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Near-normal-incidence reflectance (2—11 eV) and multiangle reflectance measurements (11-30
eV) of thallium films evaporated on low-temperature (77 K) Pyrex substrates have been performed
in ultrahigh vacuum (>5X107'° torr). Optical and dielectric functions have been obtained by
Kramers-Kronig analysis and multiangle techniques. The results are discussed in terms of direct in-
terband transitions, both at critical points and between parallel bands, by considering the relativistic
augmented-plane-wave (APW) and linear muffin-tin orbital calculations of the band structure of
thallium. The optical data, i.e., w’¢, spectra, are well described as far as 7 eV by the APW calcula-
tion with the value a=§ for the exchange coefficient, if one takes for the peak of the calculated den-
sity of states of s-like symmetry the s peak observed in x-ray photoemission experiments. The opti-
cal conductivity o then exhibits sharp edges at 12.4 and 14.7 eV due to the onset of transitions from
core spin-orbit-split 5d states to the Fermi level. Both the optical-absorption edges and the spin-
orbit—splitting energies are found to be in good agreement with x-ray photoemission data.

I. INTRODUCTION

The measurement of the optical properties of metals in
the visible and ultraviolet (uv) ranges provides important
information concerning their electronic structure. The
features displayed in the optical conductivity o(w) are, in
effect, a manifestation of the singular behavior associated
with one-electron bands in the joint density of states, only
slightly modified by relaxation effects. In polyvalent met-
als the optical spectrum can be interpreted in terms of
Harrison’s’ and Ashcroft’s® works on parallel-band ab-
sorption, in which a direct connection is found between
the optical data and some Fourier coefficients of the pseu-
dopotential. Apart from aluminum,? Ashcroft’s theory
has been applied to explain the behavior of o(w) of many
polyvalent metals, such as indium,>* white tin,>® and
lead.%” The optical properties of lead are still discussed
in terms of transitions between parallel bands, but the
strong spin-orbit coupling requires a comparison with a
complete band structure rather than with the bare pseu-
dopotential coefficients, as is, in general, done for light
polyvalent metals. Thallium (Z =81) is the heaviest ele-
ment in group III 4 and spin-orbit effects must be strong.
As for the case of lead,’ it is expected that the band struc-
ture should be known throughout the irreducible part of
the Brillouin zone (BZ) in order to interpret the optical
spectra, although excitation of electrons between parallel
or near-parallel one-electron bands can still constitute a
major source of the observed optical absorption.? The
electronic band structure of thallium (T1) has been calcu-
lated in terms of a local pseudopotential model
[orthogonalized-plane-wave (OPW) method],® and more
recently with linear muffin-tin orbital (LMTO) (Ref. 9)
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and augmented-plane-wave (APW) methods.'® Photo-
electron studies of metal d bands have also been made in
the last decade,'"'? but the first optical experiments
relevant to the band structure of thallium have been per-
formed by Ley et al.!? by means of x-ray photoelectron
spectroscopy (XPS). In the case of Tl they observed
valence bands extending to 7 eV below the Fermi level
Ep, and sharp 5d peaks at energy 14.53+0.05 and
12.30+0.05 eV. The valence-band binding energies are
4.9010.25 eV for the 6s band and 0.80£0.12 eV for the
6p band. The optical properties of thallium films'>'* and
single crystals!> have been previously studied under ul-
trahigh conditions only in the near-infrared and visible
regions, up to 5 eV. Thus, it was necessary to extend this
work up to 30 eV, in order to study the absorption due to
interband transitions between states below and above the
Fermi level and also between the core 5d states and E or
higher levels. This paper is part of a more general study
of the electronic absorption between the d-core states and
empty conduction bands in polyvalent metals, such as
gallium, indium, tin, and lead.!® Furthermore, liquid
metals have been the most extensively studied by optical
spectroscopy recently. Among them, prominent interest
is devoted to polyvalent metals'”'® because of their low
melting temperature and the increasing complexity of the
electronic structure with higher atomic number Z, a
relevant point being the comparison between results ob-
tained in the liquid and solid phases. Besides the funda-
mental interest, the experimental knowledge of optical
parameters of metals is also of technological interest,
since multilayered mirrors, that is, metallic films
evaporated onto different substrates in ultrahigh vacuum,
are basic components of optical apparatus.'®
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Below 503 K thallium has an hexagonal-close-packed
crystal structure, with lattice parameters a =6.497 a.u.
and c/a=1.593 at 5.2 K. Compared with the ideal
close-packed structure the thallium lattice is somewhat
compressed along the direction of the hexagonal axis c.2

II. EXPERIMENT

A Koch-Light 99.999%-pure rod of thallium was
evaporated from aluminum oxide crucibles with tantalum
heaters on Pyrex substrates maintained at liquid-nitrogen
temperature. The evaporation was made on cooled sub-
strates in order to obtain low-scattering films. The film
thicknesses (1000-4000 A) were measured with a quartz
monitor calibrated by optical-interference methods and
finally verified by means of an interference microscope.
During the evaporation the pressure remained lower than
1 107° torr and then returned to its initial value of less
than 5% 107!° torr within 1-2 min. Upon exposure to
air, thallium oxidates rapidly and heavily, so that particu-
lar care must be taken during the preparation of samples.
Reflectance measurements were carried out both after the
film formation and after the film annealing. The anneal-
ing was necessary in order to reduce the structural disor-
der and to obtain some degree of film epitaxy. After-
wards, the films were recooled and measurements were
carried out again at low temperature: this is necessary
owing to the low Debye temperature of thallium (78 K).
A slight epitaxy is confirmed by comparison with the
reflectivity data of Castelijns et al. on single crystals.'
The synchrotron radiation from the Orsay storage ring
ACO was used as a light source with a normal-incidence
monochromator of 1 A resolution The apparatus used
for the optical measurements has been described else-
where.?! Optical constants of Tl in the low-energy range
(1-11 eV) have been determined by means of a Kramers-
Kronig (KK) analysis of the reflectance data. For the
determination of the optical constants in the higher-
energy region, oblique-incidence reflectance has been per-
formed and a multiangle method used: the optical con-
stants n and k and, hence, the complex dielectric function
é(E)=¢€,+i€,, have been calculated from 12 to 30 eV.
The method is based on the general Fresnel equations
R =R (n,k,6,P) that connect the reflectance coefficient R
to the optical constants (n,k), the angle of incidence 6,
and the polarization of light, P. The multiangle method
consists of measuring R at various angles of incidence (in
the case of Tl, from 30° to 80° at every 5°) at closely
spaced wavelength intervals (2 A), over the wavelength
range 400-1100 A. The expenmental results are then
treated by means of a computer using a least-squares
method. For each wavelength, the optical constants n
and k are determined by solving a system of two linear
equations of the first degree with two unknowns, which
results from the conditions which minimize the average
quadratic  differences between the experimental
reflectance and the calculated reflectance obtained by us-
ing trial optical constants. The solution of this system
gives the corrections (v,X) for the initial optical con-
stants, and the procedure is iterated until the corrections
are smaller than a prefixed value.!”” As for the light po-
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larization P, this quantity has been determined at the exit
slit of the monochromator in a separate experiment. The
ultrahigh-vacuum chamber used for the optical measure-
ments has been rotated around the light beam in order to
work with partly polarized light (P < 10%) over the spec-
tral region of interest: typically, in our experiments we
have worked with a degree of polarization P =0.06 at 16
eVand P~0at 30eV.”

III. RESULTS

The reflectance measurements were carried out im-
mediately after film formation and annealing: typical re-
sults for quasinormal incidence are reported in Fig. 1(a).
We can observe that the film annealing increases its
reflectance of about 8%: curves 1 and 2 approach each
other at low energy, near 4 eV, and at high energy, over
11 eV. As in the case of white tin,> we do not obtain a
very high reflectance, which indicates that the interband
oscillator strength between 4 and 11 eV is still strong.
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FIG. 1. (a) Reflectance data of thallium films measured at 77
K: (1) annealed films, (2) unannealed films, and (3) evaporated
polycrystalline films at 10~° torr (Ref. 14, Arakawa et al.). In-
set: (1) and (2) Castelijns et al. [(1), Elc; (2), E||c]; (3) our data,
annealed films. (b) Oblique-incidence reflectance for fixed an-
gles 0 of annealed thallium films.
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The reflectance drop between 7.6 and 8.8 eV is attributed
to a surface-plasmon excitation via the coupling to the
film surface roughness. The maximum of the reflectance
loss is observed around 8.1 eV, in good agreement with
the upper limit for surface-plasmon excitation of 8.3 eV,
which can be deduced from the €, curve (i.e., for k— o,
€,— —1) (see Fig. 4). We can see in the inset of Fig. 1(a)
that between 2 and 4 eV our results are very close to
Castelijns’s data for E|lc, c being the hexagonal axis.
This indicates that the film formation presents a certain
degree of epitaxy.

In Fig. 1(b) oblique-incidence reflectance results be-
tween 11 and 30 eV are shown for fixed values of 6. With
the method described in Sec. II, we then determined the
optical conductivity o(e) shown in Figs. 2 and 3. In the
range 0.75-2 eV the curve of o(w) is taken from the
work of Myers:!* For polarization perpendicular to the
hexagonal axis (Elc), a strong peak at 1.35 eV and a
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FIG. 3. Optical conductivity of thallium at 77 K in the re-

gion of d-core electron excitations to p- and f-symmetry con-
duction bands.
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FIG. 2. Optical conductivity of thallium at 77 K in the re-

gion of interband transitions and energy-loss function —Imé .
The plasmon maximum occurring at #iw,=10.6210.05 eV is
shown. The o curve below 2 eV has been reproduced by apply-

ing the Kramers-Kronig relations to the Myers data (Myers,
Ref. 11).

FIG. 4. Dielectric functions €, and €, of thallium at 77 K. At
low energy the Myers data have been used (Ref. 13). The
volume plasmon maximum at #iw,=10.57 eV and the surface

plasmon at fiw,;=8.3 eV are indicated. € (---)

and
€, ( )
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FIG. 5. Dielectric functions €, and €, of thallium, obtained
by means of the multiangle method, as explained in detail in
Ref. 19 (Thomas et al.).

Cohen? to occur in the general case where interband ex-
citation of conduction electrons takes place in a wide en-
ergy region. In Fig. 2 the optical energy-loss function
—Im(é~") is also plotted. The maximum is found at
10.621£0.05 eV with a full width at half-height of 1.4 eV.
In Fig. 3 the o curve exhibits two sharp rises at 12.40 and
14.70 eV and strong peaks are observed at 13.15, 14.10,
15.20, and 16.30 eV. Beyond a minimum around 21 eV,
one can observe a continuous rise of the optical conduc-
tivity as far as 30 eV.

Figures 4 and 5 present the real and imaginary parts of
the dielectric function, obtained via the KK relations as
far as 11-12 eV and by multiangle reflectance in the
remaining range of measurement. In Fig. 4 the energies
of the volume and surface plasmons are also reported.

IV. DISCUSSION

We now wish to discuss the optical spectra of thallium
in terms of direct interband transitions, due to critical-
point and parallel-band absorption. The comparison be-
tween electronic band-structure results and spectroscopic
data is essential, since in the case of metals it enables us
to test the accuracy of theoretical bands several eV above
and below the Fermi level. In particular, accurate
reflectance and XPS spectra are necessary. It is worth re-
peating that the presence of parallel bands still provides
important information for the description of the optical
behavior of thallium, together with analysis of critical-
point absorption. The knowledge of partial joint densi-
ties of states (JDOS), which have major importance in the
energy interval of interest, are very valuable in order to
make correct band-transition assignments and to inter-
pret the optical features displayed by the experimental
density of states wzez(w). We briefly recall, for the sake
of clarity, that, where we consider direct interband tran-
sitions only, the imaginary part of the complex dielectric
function é(®) can be written as
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ﬂ)zez(w)z 2 le']lf N
a2

where J;, represents the partial JDOS for bands i and f,
where E; < Ep <E, and M, is the corresponding transi-
tion probability matrix element, which is here assumed to
be independent of the wave vector k. The quantity J;; is
determined by the band structure,

1
Jy=25 [, 3B (K)—E (k) —fw)dk

and the integral is performed within the irreducible part
of the Brillouin zone (BZ).

For the discussion of the optical spectra we shall refer
to a recent, relativistic band structure of thallium. In
Fig. 6 we report the band structure of Tl along symmetry
lines for the exchange parameters a=2 (solid curve) and
a=1 (dots), calculated by Ament and de Vroomen
(AdV),' together with the density of states (DOS) ob-
tained for a=Z. In Fig. 7 the Tl band structure and
DOS calculated by Holtham, Jan, and Skriver (HJS),’ for
a=1, is also reproduced. Our assignments, based on the
reported band structure, together with attributions pro-
posed in the framework of the AdV and HJS calculations,
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FIG. 6. Band structure of thallium along symmetry lines for
exchange parameters a::% (solid curve) and a=1 (dots) accord-
ing to AdV (Ref. 10), and density of states.
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are summarized in Table I. In the spectrum of the DOS
shown in Fig. 6, the XPS peaks observed by Ley et al.'?
are also indicated and the DOS peaks related to the elec-
tronic bands 2, 3, 4, and 5 are denoted by A4, B, C, and D,
respectively. Peaks 4 and B in the valence-band density
of states, close to 4 and 1 eV below E, present s-like and
p-like character. In particular, the p-peak position,
which is due to critical points of band 3 (see Table II of
Ref. 10), is in good agreement with the XPS 6p band,
whose valence-band binding energy is 0.80+0.12 eV.'?
The position of this peak is not significantly altered when
using the full Slater exchange potential (¢ =1). The peak
s, which is instead due to critical points of band 4 of s-like
character (see Table II of Ref. 10, where the critical-point
energies are given for a single band with respect to the
Fermi energy), shows an energy discrepancy of about 0.9
eV with the XPS 6s band observed at 4.901+0.25 eV
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FIG. 7. Fully relativistic energy-band structure of thallium
along the symmetry directions TKMT', LM, and HALHK ac-
cording to HJS (Ref. 9). Two energy scales (Ry and eV) are
shown in order to compare the theoretical bands with experi-
mental data (eV). The density of states is also shown.
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below E.!? This band, however, can shift 0.6-0.7 eV to-
wards lower energies for a=1, thereby showing better
agreement with experiment. One also finds that the posi-
tion of the d bands is in much better accordance with the
XPS values if a=1 is used. Thus, it seems that for the
6s-like bands and the deep 5d states a stronger exchange
potential (a=1) would be more appropriate.

In the DOS spectrum of Fig. 7, we find a better agree-
ment between peaks 4 and B and XPS peaks: In particu-
lar, the energy difference between peak A (s-like symme-
try, band 2) and the corresponding XPS peak is about 0.4
eVv.

These points are important for the discussion of the
optical spectra and the assignments of the electronic tran-
sitions, marked in Fig. 8 by arrows, and listed in Table I.
In order to take into account the preceding conclusions
deduced from XPS spectra, in Table I we have shifted the
s band of the calculated band structure by 0.9 eV in the
AdV band scheme (a=2) and by 0.4 eV in the HJS band
structure (a=1).

We can at once remark that the comparison between
optical data and band structure confirms that bands 3
and 4 (taken in order of increasing energy) are the best
calculated in both cases. This is also in accordance with
the fact that a description of the third and fourth zone
surfaces are virtually insensitive to the different values of
a employed in calculations. In fact, the optical assign-
ments are easily made by considering 3—4 transitions
and the peaks of the partial JDOS, J;,, reported in Refs.
9 and 10 and in Table I. For example, the peak at 1.56
eV due to Jy4 in the HJS calculation corresponds to the
avera§e of the peaks observed at 1.35 and 1.75 eV for
Elc.!> We assign the following peak at 2.50 eV to

100
E,E?

801

(arb. unils)

400

204

Energy (eV)

FIG. 8. Optical joint density of states (€,0?) for thallium be-
tween 1 and 9 eV.



8644

parallel-band absorption, 3—5: By considering the
critical-point absorption J;5, according to HJS an energy
difference of 0.35 eV with respect to the experimental
peak is found. This difference is, however, reduced to 0.1
eV in the AdV band scheme, by considering critical-point
absorption. Thus, for band 5, the comparison of w?€,(w)
spectra with the theoretical JDOS suggests that this band
should be lowered by about 0.35 eV in the calculations
HJS (a=1) and only by 0.10 eV in those of AdV (a=2).
It is interesting to note that for the fifth zone surface a
band shift of 200 meV in the vicinity of E is proposed in
the work® of HJS, in order to account for the dumbbell
dimensions and to reach better agreement with the AdV
calculation. It also appears that this band shift is related
to the different values of a, as shown by the better agree-
ment of the HJS and AdV calculations with a=1 of band
5. The structure centered at 4.60 eV, due to critical-point
absorption J,4 according to HJS, shows a discrepancy of
0.7 eV for band 6, since the JDOS peak is at 3.9 eV. In
the AdV scheme we find instead better agreement for this
peak, by considering critical-point absorption. We have
also attributed this peak to 2—4 critical-point transitions
in view of the good agreement: In this case an energy
scaling of 0.3 eV between calculated and experimental
transitions would be necessary. The peak at 5.85 eV is
due to parallel-band absorption and is assigned to 2—4
transitions along the K -M line. Also, critical-point ab-
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sorption for transitions 2—5 along the symmetry line
I'-M should be considered. In the HJS scheme, the com-
pensating shift of 0.4 eV due to the shifts of band 2 to-
wards greater binding energies and of band 5 towards the
Fermi level also allow one to assign the optical peak to
2—5 transitions. Finally, the structure at 6.80-7 eV as-
signed to parallel-band absorption 1—4 and 2—5 along
the symmetry line K —M is well accounted for either by
considering a shift of 0.9 eV for band 2 or the two down-
ward shifts of 0.4 eV for bands 2 and 5. In the AdV
scheme a difference of 250 meV between the optical spec-
tra and band scheme still remains.

Caution should be used when employing the DOS spec-
tra for the interpretation of the optical peaks. In effect,
we find that the energy differences found in the DOS
peaks correspond well to the observed peaks in optical
spectra and also to the direct interband transitions listed
in Table I. This agreement between DOS and optical en-
ergies is often possible, since the critical points responsi-
ble for the DOS peaks are found in the band schemes at
the same k values below and above E.

From the foregoing discussion we can conclude that
the accurate determination of the w’€,(w) spectra allows
one to find some differences between the band schemes in
which the Slater value (a=1) or the Gaspar-Kohn-Sham
value (@=2%) for the exchange coefficient is used. In

effect, we think that although it is not completely satis-

TABLE 1. Our optical data are compared with the peaks of Myers (Ref. 13) and Castelijns et al. (Ref. 15) in columns 1 and 2. In
column 3 our assignments, based on critical point (CP) and parallel-band absorption are made within the framework of the APW
(Ament—de Vroomen, Ref. 10) and LMTO (Holtham-Jan-Skriver, Ref. 9) band structures. Both joint density of states (JDOS) and
density of states (DOS) peaks are also considered for the interpretation of optical structures. The exchange parameters a=% and 1

are used in the AdV and HJS band calculations, respectively. All energies are in eV.

2

€,
Experiment Theory
Our Ament and de Vroomen® Holtham-Jan-Skriver?
This work Other work assignments CP JDOS CpP JDOS
1.65 1.35 a 1.4 1.35 large
1.75 Ele I’'MK plane 1.95 Ele regions 155
1.70 E||c* 34 1.63 in ’
1.40° I'M line 1.55E|c Brillouin
zone
2.50 2.55% 35 2.65 (rMK) 2.55 2.85
2.45° close to K-M line 2.85 (HKML)
3.0 3.0° 3—5
CP close to K point (K -M)
4.6 44 E|c* 2—4 CP near M (I'-M) 4.5 49 4.65
CP near K (I'-K) 4.65 5.00
5.85 2—4 along K-M 5.85 5.5 (DOS) 5.90
2—35 CP (I'-M line) 6.3 6.3 6.35
close to M
6.80 1—4 along K-M 6.8 6.90
2—5 along K-M 7.15 6.7 (DOS) 7.30 6.9 (DOS)

*Castelijns et al. (Ref. 15).
"Myers (Ref. 11).

°Band structure for a= %; s bands (1 and 2) shifted downwards by 0.9 eV.
9Band structure for @=1; s bands (1 and 2) shifted downwards by 0.4 eV.
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factory, the AdV band structure with a=1% better de-
scribes the optical properties as far as 7 eV, provided the
energy peak for the density of states of s symmetry is
shifted towards the XPS s peak, or, in other words, where
a shift of 0.9 eV for the s peak is allowed. In these cases,
a complete agreement for the optical structures at 5.85
and 6.80 eV is reached.

In conclusion, we have found some correlation between
the position of the electronic bands of thallium and the
exchange parameter a. In particular, it appears that the
exchange-interaction influence on the optical spectra is
small or negligible, where one considers electronic states
near Eg, and can become considerable for higher excited
states (bands 5 and 6) or lower full states (bands 1 and 2).

Optical transitions from core d states to E still have
to be discussed. We remind the reader that thallium is a
polyvalent metal belonging to group III with three
valence electrons: 6s? and 6p. The next-lowest states are
the 5d'° levels, approximately 12 eV below Ey, which for
all practical purposes can be considered flat: d-state exci-
tations to the Fermi level (5d5,,—~E; at 12.40 eV and
5d;,,—Ep at 14.70 eV) give rise to two sharp edges in
the o curve which originate from the spin-orbit splitting
of the 5d levels. The optical determination of the d-core
binding energies (at 12.40 and 14.70 eV) for the states
5ds,, and 5d; ,, gives values very close to the XPS values
(at 12.30 and 14.53 eV, respectively) measured by Ley
et al.'? By considering the accuracy of the Fermi-level
positioning in XPS spectra, we can conclude that the
XPS and optical determination of d-core binding energies
are in very good agreement. The only remaining contri-
bution to the o curve at higher energies is observed as a
structureless, continuous rise of the absorption beyond 20
eV, assigned to 5d'°—6f band transitions. This transi-
tion gives, in fact, a strong, broad band which possibly
extends as far as 60-100 eV, and of which we only ob-
serve the rising edge. In Fig. 9 we compare the experi-
mental conductivity observed between the edges 5ds,,
and 5d;,, to the calculated DOS obtained by AdV and
HJS. The Fermi energy Er has been adjusted to the ds ,
edge. The DOS curves show two sharp peaks in this
range: the first at 0.7 eV beyond E and the second at 1.8
eV beyond Ep. This second edge is, in the AdV calcula-
tion, 2 eV higher than in the calculation of HJS. These
two peaks are well defined in the experimental spectra, al-
though they are broadened by lifetime effects (the d edges
are well represented by a convolution of the Fermi level
in the DOS curves with reference to the vacuum level by
means of Lorentzian curves with a half-width of about
0.4 eV). Their peak positions are in fine agreement with
the assignments made: the first structure due to the criti-
cal regions of band 4 is well assigned in both band
schemes, while the second structure, assigned to the criti-
cal region of band 5. is only displaced by 0.1 eV in the
AdYV band structure and by 0.3 eV in the HJS scheme.

V. CONCLUSIONS

The optical spectra of high-quality films of thallium
can be interpreted in terms of relativistic band-structure

0 | |

14 15
fwlev)

FIG. 9. Conductivity of thallium between the ds,, and d;,,
edges [curve (2)] compared to the density of empty states ac-
cording to Ament and de Vroomen [curve (1)] and Holham
et al. [curve (3)].

diagrams, by taking, for the exchange parameter of the
Slater free-electron equation,

Vyolt)=—6a[3p(r)/87]',

[p(r) is the electron density] either the Slater value
(a=1) or the Gaspar-Kohn-Sham value (a=2) in order
to make a critical comparison between experimental
quantities and the calculated results, obtained by
Ament-de Vroomen (APW) and Holtham-Jan-Skriver
(LMTO). This interpretation can be improved if the
value of a is empirically adjusted so as to better approxi-
mate a realistic exchange-correlation potential. In fact,
discrepancies between calculations and optical data are
only to be ascribed to a lack of self-consistency of the
crystal charge density and to a neglect of correlation
effects, namely, to the rough approximation made for the
exchange interaction. This is not surprising since the
exchange-correlation potential should be nonlocal (in
effect, it should be k dependent) and, besides, should de-
pend on the energies of the electronic state. In this sense,
better agreement with experiment should be reached, if
one makes use of the exchange-correlation potential in-
troduced by Hedin and Lundqvist?® (HL). In the case of
lead, for instance, the comparison between the photo-
emission data’® and the energy-band calculations®® ob-
tained by a fully relativistic approximation, employing
the HL potential, shows an agreement of better than 0.1
eV for full states.

We still note that the optical data of T1 allow one to
obtain a general spectrum of the density of states, located
between the Fermi level and the ionization energy E,.
Integrated density of states (bremsstrahlung isochromat
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spectroscopy) and angle-resolved inverse photoemission
would then allow one to get more detailed spectra of the
empty states or the density of excited states.
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