I ETrN 23(0y)
oo 2 y | M), o FMQ)
Xfodesmeofo dpexp |~ | = (6—001+ Y= (p—@)? | | . (53)

Each of the integrations over 8 and ¢ gives a factor y ~!/?

so that finally we have
J(y—+0)~y 2exp[ —yA(Q)] . (54)

Besides the main exponential term already discussed in
Sec. II, one notes a prefactor temperature dependence
similar to the ellipsoidal case when Ax.—,éky;ekz: in both
cases the threshold comes from a finite number of points
on the energy surface and not, for example, from a whole

f

surface as in spherical case. One concludes that if the
warping is taken into account, the temperature depen-
dence of the Auger rate is not the one of the standard Eq.
(1), but instead,

kyT 5/2

E,

A +24'W(Q,)
¢ A+ AW

1

~

T

exp (55)

As this T dependence is linked to the distance between
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the poles A;,A,,A,, or in the case of warping, the distance
between ¥ ..(2) and ¥_; (£2), one expects that the tem-
perature range for which such a new behavior is predict-
ed depends on the importance of the warping. The be-
havior depicted in Eq. (55) will be found for temperature
low enough so that the exponential term found for ¥_; is
much larger than the one found for ¥,,,. When the tem-
perature is raised one has a crossover to the spherical
symmetry case obtained when the two exponential terms
are of the same order.
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VI. WARPING, h-h-e AUGER EFFECT

For a recombination of an e-h pair associated with the
excitation of a hole in the lowest valence band, the four
energies are, respectively, &(K,;,)=4"V(Q,,)K %’2,
e(K;)= AK?%, and e(K,)=A4"K2 g, and g, are then
simply given by Eq. (28). For g,, we perform the in-
tegration over K, and leave the angular part. Setting
K r=K,rh(Q,Q), where 2 is the direction of r within
the cubic axis, one finds

dQ, s A"V K}
_ e 2 ol wink §
gl(r,t)-—f o fo 47K 1dK | exp |i 4, t|+cos(rK K,)
. 372 2 2
lﬂ'Ao dQl onlr onlr
= . f——~———exp —i - —— |, (56)
tA A e 44t 2A4't
with v;=h?/¥,. Replacing these g’s into Eq. (12) one finds
3/2 32
iTA imA iTA H(y,Q,,Q,Q)
_4 0 0 0 1 1 1 Vsdbpdly,
= - - — T, 7
G(y)=(2m) VL y VG fdﬂl 4 fdﬂz - fdﬂ . e ’ (57)
Sttt eitt © idgriv, idogr’v, iAot —ik)r?
,0,,Q,,0)= dt———— | d 21— - a4 o |
H(y,Q,,Q,,Q) f_wHe 9% 1) fo rémre |1 2A4't 24t 4A4't(i —1)
where
x vi+v+4'/4 _ ity +4/4 (58)
T v+ (A /A)—(A'/A") T o ’
After an easy integration over r of a Gaussian function, one is left with
.. 1372 i iyt vi+v, 15vv it |
H= 4mA'i + o +ie e — 143 1TV2 i t~ ;2 i t~ _ (59)
Ao —wtic  tHp—ik)3? g t—ik i t—ik

The result of this integral depends if y is positive or nega-
tive.

For y <0, the contribution of the ¢t =0 pole gives for
H (y <0) a second-order polynomial in v, i.e., for G(y) a
result similar to the one of Eq. (40), with some more com-
plicated angular averages.

For ¥ >0, one changes the integration path as done in
Fig. 2. One then integrates by parts in order to have only
(t —A)!2. The resulting integrals can be expressed in
terms of Whittaker functions. If one looks only for the
leading term of H at large y, one finds easily from Eq.
(59) that

. 132
4 A'i

Aokt

15v,v, 23

H(y—+00)x2

(1—X) 5/2 ~7X
g? Ix3xs %3 ’

(60)

As the main contribution in G(y) comes from the direc-
tions {2,(2,,Q for which A is minimum, as in Sec. V, one
expands A around these directions. We have to integrate

over six an§1es. As in Eq. (53), each integration gives a
factor ¥ ~!/2. One finally gets for G

G(y—o)~7 " exp(—¥Amin) »

i.e., again a temperature dependence of the Auger rate
prefactor as T°/2, as could have been expected using the
same preceding dimensional arguments.

VII. GENERAL BAND STRUCTURE:
THE STATIONARY PHASE METHOD

We present here a general method to obtain directly
from Eq. (12) the behavior of G(y) at large y =E, /kgT
for any complicated dispersion relation: This method is
extremely powerful as the calculation is performed
without using an explicit form for (k). Of course, the
result reduces to the ones which have already been ob-
tained, in the case of ellipsoidal symmetry and warping,
but it also applies for any more realistic band structure
provided it satisfies e(k)=k%e(k ), where k =kk.

Let us set
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K()=02m)~* [ d’r g, (r,08,(r,0085(r,1)g,4(r,i —1) ;
61)
then
Gy)= """ ar k(e

— 0 +iE

(62)

If we push the contour of integration over ¢t toward
infinity in the upper complex half-plane, we see easily
that for large y, the dominant contribution comes from
the singularity of K (¢) nearest to the real ¢ axis. This is
also clear from all the preceding examples which we have
explicitly investigated. Now since all the g’s are regular
functions of ¢ and r, the singularities of K(¢) arise be-
cause the defining integral equation (61) diverges for large
r.

The behavior of g(r,t) for large r is easily obtained
from the stationary phase method:’ when r is large the
exponential in Eq. (13) oscillates very rapidly as a func-
tion of k, which leads to an almost complete cancellation
in the integral. The dominant contribution comes from
the region in k space where this rapid oscillation does not
occur. It is obtained by writing that the phase in the ex-
ponential, namely k-r+€e(K)t/ 4, is almost constant in
this region, which means that its k gradient is almost
zero. Let us call K, the wave vector for which this gra-
dient is zero,

r

Vie(K) | g =— 4o, (63)

where ¢ has to be replaced by i-t for g,. We see that these
equations for the stationary wave vectors K, are exactly
the same as Eq. (16) for the threshold wave vectors. The
role of V is played by A,r/t and the role of b by t /i —t.

Now we expand the phase up to second order around
the stationary wave vector,

e(K)t e(K )t t
Kr+ 800 K.
R VTR YR

A%
KiK; 3K 3K,

K '
(64)
J

— 1 3 oryg s eiyt
G(y)=(2m)~* [d —Dq)D'(q )(m)w/zfdz—ts—

One easily sees that the function to be integrated over ¢
has the same form as the one found previously, namely
t 73t —ik(Q)]732%"" with X(Q)=(2R +R')/(R +R").
X is an unexplicited function that depends only on the
direction of r, and as we will see we do not need to know
its explicit form to get the behavior of G(y) at large y.
Nevertheless, one can check that within the specific form
of € and ¢’ used in Secs. III-VI, X reduces to the A’s used
earlier.

The integration over ¢ in Eq. (69) is performed as be-
fore, and one finds in the limit of large ¥ >0,
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After performing the Gaussian integrals over K; for
i =x,y,2, one gets for the behavior of g (r,t)

e(K,)

0

1

g(r,t)=2imAy)* %exp |i |K - T+1

||pux.

(65)
where we have set

d%

172
det _—8K,- 3K, } .

D(K,)=

In order to be able to investigate the r dependence we
now make use of the assumption that ¢(K) depends qua-
dratically on |K|. Let us introduce the vector q(u)
such that

VKE|K=q=—A0u N (66)

where u is an unit vector. Since £(K) is a quadratic func-
tion of |K |, one deduces from Eq. (63) that the vector
K, associated to r=ru is simply K;=rq/t and conse-
quently e(K,)=r2%e(q)/t?, while D(K,)=D(q) does not
depend on r. One can then note that

e(q)
Ay

2
=L R).

q-u+ "

t r’
K,-r+A—OE(K5)=T

67

The function R (u) depends only on the direction of r,
but not on its modulus.

Doing the same for g’, one finds that the exponential
term of the product g(r,z)g’(r,t)g (r,i —1) is

J2L(R+R")—i(2R +R’)

exp t(i—1t)

’ (68)

where R and R’ mean R (u) and R’(u). One can then
easily perform the integration over r without still know-
ing the explicit forms of € and ¢, i.e., of R and R’, leav-
ing apart the r angular variables (). Using Egs. (65) and
(67), one rewrites G (y) as

3/2
1

t(R+R')—i(2R +R") 9

[

vy '“exp[ —yA(Q2)]. One is then left with the integration
over the r directions.

If there is a spherical symmetry for all the e(K), A will
not depend explicitly on any angular variable, and

Gy)~y' %7

172

(70)

If there is a complete anisotropy for any one of the ¢€’s,
X will depend on two angular variables. For large 7, the
behavior of G(y) is controlled by the direction Q_;,
which gives the smallest X; one expands A({) around this
direction,
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Q) =X Qpin) +1(0—6,,)2(3*X /36%)
+Hp—@,, (3*X/3¢?) .

Noting that each of the integrations over 8 and ¢ for
large y gives a factor ¥ ~!/2, one finds in that case

G(y)~7 Vexp[ —y A Q)] - (71)

If in the direction of the minimum of A there is a sym-
metry of revolution, A around that minimum will depend
only on one angular variable, the integration over which
gives only one factor ¥ ~1/2, so that

G(y)~exp[ =y A Q)] - (72)

As we see, the power of the prefactor depends only on
the dimensionality of the dispersion relation symmetry
(or more precisely of the dimensionality of the threshold
degeneracy that results directly from symmetry), and not
at all on its detailed form, as it can be obtained formally
without even writing any explicit form for e(K).

A simple way to understand physically the T depen-
dence of the Auger prefactor is to say that only a restrict-
ed region, in k space, of size (kz T)!’? around the thresh-
old, contributes to the Auger rate. For spherical symme-
try this region is not limited in some directions because of
the degeneracy due to the symmetry. Further limitation
appears for this region if there is anisotropy, which pro-
duces reducing factors (kzT/E, )12 or kg T/E;. One
can also say that this anisotropy is expected to play some
role if the anisotropy energy is larger than kzT. For kzT
larger than this anisotropy energy, one finds again the
spherical symmetry situation.

As the dominant terms in the Auger rate come from a
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restricted region in k space, only the matrix element M of
the recombination in that small region is important, i.e.,
M is roughly a constant in the dominant part; so that our
result also holds for a general matrix element M, different
from a constant.

Numerical estimate: In the case of full anisotropy, the
usual prefactor of the Auger rate is decreased by an extra
term in kz T /E,, which gives 2 or 3 orders of magnitude
at room temperature depending on the band gap. For
GaAs, E,~1.4 eV so that kzT/E,~1.8X10? for
T =300 K. The corresponding change in the exponential
term due to the proper value A=1.07 of the threshold en-
ergy, instead of 1.11, gives an increase of the exponential
of 8.9 which partly compensates the prefactor change.

VIII. CONCLUSION

We have shown that the temperature dependence of
the Auger lifetime is related to the symmetry of the elec-
tron and hole dispersion relations. We find that in the
limit of large E, /kpT,

(5—p)/2

kg

—AE,

1
o~ exp R (73)

with p =2, 1, or 0, respectively, for a spherical symmetry,
a one-dimensional symmetry, or a complete anisotropy.
AE, is the threshold energy for the Auger process, A be-
ing related to the ratio p of the electron and hole effective
masses. The well-known Beattie and Landsberg result,
which corresponds to p =2, does not hold if, in particu-
lar, a warping of the valence band is present.
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