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Clusters and crystals are considered within the Born-Oppenheimer approximation. By means of
the one-particle density matrix and the pair distribution a local stress tensor is defined with the
divergence equal to the forces exerted upon the nuclei. From the local momentum balance follow (i)
the stress theorem as a generalized virial theorem and (ii) an expression for the stress of a crystal in-
volving integrals over the unit-cell surface. Within the Kohn-Sham formalism slightly modified ex-
pressions are obtained rigorously, and the form appropriate within the local-density approximation

is given.

L. INTRODUCTION

Two tendencies may be observed in contemporary
quantum chemistry and solid-state physics. On the one
hand there has been much recent interest in considering
the global properties of quantum-mechanical many-body
systems like total energy and the quantities that can be
derived therefrom.!~* On the other hand there is a ten-
dency to emphasize and exploit the local point of view in
the study of local properties and fragments of the sys-
tem.® The theory of quantum mechanical stress and relat-
ed quantities, whose basis was laid in the years around
1930,5~13 comprises both of these aspects, and has been
of increasing interest in the last few years. Recently the
papers by Nielsen and Martin'*'* and by Folland'® have
dealt with a variety of problems connected with this to-
pic. These and other®> papers also give references to ear-
lier work. In addition surface stress has been treated by
Needs and Godfrey!” and Vanderbilt.'?

The present paper'® extends previous relations? for the
hydrostatic pressure of a solid to the general case of
stress, using reduced density matrices’"?? throughout,
within the many-body Schrodinger equation as well as
the one-particle Kohn-Sham?*?* description. We thereby
complete the somewhat intuitive considerations given in
Ref. 14 with respect to the transition from the many-
body to the effectively one-particle description.

The key quantity is the stress & of a finite neutral solid
(a cluster) whose nuclei are considered as classical parti-
cles at fixed positions R, with the electrons being in their
ground state. As in Ref. 14, we define & in terms of the
derivative of the total energy E when a homogeneous, an-
isotropic and infinitesimal scaling is imposed upon the
solid, i.e.

3]
C= RO E
2R 3R,

with €, being the volume of the cluster, the o denoting a
dyadic product of two vectors, and the sum running over
the nuclear position parameters.
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As regards the electronic many-body subsystem, the
energy E is stationary with respect to first-order changes
in the electronic wave function. This was used by Fock?’
to derive by an isotropic scaling the well known virial
theorem of quantum mechanics, which in the case of
Coulomb interactions reads 2T+ V' =3pQ,.. Here T and
V are the kinetic and potential energies, respectively, and
p is the external pressure. Extending this procedure to
anisotropic scalings one obtains a generalized virial
theorem'* which will be referred to as the “stress
theorem”. It relates the stress & to electronic expecta-
tlon values of apBroprlately defined tensor quantities,
Tand V,ie. 2T+V= -&Q,.

In the local approach to quantum mechanical stress
the simplest local quantity is the electron density, whose
associated electric field is well known to yield forces upon
the nuclei through the Hellmann-Feynman theorem.”~°
The density of these forces is related to the local stress
tensor via the local momentum balance. Through a local
stress relation (generalizing a local virial relation derived
earlier?®) we find an expression for the integral of the lo-
cal stress over an arbitrary volume, which allows the fol-
lowing applications:

(i) For a finite cluster integration gver all of space leads
to a global stress relation for 2T+V and the generalized
“virial” of the forces ¥ ,R,oF,. With the help of the
Hellmann-Feynman theorem this relation turns into the
stress theorem for &. The interrelation between these
three quantities is shown schematically in Fig. 1.

(ii) Choosing the integration volume as the unit cell of
an infinite crystal the stress & is expressed by the total
momentum transfer through the unit cell surface. It con-
sists of a “kinetic” quantum mechanical momentum
transfer and the electrostatic interaction of the unit cell
with its exterior.

These results for the stress are not immediately valid
within the Kohn-Sham one-particle approach, despite its
exactness. Therefore the above program is repeated us-
ing appropriate splittings of the one-particle density ma-
trix and the electron pair distribution. Within the local-
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FIG. 1. Mutual relations between stress and related quanti-
ties: Eq. A (“stress theorem”) follows from a scaling argument.
Eq. B (“stress relation”) follows from the local momentum bal-
ance. Eq. C follows from the Hellmann-Feynman theorem.

density approximation (LDA) the exchange-correlation
(XC) contributions to the stress are explicitly evaluated,
obtaining agreement with Ref. 14.

The paper is organized as follows: Sec. II deals with
the many-body formulation. Section II A defines the
Hamiltonian and distribution functions, and Sec. II B
defines various ground-state expectation values. In Sec.
II C we give relations for electrostatic force densities and
the connection to the Hellmann-Feynman theorem. In
Sec. II D is derived the local momentum balance for the
local stress tensor, which in Sec. I E is used to derive lo-
cal and global stress relations and the stress theorem.
Section IIF deals with the thermodynamic limit of an
infinite system, and Sec. II G describes the separation of
the stress into kinetic, Hartree and XC parts. This is re-
quired for the considerations in Sec. III, which briefly ac-
complishes the above procedure for the Kohn-Sham for-
malism. Finally in Sec. IV our results are summarized,
and Appendixes A-D derive some of the relations re-
quired in the paper.

IL. MANY-BODY THEORY OF STRESS
IN CLUSTERS AND SOLIDS

We first consider an electrically neutral cluster of
atoms (e.g., a large piece of an extended crystal) consist-
ing of a finite number of nuclei and electrons, returning
later to the thermodynamic limit of an infinite system. In
this section the full many-body results for the ground-
state of the electron system are given.

A. Hamiltonian and density matrices

Within the Born-Oppenheimer approximation of clas-
sically behaving nuclei the many-body Hamiltonian con-
sists of the kinetic and potential terms, A = T+ V, with

N 2

T=3 —, (n

where P; denotes the momentum operator and m the
electron mass. N is the number of electrons, and the
denotes an operator quantity. The potential operator is
separated according to the subsystem of nuclei (denoted
by superscript “ + ) and electrons (denoted by super-
script “—"’) as
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2{;&/' IR, —R, | £ |IR,—r; |
2
€
+1Iy — (2)
D> lfi"fj]

oy
where ¢ and i label nuclei and electrons at positions R,
and r;, respectively. Z, denotes the nuclear charge and
€?=e?/4me, refers to the square of the elementary
charge. In the following #, m, |e | and €’ are replaced
by 1 using atomic Hartree units. The Hamiltonian given
by Eqgs. (1) and (2) thus describes a system with Coulomb
interactions, but we do not consider more general in-
teractions or magnetic fields in the present work.

We introduce charge densities and charge density
operators for the particles, i.e., the nuclear charge density

plr) =3 Z,8(r—R,) (3a)
7

and the nuclear pair distribution
p(rl;rz) = 2 Z/Z{'S(TI“R/) S(YZ—R/'). (3b)
E£61
The corresponding density operators for the electrons are

Atr) = 3 8r—r;) (4a)

and the pair distribution
h\(rl;r2):—°2 S(rl—r“) 5(r2—rj). (4b)
i#j
The self-interaction terms are eliminated in Egs. (3b) and
(4b).

The potential terms in Eq. (2) may be rewritten in
terms of these density operators as

| %fd3r,fd3r2 p(r,;r,_)*rl—, (5a)
12
PH- = —1fd%, [d’r, [p(r)h(ry)
+ Al pl)]—=,  (5b)
T12
12
with r; = r—r, and r; = |r;;|. The potential

operator P becomes
P = %fd3r,fd3r29(r,;r2)—rl— 6)
12

with the total pair distribution operator » defined as
Yr;;1ry) = p(rsry) — plrf(r,y)
— A(r)p(ry) + A(ry;r,). (7)
The analogous total density operator is
Yr) = plr) — A(r). (8)
Note that in defining the operators Egs. (4)—-(8) the gen-
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eral many-body operators are maintained. No expecta-
tion values are introduced up to this point.

B. Ground-state expectation values

The lowest-energy solution of the Schrodinger equation
A®=E® defines the electron ground-state wave func-
tion ®=®P(r;,0,;. . .;Iy,0y) and energy E, where r; and
o, are position and spin variables, respectively. The en-
ergy expectation value is

E=(0|A|®)=(A) =(T) + (M)=T+V,
9)

where we suppress the explicit reference to ¢ for con-
venience.
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written as
n(r) = (A(r)) (10a)
for the electron density and
n(rl;rz) = <ﬁ(r1;r2)) (IOb)

for the pair distribution function. These quantities are
normalized as follows:

Jd’r, n(nir) = (N—1n(x), (10¢)

[d*rn@) =N, (10d)

The n(r,;r,) is symmetric with respect to an exchange of
r;and r,.

The expectation values of the density operators are The one-particle density matrix?"?? is
J
. 1 3 3 .
n(r,r’') = W S fd rycct fd ry®(r,0 515,05, . TN, 08P (1 ,0;15,0,;. . ;TN ON), (11a)
- ° TR oN
h di 1is the el densi i
whose diagonal is the electron densit r—r;
& g E/(r) = = (17
n(r,r) = n(r). (11b) |r—r; |

Note that n(r;r,) with a ““;” denotes the pair distribu-
tion, whereas n(r,r’) with a *,” denotes the one-particle
density matrix.

The kinetic and potential energies may be written in
terms of the one-particle density matrix and pair distribu-
tion functions as

2
T = [d¥ %—n(r,r’)l,'=,, (12)

V =1[d [drur;ry) L (13)

T2
Here the total pair distribution function v(r;r,) is the ex-
pectation value of Eq. (7).

C. Electrostatic force densities

We introduce the electrostatic potential ¢(r) as the
solution of the Poisson equation, i.e.
1
_ 3. ’ _ —
$(r)= [d* wr") T e, a4
which by Eq. (8) is the sum of a nuclear potential ¢ (r)
and an electronic Hartree potential ¢ ~(r).
The total electrostatic field is

E(r) = — 9‘%‘—:—) = E*(r)+E~(r), (15)
where

E*(r) = [d’r p(r)E(n), (16a)

E~(r) = — [d’ n(r)E,(r) (16b)
with

denoting the electric field arising from a unit point charge
atr;.
The total electrostatic force density at a point r is

f(r) = L [d° [d’r, vir;;r,) [8(r—r,)Ey(r)
+ 5(r—r2)E1(r)],
(18)

which simply expresses the force on all particles at r in
terms of electrostatic interactions among the particles.
Because of the symmetry v(r;r,)=v(r,;r,) we can write
the electrostatic force density Eq. (18) simply as

f(r) = [d°r, vir;r)Ey(r). (18")
Using the definition of v(r;r,), Eq. (7), we may separate
the force density as f=f* + f~ with the nuclear part

£5(r) = [d’r, pr;r))Ey(r) + p(r)E~(r)  (19)

being the force density on the nuclear subsystem arising
from all nuclei and electrons. The electron part f~ is

£7(r) = —n(nE*(r) + [d’r, n(r)Ey(r),  (19b)
i.e., the force density on the electrons at r due to the nu-
clei and electrons. We may call f~ the Ehrenfest force
density since it is the force acting upon quantum mechan-
ical particles in analogy with Ehrenfest’s theorem® of the
force upon a wave packet. Whereas f(r) is a smooth

function of r, the f*(r) consists (due to the discreteness
of the background) of §-functions,

f+(r) = 3 F,8(r—R,) (20)
/
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with
F/ = Z/[E(f)—Z/E/(r)]r:R/ ’ (21)

i.e., the nuclear charge times the total electric field, Egs.
(16) less the nuclear self-interaction term. E,(r) is given
by Eq. (17), replacing r; by R .

The well-known Hellmann-Feynman theorem’ ~° states
that for any eigenstate of the Hamiltonian, i.e., especially
for the ground state, the force upon a classical nucleus at
R, is '

“%=“<%>=*<%>=F’ @2)

so that f*(r) may be referred to as the “Hellmann-
Feynman force density”.

Since we consider only the electronic ground state of
the system, there can be no net force or torque acting
upon the subsystem of classically behaving nuclei, i.e.,

[d’r £*(r) =0, (23a)

Jd*r rx£*(r) = 0. (23b)

The latter relation may be reexpressed as a statement that
the dyadic product re f (r) may have an antisymmetric
part whose integral must vanish identically.

D. Local momentum balance

A local stress (or stress field) is defined, in analogy with
the classical elasticity theory, as a tensor field whose
|
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divergence is equal to the force density. In a quantum
system there are kinetic as well as potential stress fields,
and following Ziesche and Lehmann® we introduce the
(real) momentum flux density

1% ark a
21r) = ﬁ%ﬁol’—fﬁ n(ee’) |, - 24)

In Appendix A it is shown that the divergence of 21(r)
equals the electron force density, i.e.,

D 2% = (). (25)
or
This result was first given by Pauli’ for a single electron,
showing the microscopic balance of momentum flux and
the force density. The quantity —2t(r) is referred to as
the kinetic stress tensor field of the electrons.
The potential stress tensor field is defined as —(r)
with

i) = 1 [dr, [ d3r, vr;r)i(n) (26)
and
Malr) = — Zl;[El(r)OEz(r) + E,(r)eE(r)
— E\(1)-Ey(n)1], 27)

where E;(r) is the function (17). Note that —ij;,(r) is the
Maxwell stress tensor of two interacting unit point
charges located at r; and r, less the self-interaction con-
tribution of these charges:

Folr) = — -‘11;{[E1(r)+E2(r)]o[El(r)+E2(r) —UE(D+EMPT

—E (1) Ey(r)+1E(r)? T—Ey(r)o By(r)+ 1E,(r)? T} . (28)

(The prefactor €, equals 1/4# in atomic units.) The diver-
gence of 7f;,(r) is simple to calculate and we find the elec-
trostatic momentum balance

%-ﬁm = —f(r), (29)

see Appendix B.
A central result is the local momentum balance, which
is found by adding Egs. (25) and (29) to give

9 Fr) = £+r), (30)
dar

where we have defined
Fr) = —[2tl0)+70)] 31

as the local stress tensor.

Note that it is only the nuclear force density f*(r) that
appears in Eq. (30). This is to be expected because Eq.
(25) as a generalized Ehrenfest theorem contains only the
force on the electrons, whereas Eq. (29) involves the total

f
force density because it refers to all charges of the sys-
tem. Thus the local stress tensor is related only to the
forces on the nuclei which should be compensated by
external forces keeping the nuclei in their given positions,
according to the Born-Oppenheimer approximation.
Equation (30) specifies how to calculate atomic forces
[i.e., £*(r) defined by Eq. (20)] from the local stress ten-
sor &(r). The first derivation of the stress as the sum of a
kinetic stress and a Maxwell stress, Eq. (31), was present-
ed by Feynman,'® and a form valid for general many-
body interactions was given by Nielsen and Martin.!* Re-
garding the stress fields as defined in Egs. (24), (26)-(28),
and (31), we remark that this is in no way a unique form,
since the curl of an arbitrary tensor field may be added
without affecting the physical force. This ambiguity or
arbitrariness of the stress field is discussed also by Nielsen
and Martin'* and is related to the ambiguity of the elec-
tromagnetic energy density discussed by Feynman.!®26
As a final remark, the momentum balance (30) can be
considered as a rigorous relation between the one-particle
density matrix (or momentum distribution), the pair dis-
tribution function, and the electron density.
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E. Local and global stress relations

Several interesting results follow from Eq. (30). Firstly,
integration of Eq. (30) over an arbitrary volume ) with a
surface S gives

[ dr t+0 = [ ds-&(r), (32)
(1) N

which is the force exerted upon the fragment ) of the
cluster. The fragment could be chosen to include only a
single nucleus, thus giving the force F, on that nucleus in
a way complementary to the Hellmann-Feynman
theorem (21) and (22).

Secondly, there is a local stress relation

o(r) = i-Zr’(r)ar — f*(r)or, (33)
or
which is found by multiplying Eq. (30) dyadically by r
and using 3/0ror=1. Integrating Eq. (33) over Q gives

[ ar & = [ ds-Frer — [ d f(rler,  (4)
Q N Q

which is the stress relation for the fragment ( of the sys-
tem.

If Q is taken as all of space and the system is finite the
surface integral vanishes because &(r) as defined by Eq.
(31) decays sufficiently rapidly. Then we have the global
stress relation

27T+V = SR,oF, (35)
4

with the tensor quantities defined as (kinetic and poten-
tial energy tensors, respectively)

T= [ar¥n = [d* %—Enu,r'n,,:,, (36a)

01y
3 b
&V

V= fd3r (r) = %fd3r1fd3r2v(r,;r2)

(36b)

and the nuclear force F, given by Eq. (21). On the right-
hand side (r.h.s.) of Eq. (35) the symmetry property (23b)
has been used. Eq. (36a) is obtained from Eq. (24) by par-
tial integration, and in Eq. (36b) the result (B3) has
been used. According to the Hellmann-Feynman
theorem (22) the r.h.s. of Eq. (35) can be written as
—2/ R(an/aR/

The stress of a finite system (a cluster) occupying a
volume (), and being in equilibrium with external forces
is defined in terms of the change of E due to a homogene-
ous, anisotropic and infinitesimal scaling as

1 ]
. 7
o ; Reogp E (37)

>
g =

Comparison with Eqgs. (34) and (35) shows that the stress
defined from the total energy agrees with the mean local
stress defined as f d3r&(r)/Q,. Note that &(r) is essen-
tially nonzero only within Q.. From Egs. (35) and (37)
follows the stress theorem

’T+V = — &q, (38)

derived by Nielsen and Martin'* using a scaling argument
[see their Eq. (7)]. An alternative derivation restricted to
Coulomb interactions is given in Appendix C. Forming
the trace of Eq. (38) yields the pressure p as

2T+V = 3pQ,, (39)

where we have used trT=T and trV =V with the expec-
tation values (12) and (13). This result is also known as
the virial theorem. It has been derived in a fashion simi-
lar to the present one in Ref. 20.

F. The thermodynamic limit

In the thermodynamic limit of an infinite crystal (i.e.,
), — ) all quantities have to be calculated per unit cell,
i.e. integrals and expectation values refer to the unit cell
volume Qy=_/N,, where N, is the number of unit cells.
The limit must be taken in a special way to ensure that
the surface integral in Eq. (34) remains zero and thus that
the above results hold. The infinite crystal must be built
by adding unit cells one by one, always maintaining a
finite cluster which grows in such a way that Q,, N.— «
but with Q. /N_. remaining finite. The cluster must
remain electrically neutral and have a vanishing macro-
scopic electric field. All extensive quantities have to be
divided by N, the number of unit cells, before taking the
thermodynamic limit, i.e.,

> >

T Y ). 3
N, _»fﬂod ritn, 5 _>fﬂ0d r W) .

Equation (37) takes the form

d

3

=g

g = — a,o—¢
2 da;

1

37
Q, 2 (37)
where ¢ is the energy per unit cell and the a; denote the
lattice translation vectors.?’

For the infinite system the stress & times (), is equal to
the left-hand side of Eq. (34) when the volume () is taken
as the unit cell volume Q, Let us furthermore assume
that the nuclei occupy, for a given form of the unit cell,
their equilibrium positions so that F,=0. The case of
nonzero forces would require an averaging procedure, as
described by Nielsen and Martin.'*?® From Eq. (34) we
have

§0 = [, d*r 5lr) = [ dS-Flrler
= fs [dS-&(r)or],, (40)
0

where S, is the unit cell surface. In the last step we have
introduced the symmetrization [aob];=1(acb+boa) in
order to enforce symmetry in the individual terms of &'

The kinetic part —2t(r) of &(r) is inserted into the sur-
face integral, and the potential part —7(r) can be
transformed as shown in Appendix D to give
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>, A,'+ ’ ds f d3 f d3 ( . )1 ) _a_ —_ i _.1_
dQy = — Re fso [rop], B———ﬁz n(r,r’) _r— a, r s rav(r;;0))y |1 ar, 20 o, | o

= s
41)

The first term is connected with the momentum flux
through the unit cell surface S;,. The second term is due
to particles inside €, interacting with particles outside
the unit cell Q,. Interactions between particles entirely
inside or outside Q, do not contribute to the stress &
given by Eq. (41). One may rewrite this term using Eq.
(B4).

G. Exchange and correlation part of the electrostatic stress

The local stress tensor &'(r) given by Eq. (31) is the full
many-body result for a system with Coulomb interac-
tions. The kinetic stress —2t(r) is related to a one-
particle quantity, whereas the potential stress —(r) is
related to the pair distribution and therefore contains ex-
plicitly what is referred to as exchange and correlation
(XC) terms.

The electron pair distribution n(r;;r,) may be split into
a product Hartree term and a remainder XC term as

(42)

n(r;;ry) = n(r)n(ry) + nyc(r;r,).

Taking into account Eq. (7), this allows the separation of
7(r), Eq. (26), into Hartree and XC parts. The Hartree
part is

Ty(t) = — ?f”(r)—;ﬁ%r) , (43)
where 7™ is the Maxwell stress due to the total electro-
static field (15), i.e.,

) = - [EeB(r)— tE(r)? T] (44)
From 7 are subtracted as in Eq. (28), the nuclear self-

interaction terms 'q,« given by Eq. (44) with E(r) replaced
J

fnd3r My(n) =—- Y Z, lro-a—tr+ T [ﬂ(r)
0 R,EQ, 0
+ fﬂ d3r n(r) [ro —tr+1 T)ﬁ(r)
0
with

or

= [d’r, vr,) n12°Tn 41”)
12 n=r

This form is approRriate for the application of the Ewald
technique because ¢(r) has the crystal periodicity.

II1. DENSITY-FUNCTIONAL THEORY AND THE LDA

Within the density-functional theory>® an effective
one-particle equation was derived by Kohn and Sham?*

[
by the electrostatic field due to the £th nucleus, E,(r)
given by Eq. (17) substituting r; by R, and adding a fac-
tor Z,.

The XC part of 7(r) is given by

%fd3r,fd3r2 nxc(T;12)7 ()

in analogy with Eq. (26).
The total stress tensor field can therefore be written as

(46)

'('_'.xc( r) = (45)

F(r) = — [200)+ 750 +Txc(D)].

The 7y (r) is the simplest to calculate because it only re-
quires knowledge of the electron density n(r), in addition
to the given density of nuclei p(r). The kinetic term t(r)
requires the one-particle density matrix n(r,r’) which
contains many-body effects. In principle n(r,r’) is deter-
mined by the self-energy operator 2(r,r’;e), which has
recent]y been calculated approximately in the so-called
a?proxlmatlon by Hybertsen and Louie,? Godby
et al.,*® and others.! Experimental determination of
n(r, r’) is discussed in Ref. 32. As regards the XC term
ixc(r), little is known about the nyc(r);r,) and conse-
quently we cannot comment at present upon the feasibili-
ty of actual calculations.

An additional remark concerns the contribution of the
Hartree term 7(r) to the stress &, which is contained in
the last term of Eq. (41) through the Hartree term of
v(r;1,), which is given by v(r|)v(r,). For calculational
reasons it may be appropriate to reextend the integration
over 1, to all of space, which leaves Eq. (41) unchanged
because the integrand is antisymmetric with respect to an
interchange of r; and r,. Since the integration volumes
overlap in this case, one has to take care of the cancella-
tion of the self-interaction divergences again. Accom-
plishing this, the % is given by

zZ, r—R, r—R,
— o
[r—R,| [r—R,| [r—R/| =R,
41"
[
(denoted KS),
[P+ V(D) 4 Vyc(r)1gi(r) = g, (r) 47)

for the one-particle orbitals ¢, with eigenvalues ¢,.
Whereas V(r)= —¢(r) arises from the electrostatic po-
tential p=¢* + ¢~ due to nuclei (¢*) and electrons (¢,
Hartree) as given by Eq. (14), the second term Vy(r) is
an effective XC potential. The total energy is

E = Txs+Vy+Exc[n(n)], (48)
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where Tgg is the kinetic energy of the one-particle wave
functions,

oce
Tks = 3 (e 3071 64) (49a)
k
and Vy is the Hartree potential energy,
Vg = V= [d n(0[¢*(1)+14~(D] . (49b)

Here V* % is the nuclear electrostatic energy (5a).
Eyc[n(r)] is a functional of the exact charge density
which is

oce

nir) =3 | gi(r)]|?

k
The XC potential is the functional derivative of Exc,

SExc[n(r)
ch(r) = —‘)EC-["‘_J‘ . (50)

Sn(r)
A partitioning of the true density matrix n(r,r’), Eq.
(11a), is suggested by the form of Txg as

occ

n(r,r') = Y i (r)d,(r’)
k

-+ nxc(r,r')

=ngg(r,r’) + nxc(r,r’). (51)

This allows writing the exact kinetic energy as
T =Tgs+ Txc where T and T are given by Eq. (12) us-
ing the density matrices n(r,r’') and nyc(r,r’), respec-
tively. Similarly the exact potential energy is written as
V=Vy+ Vxc through the partitioning (42) of the pair
distribution function.

Since the KS equation (47) is derived variationally
from the true total energy (48), there is a momentum bal-
ance condition for the KS kinetic stress tensor density
txs(r) [given by inserting nyg(r,r’) into Eq. (24)],

%-2?,(5(1') = — n(O[E(r)+Exc(n)] (52)
following directly from Eq. (47) as shown in Appendix B.
In addition to the electric field (15) the XC electric field
Exc(r)=0Vx/0r appears. This result is analogous to
the momentum balance (25) whose r.h.s. [given by Eq.
(19b)] also consists of an uncorrelated Hartree term and
an XC term, according to the splitting (42). Similarly
there is an electrostatic momentum balance for the Harl-

ﬁ——ziﬁnxs(r,r')ds

#0 = — Re [ l[roib]s

d
— f d rlf d rav(r W(ry )5 {r,o?ﬁ:

analogous to Eq. (41).

Up to this point our analysis rests upon rigorous rela-
tions. For practical calculations we now describe the cor-
responding results within the local-density approximation

tree stress tensor (43)

—a%_--’q"H(r) = — f*(r) + n(r)E(r) (53)
in analogy with Egs. (29) and (19).

With these definitions the local stress tensor (31) is par-
titioned into KS and XC parts as &(r)=8gs(r)+x(r)
with

Trs(r) = — [2txs(D+75(0] . (54)
They fulfill the momentum balances

%-&’Ks(r) — £*(r) + n(DEx(r), (55a)

&_—-Fxc(r) = — n(r)Exc(r) . (55b)

Equation (55a) follows from the sum of Egs. (52) and (53),
and Eq. (55b) is a consequence of Egs. (30) and (55a).
From the XC momentum balance (55b) follows in analo-
gy to Eq. (33)

Oxclr) = ——-0xc(rler + n(r)Exc(rler, (55¢)

9
or
which can be considered a local and dyadic generaliza-
tion of the Averill-Painter relation

2Tyc+Vxe = — [ d°r n(r) r-Exd(r), (55d)

of Ref. 33.

We have thus shown that the local stress tensor &'(r) is
given within the density-functional theory as the sum of a
local KS stress &gg(r) given by Eq. (54) and a local XC
stress &'xc(r) determined by Eq. (55b) for a given form of
the XC potential Vyc(r). Having solved Eq. (55b) it fol-
lows that all results in Sec. II have analogous expressions
within density-functional theory.

For example, the force upon a fragment  of the sys-
tem is given by Eq. (32) as

3 £+ = & o . 56
fﬂd r £+(r) fst [Fxs(r)+xc(r)] (56)

The r.h.s. consists of a KS kinetic term and a Hartree po-
tential term, and additionally a local XC term evaluated
on the surface S. Similarly the stress theorem (38) has a
term from the XC stress

[ d’r [Gxs(D)+8xc(n)] = 5Q, . (57)

Taking the thermodynamic limit we obtain the result

d
—_ rzo&;] ';1—2— -+ f [dSor]S O'xc(r) (58)

(LDA)* which assumes the form for the XC energy

Excln(n] = [d* n(Dekc(n(n), (59)
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where ek(n) is the XC energy per particle in a homo-
geneous electron gas of density n. Thus the XC potential
and the XC field are given by

VA = el : 60)
n=nl(r)
on(r) d?
n(r)ERA(r) = —/—— |n——neli¢ (61)
or an n=n(r)
With the operator identity
" d? = d_ a2 d
dn? - dn dn
Eq. (55b) takes the form
9 —iDA 9 | »d
Y - _ = L 6
ar *Oxc (r) ar n dn Exc(n) I » (62)

from which we obtain the particular solution (see end of
Sec. II D)

‘—’LDA(!_) — 2 d

Txe —n E;E‘)‘(C(n) 1 (63a)

n=n(r)

being in agreement with the stress of a homogeneous elec-
tron gas, &(n)= —n2[de™(n)/dn ]1, and with the idea of
the local nature of the LDA. As the final expression we
rewrite Eq. (63a) as

FPA(r) =

&2 leh(n(t)—VRAME]T.  (63b)

When this expression is inserted into Eq. (58), agreement
is obtained with the results of Nielsen and Martin'* [their
Eq. (30)] for the LDA stress tensor, and we have thus
provided a rigorous basis for their results.

IV. CONCLUSIONS

Formulas for the stress tensor & of finite clusters as
well as homogeneously strained infinite crystals are de-
rived:

(i) From the many-body Schrodinger equation follows
via its local momentum balance (30) the stress formula
(41), which requires the knowledge of the one-particle
density matrix n(r,r’) and the electron pair distribution

n(r;r,). l

fdr,v

X¢*(r'l,01;r12,02;. .

H)®(r,0;15,05;. ..
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(ii) From the one-particle Kohn-Sham equation follows
via its local momentum balances [Egs. (55)] the stress for-
mula (58), which requires for a given form of the XC-
potential the self-consistent solutions of the Kohn-Sham
equation and the solution of the equation for the local
XC stress, Eq. (55b). In the local-density approximation
this solution is given by Eq. (63b).

Corresponding pressure formulas arise simply by forming
the trace of the mentioned stress formulas.

Consequences of these results are as follows:

(i) A force sum rule for the nonrelaxed surface of a
semi-infinite crystal follows from the trace of Eq. (35) in
the thermodynamic limit.*3°

(ii) The local momentum balances (25) or (30) can be
viewed as relations between the one-particle density ma-
trix n(r,r’) and the pair distribution n(r;;r,) in addition
to the normalization conditions (10c) and Ref. 36.

(iii) The Kohn-Sham momentum balances (52) or (55a)
relate the Kohn-Sham density matrix ngg(r,r’) to the
XC-potential of the Kohn-Sham equation.

(iv) The local stress relation (55c) for the XC parts of
the momentum flux and the Maxwell stress tensor is a lo-
cal and tensor generalization of the (global and scalar)
Averill-Painter relation.3

(v) Finally is emphasized (as in Refs. 14 and 20) the
possibility to calculate Hellmann-Feynman forces (which
drive relaxations in clusters, around point defects, or at
surfaces and interfaces) from surface integrals around in-
dividual nuclei [see Eq. (56)] or between parts of the clus-
ter or crystal under consideration.
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APPENDIX A: LOCAL MOMENTUM BALANCES
OF THE SCHRODINGER
AND KOHN-SHAM EQUATIONS

The equation of motion for the one-particle density
matrix is given by

STAON)

. ’
T N’UN)|r|=r;r‘|=r’;r',:ri(i=2 ..... N)

- 5% + ai ]j(r ) —i [, [=nln,r (e + a6 50 l[da(r ) —dy(n)] (A1)
where the abbreviations ¢,(r)=1/|r—r,| and
jlr,r') = ﬁ——;—-p-n(r,r’) (A2)
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(the one-particle flux density matrix) are introduced. The quantity n(r,r’;r,) is given by Eq. (11a) replacing the opera-
tor f d>r, by the factor (N —1). In the first term of Eq. (A1) is used the identity

ark a

I ]

—i($p7—3pPn(rr’) = o

2

B——ip—n(r,r’) =

d 3 |.
—_— —_— 4 . 3
3 + 3r j(r,r’”) (A3)

For r'=r from Eq. (A1) the continuity equation dj(r)/0r=0 arises. Application of P before setting r ' =r immediately
gives the momentum balance (26). This is seen from the definition (19b) of f ~(r) and from

9 98 | _ |PtDP  P+P
Po i3 T 5 [IOT) = 2 T
IR I NGS5 LE= N
= ar'+8r] 5 ° n(r,r’)
9
—ar2t(r),

where the definition (24) of t(r) and the continuity equa-
tion are used.

Starting with the KS equation (47) and using the
definitions (51) of the KS density matrix ngg(r,r’) and a
rewriting similar to Eq. (A3), the equation of motion for
the KS density matrix results:

d d
__—..+—_.

or’ or Jxs(nr’)

—ngs(6,t ) [Vis(r)—Vis(r)] = 0,  (AS)

where Vig(r) abbreviates —¢(r)+ Vyxc(r). Forr’=r the
continuity equation 9jgg(r)/dr=0 arises, which implies
that also jxc has to obey the continuity equation. Now P
is applied and afterwards r’ is set equal to r. With
OVks(r)/0r=E(r)+Exc(r) and with a rewriting similar
to Eq. (A4) the KS momentum balance (52) results from
Eq. (AS).

APPENDIX B: THE ELECTROSTATIC
MOMENTUM BALANCE

From the definition of 7;,(r), Eq. (27), it follows that

%‘ﬁu(r) = — [8(r—r)Ey(r) + 8(r—ry)E((1)] .

(B1)

Application of the operator 1 f d’r, f d’r, v(r;;r,) im-
mediately gives the electrostatic momentum balance (29)
because of the definitions Egs. (27) and (18'). On the oth-
er hand, with the identity (3/3r)er=1 the integral

8.
dr

[d’r 0 = [dr ia(r) (B2)

can be rewritten by means of a partial integration and us-
ing Eq. (B1) as
J

(0| B ;) = det(1+AE" [dr, -+ [dry ®*(xy,. ..

[a
o |9
dr’

ark a
-p—ztp—n(r,r')

9

+ar

r'=r

+ %ﬁO%'(r)

r'=r

(A4)

r0ry;

3
12

(B3)

[ d’r Fy(r) = Ey(rdor; + Ej(rylor, =

In the last step the definition (17) of E;(r) is used. An
equivalent form of Eq. (B3) is

d a 1 [1°00);
ro— 4+ 10— |— = — ——— . (B4)
! arl 2 arz |r12 r?z

APPENDIX C: PROOF OF THE STRESS THEOREM

The stress theorem (38) can be derived by two alterna-
tive methods. Firstly, it may be proven by considering an
infinitesimal homogeneous and anisotropic stretching of
the wave function. This is a generalization of Fock’s
method?® and has been accomplished in Ref. 14. Second-
ly, it may be proven by evaluating the commutator of the
Hamiltonian with the generalized virial operator
>.riop;. In the following the essential equivalence of
these two approaches will be shown directly. The point is
that the generalized virial operator is in a sense the gen-
erating operator for an infinitesimal scaling of the wave
function as shown below. Having done this, we will
prove (38) using the second approach.

To avoid derivatives with respect to tensor quantities
we will describe the scaling of the wave function by
r,—r;'=r;+A€r; with A being a scalar variable and €
an arbitrary constant and symmetric tensor. The correct-
ly normalized wave function is (reference to the spin vari-
ables is omitted)

D,(ry, ... ,1y) = det(1+A DN 2D(r/, ..., 1) .
With this wave function we form the expectation value of
the unchanged Hamiltonian

Loy A, .. 1y) (C1)
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and consider the derivative with respect to A for A=0
(note that ®,_, is the unstretched wave function ®).
With the help of

d -
9 = , C2
m det(14+AE) - tre (C2)
d , , . -
—d(r),...,ry") =iy L Ep;P(ry,...,1y)
a}\' A=0 i
(C3)

we obtain

d

o (Ol H @) .

= NuEA) + i -3 b, EA+AZ 0 ED) .

(C4)

Taking into account that §; €r; —r; €P; = —itrE, the last
relation turns into

-aax(dmﬁmk)

- i( [ﬁ,z r, TP, ]> . (CS)
0 i

A=

For ® being an eigenstate of A the two sides of Eq. (C5)
have to vanish. Setting the Lh.s. to zero gives the stress
theorem'4, whereas setting the r.h.s. to zero gives

i< [ﬁ, [2 rioﬁ,]s]>=0,

because £ is an arbitrary symmetric tensor. Together
with the torque sum rule (23b) the last equation yields

i< [ﬁz r,.oﬁ,.p:o

(C6)

(C7)

showing the desired equivalence.
To derive the stress theorem from Eq. (C7) we consider
first the commutator

~ 5.1 = 0 s 9
t{ﬁ,gmpi] = Sbe T Sreg, . (s
With
d >
o~ —T =2T (C9)

2%,
the generalized virial theorem reads

sz d

2T — <2’ i f’) =0, (C10)

the trace of which is the usual virial theorem. To specify
Eq. (C10) for our problem we have to insert the concrete
form of P, Eq. (2). With

3 d %
l;r”ar +§RfoaR/}i>_ A (C1y

i
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[see Eqs. (36b) and (B4)] and using that A depends upon
the nuclear positions only via the potential energy V we
find

>

2T+ V= ~2R/o<
14

of
6R/> . (C12)

Applying the Hellmann-Feynman theorem (22) on the
r.h.s. gives finally the stress theorem (38).

APPENDIX D: PROOF OF EQUATION (41)

Using Eq. (29) for the potential stress tensor field #(r)
one can write

fs0 [romr)dS]Szfﬂod3r {3ftr)—[re £(r)],}
= fnodSr %fd3r1fa'3r2 v(r,;rz)ﬁz(r)
(D1)
with the definition
T,(r) = #p(r) — [ro {8(r—r)E,(r)
+ 8(r—r1)E\(r)}]; ,

and M12(r) defined by Eq. (27). The forces in the tensor
I,,(r) can be expressed by the potential 1/r;,. Using Eq.
(B4) it becomes

T(r) = Wi(r) + L[8(r—r1))+8(r—r1,)]

d 1
X |10 ar, + 10 ar, ]rn , (D2)
with
< - , vARSY)
wlz(r) = 1)12(1’) - 7[5(r-—r1)+5(r——r2)]’——3—
T2
(D3)

The first term in Eq. (D2) does not contribute to Eq. (D1)
for the following reasons. First, f d’r Wy(r)=0 is a
consequence of Eq. (B3), and hence for a finite cluster the
tensor field

w(r) = %fd3r,fd3r2 V(1 ;1,)W,(1) (D4)
has the same property, f d3r W(r)=0. On the other
hand, in the thermodynamic limit of an extended periodic
crystal W(r) becomes a tensor field possessing the crystal
periodicity. This is true because the total pair distribu-
tion v(r;r,) becomes a crystal periodic function and be-
cause this property is transferred to W(r) through W,,(r),
which depends according to Egs. (D3) and (27) upon r,
and r, only via the differences r—r; and r—r,. Therefore
we may write, as in Sec. I F:

1 rs, e 3 @
N fd r w(r)——»fﬂod r w(r), (DS)

and hence [ 90d3r w(r)=0. Finally, the last term of Eq.
(D2) contributes to Eq. (D1) a term
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f00d3r Lfd’r, [dir, vlrse)Ty(n)
= fgod3r1fd3r2 wr;r)t

X (D6)

8 A
P ar, " 3r, RTI

where fnod3r 8(r—r;)=1 for r; EQ, and =0 otherwise

has been used. The integrand is antisymmetric with
respect to an interchange of r; and r,. Therefore r,E(},
does not contribute and only the integration over the re-
gion outside (), remains nonzero, i.e., we may restrict r,
as T, E (00 — ().
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