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X-ray and Raman scattering measurements have been performed on pseudomorphically strained

Si/Ge„Si& „Fibonacci lattices arith low stage numbers. Both the x-ray and Raman measurements

exhibit signi6cant deviations from large-stage behavior for Fibonacci lattices ~ith fever than ten

stages. A kinematic expression for the dil'racted x-ray intensity of a strained-layer Fibonacci lattice
is derived in the limit of large stage number.

Recent reports by Merlin et al. ' and Dharma-
wardana and co-workers have demonstrated that
pseudo-one-dimensional Fibonacci lattices exhibit prop-
erties that are uniquely associated with their quasiperiod-
ic structure. The electronic and vibrational eigenfrequen-
cy spectra of the Fibonacci lattice have received consider-
able theoretical attention, particularly in the limit of
large stage number where the system simulates the prop-
erties of a lattice of nearly infinite extent. It is in the
low-stage-number regime, however, where the eigenfre-
quency spectrum becomes sparse, that one can explicitly
study the shifts in eigenfrequencies with changing stage
number. In this paper we report the first x-ray and Ra-
man scattering measurements on pseudomorphically
strained Fibonacci lattices grown with exceptionally
low-order stage numbers.

The prescription for forming a Fibonacci lattice from
two structural units A and 8 can be found in the litera-
ture. ' Designating H„and Hz as the number of A and 8
units for a given stage N„our tenth-, eighth-, and sixth-
stage samples consist of 89, 34, and 13 total layers distri-
buted according to (H„,Hz ) pairs of (55,34), (21,13), and
(8,5) respectively. The Fibonacci lattices were grown on
(100} Si substrate using molecular-beam epitaxy with
nominal A (Sio saeo z) and 8 (Si) layer widths d „and dz
of 44.4 and 27.2 A. . For this alloy composition, the lat-
tice mismatch is -0.84%%uo. In order to ensure that the A

and 8 layer deposition rates were equivalent for all
stages, the samples were grown on a single substrate dur-
ing one run with a shutter which could be translated
along the substrate. Experimental details were published
previously.

Figure 1 displays experimental and simulated x-ray
rocking curves for the (400}re6ection from our Fibonacci
lattices. The experimental data for the stage-10 sample
(nominal thickness 3441 A) exhibited line broadening in-
dicative of misfit dislocations and are not shown. The
dynamical simulation incorporated absorption and was
made using Abeles' method, ' ""assuming pseudomorph-
ic epitaxy. Refined x-ray parameters were used for d~
and ds (44.0 and 29.9 A, respectively) in the simulation
and a tetragonal distortion of the alloy layers was includ-
ed. ' The arrows and solid symbols represent the peak
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FIG. 1. Simulated and measured x-ray rocking curves of the
(400) re6ection for stage-6, -8, and -10 Fibonacci lattices. The
arrows and solid circles in the top panel indicate the peak posi-
tions and intensities for a Fibonacci lattice of infinite extent ca1-
culated using the kinematical theory derived in the text. The
kinematical peaks are labeled according to m v +n notation.

positions and intensities calculated using kinematical
theory including strain for a Fibonacci lattice of in6nite
extent.

Since strain has not been incorporated in previous
treatments of x-ray rocking curves of Fibonacci lattices,
we present a short derivation of the necessary kinemati-
cal theory in the following text. Comparison of the kine-
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matic and simulated x-ray rocking curves for the stage-10
Fibonacci lattice already demonstrates that many proper-
ties of quasiperiodic structures v@11be nearly independent
of sample length (volume) for quite Suite systems. As the
stage number is reduced, ho&eever, sample size effects be-
gin to manifest in a fashion which is not merely a
broadening of higher stage spectra.

In order to incorporate strain in a kinematical theory
for x-ray diffraction from a Fibonacci lattice, one starts
analogously to the periodic lattice case by expressing the
angular deviation broj of the rocking angle 8, for the jth
layer in terms of the Bragg angle of the substrate 8a and
the jth layer lattice mismatch ( b a /a ) as Leo,
=(8,—8a)4-(ha/a), tan8s. It is readily shown that to
first order in bcoj and (ba/a)J, k =2lr(2sin8„)/
A, =2lrh/aj+2aj/aj for an (h00} reflection. In this ex-
pression aj =nb(cot8&)bcoj, and A, is the x-ray wave-
length. Standard expressions for the difFracted electric
field amplitude' then yield

sin[a„(N„+ I }]
E = F„exp(ia„N„)

slncx g

X y exp» g rxiN',

I jI ~ 1=0

sin[a+�
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I jl~ 1=0

Here NJ is the number of unit cells in the jth layer, FJ is

the usual x-ray structure factor, and j values start with 1

for the first Fibonacci lattice layer grown (ao—=0). The
sums are restricted to j values at either an A or 8 layer.
In order to evaluate the sums we utilize the concepts out-
lined in Ref. 3 and invoke a two-dimensional periodic hy-
perspace with spacings given by a„=a&N„(1+1/yr)'~
and a =aaNa(1+yr)'il where y=a„N„/a&Nz and
~=( 1+&5)/2. If this space is cut by an axis g at an an-
gle P satisfying cot/=ra„/a~; and hyperspace lattice
points within a band W of width a„sing+a~cosf around
this line are projected onto g, a Fibonacci sequence in
a „N„and aa N~ results. Denoting g =ma, cosg
+na„sing as the (mn) ,coordinate of a lattice
point in the hyper space, sums of the form

exp(2i g& o a&N& } are converted to

g( „) exP(2ig) and similarly for the t jja sums. By

performing the Fibonacci lattice in6ation A'= AS and
8'= A once for an A layer sum and twice for a 8 layer
sum, the restricted sums in Eq. (1) entailing (m, n ) points
only for A layers can be converted to unrestricted sums
over llew llldiccs (m, Pt }. By' projecting all tllc polllts ill

the band onto the hyperspace axis perpendicular to g, we
can convert the sums to integrals for a Fibonacci lattice
of in6nite extent, since in this case the density of project-
ed points can be taken to be uniform. ' The results for
the A and 8 sums yield

(Z/~)
exp(2ig) =M„exp(iZ~) 5(1—g), (2a}

sin(Z/~)

exp(2ig) = Maexp( —iZ/r )exp(2ia„N„)
(%,n )

sin( Z /2 )
5(

(Z lr')
where M„and Mz measure the number of points of type
A or 8 within the strip 8'. Here g is the (m, n ) reciprocal
space coordinate given by (m c os//a„+ nsing/a )n,
and Z is given by mr(n y —m)/(y+ 1/~). The 5-function
condition can be rewritten as 1 =n ( m ~+ n )/
(ia&N„+a&N&), which for the (400) reliection yields
k =Sir/(a)+(2n'/d)(m~+n), with d =ra„N„+a N
and (a ) =dl(rN„+Na), which represent the period
and average lattice parameter of the Fibonacci lattice.
Substituting Eqs. (2a) and (2b) back into Eq. (1) and not-
ing that a„N& mm——+Z/r and a&Ns —nn Z—/~, —we
obtain for the difFracted electric field amplitude

z . zE = sin —sinItl, fl Z

~a
5(1—g),

Sin(Qg ) Sin(CS )
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FIG. 2. Polarized Raman spectra for stage-10, -8, and -6 Fi-
0

bonacci lattices taken anth 5145-A excitation. The instrumental
resolution was 2.5 cm ', and the Rayleigh ming has been re-
moved from the data. The bottom panel represents a simulation
of the Raman spectrum of a large-stage Fibonacci lattice with
layer parameters equal to those of our samples.



37 BRIEF REPORTS

where we have used the fact that for an inSnite Fibonacci
lattice M z

——~M&.
Equation (3) predicts that in a pseudomorphically

strained Fibonacci lattice, the x-ray intensity E should
be modulated by both structure factor and strain terms.
In the strain-free case the intensities are symmetric
around the average lattice peak (rn =n =0},whereas in a
strained Fibonacci lattice the peak amplitudes are asym-
metric, as shown in Fig. 1. The excellent agreement be-
tween the kinematic model (scaled to the average lattice
peak intensity} and the tenth-stage Abeles'. simulation
provides an indicator of the finite length scale necessary
to approximate a lattice of infinite extent.

Figure 2 shows polarized z{x',x')z Raman spectra
[z =(001), x' ={110)] of the symmetry-allowed
longitudinal-acoustic phonons propagating parallel to the
(001) axis in stage-6, -8, and -10 Fibonacci lattices. Nu-
merical analysis of the acoustic eigenfrequencies of a
one-dimensional Fibonacci chain has shown that in the
long-wavelength regime the number of gaps and their size
tends to zero as the chain length is increased. Thus in
the large stage limit the acoustic modes of a Fibonacci
lattice will resemble zone folded modes in a periodic
structure, and the observed frequencies can be approx-
imated by ra „=

~
ran(mr+n)Eras ~, where rao

=—2m V„t /(d~+rd„), V„i is the average acoustic veloci-
ty in the Fibonacci lattice, and ran is the Brillouin fre-
quency. The intensity modulation of these peaks has
been derived in Ref. 3 in the same limit of large stage
number for arbitrary values of d„and ds.

Pseudomorphic epitaxy will result in a small tetragonal
distortion of the Si,Ge, „ layer width, but the effect on
the intensity modulation pattern is negligible. Similarly,

any strain-induced changes in the photoelastic coe5-
cients only serve to rescale the overall intensity pattern.
Since ~o and ~z are empirically determined from the
data, the simulated Raman spectrum already contains the
elects of strain.

The bottom panel of Fig. 2 represents a simulation of
the tenth-stage Raman spectrum using 30 selected (m, n)
pairs chosen to yield peaks in the range co „~60 cm
which are modulated in intensity according to Ref. 3.
The simulation parameters were ~o= 25. 57 cm
ca& ——4. 11 cm ', d„=44.0 A, ds =29.9 A, and

VFi ——7.75X10 cm/sec, and the peaks were Lorentzian
broadened in order to compare with the data. The com-
parison with the stage-10 data is quite reasonable except
for the intensity of the lowest-frequency peaks, which are
quite sensitive to the functional line shape used to remove
the Rayleigh wing. The four most intense ra „peaks
identified in the simulation are those for which
mr+n =1 and r. The spectral redistribution accom-
panying stage reduction cannot be simply described by a
uniform peak shift coupled with line broadening as has
been recently observed in periodic superlattices. ' The
shift in phonon eigenfrequencies and the redistribution of
gaps at very low stage numbers is a unique aspect of
quasiperiodic lattices which are seen in phonon calcula-
tions for finite Fibonacci chains. These measurements
represent the first experimental verification of shifts in
the phonon eigenfrequencies in the regime of exceptional-
ly low stage numbers.
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