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%'e solve a spin-1 model at zero temperature which exhibits the analogue of surface melting as its
triple point is approached, and study the elect of this phenomenon on the surface phase diagram of
the system enclosed by walls. %'e note that when a thick film of the "solid" phase can adsorb on the
walls, it is reasonable that it mill do so all the ~ay to the triple point. In this case, the surface phase
diagram exhibits two distinct series of layering transitions in the region of the bulk "gas" phase.
One of these is the me11-known series by which the solid gro~s; the other is seen to be intimately re-

lated to the layering transitions associated with surface melting and is, therefore, the direct elect of
such melting on the surface diagram. A single series of layering transitions appears in the region of
the bulk "liquid" phase, and none in the solid. EfFects of finite temperature and roughening are dis-

cussed and a schematic phase diagram proposed for the finite-temperature system, one which may
be applicable to CF& and C2H& adsorbed on graphite. %hen a thick film of the solid cannot adsorb
on the walls, surface melting does not alect the surface phase diagram o8'of coexistence.

I. INTRODUCTION

Surface melting, the melting of a solid from its surface
inward, is a particular case of interfacial wetting, onc in
which a film of liquid is nucleated at the solid/gas inter-
face and grows in thickness without hmit as the triple
point is approached. Simply because it is s wetting
phenomenon, much is known about it. In particular, it is
possible for the melting of the solid, proceeding from the
gas solid interface, to take place via a series of layer tran-
sitions. The surface phase diagram will reAect this in the
presence of a series of singularities along the bulk
gas/solid coexistence line. If the system is now enclosed
by a wall upon which a thick film of solid can be grown,
we further expect that layer melting transitions at bulk
gas/solid coexistence will be manifest in the region of the
surface phase diagram ogthis coexistence corresponding
to the bulk gas phase. Thus, a series of transition lines at
which layers of adsorbed liquid appear as the bulk
gas/liquid transition is approached may be evident. This
series of transitions is distinct from the well studied
series by which the adsorbed solid grows as the bulk
gss/solid transition is neared. The relation between these
two series of transitions in the surface phase diagram is
not obvious.

Clearly, in order to observe effects of surface melting
off of coexistence, it must be possible to grow a thick film

of solid upon the walls; that is, the solid must wet the
wall/gas interface over some interval of temperature up
to T„ the triple temperature. %e shall assume this to be
the case, snd also that the liquid wets the wall/gas inter-
face throughout an interval of temperature above T, .
For the former to occur, it is not sufhcient that the solid
be attracted to the substrate more strongly than the
liquid. This is because the interfacial tension between
solid and gss may be sui5ciently larger than that between
liquid snd gss so as to favor the presence of a thick liquid
film even at temperatures somewhat below T, . As a

consequence, the solid no longer wets the substrate near
the triple temperature.

This scenario does not occur, however, if the bulk sys-
tem undergoes surface melting, as postulated, snd if the
solid wets the wall/liquid interface. In this case, a com-
pound film is formed between the wall and gas as T, is
approached. The Sm consists of s thick layer of liquid
on top of s thick layer of solid; thus the sequence is
wall/solid/liquid/gas. The validity of these statements
is easily seen as follows. The assumption that the system
undergoes surface melting implies that at the triple point,

0'sg =Osl+&Ig ~

~here the term on the left is the surface tension between
solid snd gas phases, and the two on the right are the sur-
face tensions between sohd and liquid, and between liquid
and gss. The additional assumption that the solid wets
the wall/liquid interface implies that

~~s+Osg &&mI+~lg . (3)

It is understood that the surface energies on the right are
continuations below T, of the thermodynamic functions
defined at and above T, . Upon substitution of Eq. (l)
(surface melting) into inequality (3) and cancellation of
the common factor of o Ig, we arrive at the inequality

&~s+O'sl & &~I

O ul =&us+~st ~

where the subscript m stands for "wall. " %e now sup-
pose that, contrary to the desired result, the solid wets
the wall/gas interface far from the triple point but under-
goes a dewetting transition to a thick but finite film of
liquid as T, is approached. It does so in order to take ad-
vantage of the lower surface energy of the liquid which is
expressed in thc inequality
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which violates the assumption that the solid wets the
wall/liquid interface, Eq. (2). Thus, the supposition that
the solid undergoes a dewetting transition is false. Furth-
ermore, at the triple point,

Omg=omS+~Sg ~

because the solid wets the wall/gas interface all the way
to T, . This becomes, with the assumption of surface

melting Eq. (1),

0 ug =&us+OsI+O'Ig ~

which shows that the film is compound as stated.
We note that both of the assumptions embodied in Eqs.

(1) and (2) are reasonable. First, in a one-density theory,
one expects surface melting to occur whenever the densi-

ty of the liquid is intermediate between that of solid and
vapor, ' a situation encountered in almost all cases (the
notable exception being the system of water). Second, a
necessary condition in such theories that the solid wet the
wall/liquid interface is identical to the condition that the
solid wet the wall/gas interface. In sum, if we have a sys-
tem in which the solid wets the wall/gas interface below
the triple temperature, it is reasonable that it will contin-
ue to do so all the way to the triple temperature. ' Above
this temperature, the solid will wet the wall/liquid inter-
face. As a consequence, in the bulk liquid phase, we also
expect, in the absence of roughening, ~ a series of layer
transitions in which the solid gro~s as the bulk
solid/liquid coexistence line is approached. " In the next
section, we will determine the surface phase diagram of a
model system which has a triple point and which under-
goes the analog of a surface melting transition. It has the
further advantage of being exactly solvable. It is a
81ume-Emery-GriSths model subject to surface fields,
and at zero temperature. The phase diagram, Fig. 1,
displays two series of layer transitions in the bulk "gas"
phase, and one series of layer transitions in the bulk
"liquid" phase. In the final section, we briefly discuss the
eff'ects of temperature and of roughening and propose a
plausible phase diagram. We believe that it has applica-
tion to the systems of CF4 adsorbed on graphite' and to
CzH4 adsorbed on graphite. '

II. CALCULATIONS ON THE MODEL SYSTEM

%e consider a spin-1 system on a cubic lattice of unit
lattice constant which is governed by the Blume-Emery-
Griliths Hamdtoman'"

= ——,
' g [J,,S;S,+K;,S S,'+C;, (S;S,'+S;S, )]

f,j
—g(HS; —bS; ),

~here each spin variable S;=+1,—1,0. This model,
with ferromagnetic interactions, has three ground states
in which the spins are in one of the three configurations,
and these three states meet at a triple point. Phase tran-
sitions between these states occur at zero temperature by
varying the two bulk fields H and 6 just as those between
the three phases in bulk helium at zero temperature

occur by varying the single field of pressure. The addi-
tional freedom of a second field, however, permits the ex-
istence of a triple point in the model system. %e will ar-
range the interactions so that the +, —,and 0 phases will

play roles analogous to solid, liquid, and gas respectively.
The bulk phase diagram at zero temperature is easily

obtained. Let

e+(H, E)=——,
' (J„+E„+2C„) H+b, —,

e (H, b, }=——,
' (J„+E„—2C„)+H+b, ,

eII(H, E}=0.

Equating these three energies pairwise, we obtain the
phase boundary between the + and 0 phases
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FIG. 1. Calculated surface phase diagram of the model sys-
tem at zero temperature in the space of the two chemical poten-
tials 5 and H which, for simplicity, have been measured with
respect to their triple-point values. Bold lines indicate 6rst-
order boundaries between bulk +,—,and 0 phases. Surface
phases in the bulk 0 regime are compound Slms denoted by two
integers; the Srst is the number of layers of + phase adsorbed
on the wall, the second is the number of layers of —phase ad-
sorbed on top of the + layers. Solid squares on the +/0
boundary indicate the layer transitions associated with surface
melting which separate, for example, regions of one layer of-
at the +/0 interface (denoted 00, 1) from two such layers
(oc,2). Surface phases in the bulk —regime are speci6ed by
one integer; the number of + layers adsorbed on the wall. Note
that the + phase wets the wall/ —interface.

J„=—g J,
jCn

where the sum is over all sites j ia the plane with z coor-
dinates which differ from the z coordinate of the site i by
n, with n a positive or negative integer. Similar defini-

tions apply to E„and C„. The energy per spin of the
three ground states with all spins in configuration
+1,—1,0 are then
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(J„+K„—2C„),

and between the + and —phase

Thus the triple point is located at

=—,
' gn(J„+E„—2C„) .

I

(&)
Stability of this interface is guaranteed by choosing

J„+E„—2C„»0,
for all n. Finally, we consider the excess surface energy
per unit area between semi-infinite amounts of + and 0
phases separated by a slab of —phase of width 1

The interfacial tensions between these bulk phases are
easily calculated. To obtain the interfacial tension o+
between the bulk + and —phases, we calculate the ex-
cess surface energy per unit area, 0+ (10) of a
configuration consisting of a slab of the 0 phase, of thick-
ness 10, between semi-infimte amounts of + and
phases. The interfacial tension is the minimum of this ex-
cess surface energy. The calculation is carried out for H
and 6 on the + / —phase boundary given by Eq. (4). We
And directly

0+ (10)=—loe++2g nJ„

—gn(J„E„)—10 —g (J„—K„), lo)0,
1 BIO+ 1

2 g nJ lo=0
1

We will choose interactions such that

J„—E„g0
for all n, which is sufficient to guarantee that le=0, so
that

o+ =Q+ (0)

=2+ nJ„.
1

Similarly, the excess surface energy of semi-in6nite
amounts of the —and 0 phases separated by a slab of
thickness 1+ along their phase boundary is

+21+ g (J„+C„}+2+n(J„+C„)1+ ~1
3+ +1

= —,
' g n (J„+E„—2C„) 1 =0 .

1

%e will choose interactions such that

We want to arrange that the —phase wets the interface
between + and 0 phases as the triple point is approached
along the +/0 coexistence boundary. This is the analog
of surface melting in which the +,—,and 0 phases play
the roles of solid, liquid, and gas respectively. To bring
this about, it is suScient to choose

J„—C„~0

for all n In thi.s case, the value of 1 which minimizes
the excess surface energy increases without limit as the
triple point is approached [and e (H, h) decreases]. At
the triple point,

+o(Hi l),i)=n+0(~)
=o+ (H„b,, )+o 0(H„ht) .

Now that all interfacial tensions have been obtained, it
is necessary to calculate the surface tensions between the
wall and the various bulk phases. The interactions with
the wall, which is taken to be in the plane z =0, are given
by the surface Hamiltonian

&,= —g (h„S„—5„S„),
1

where n is the z coordinate of a lattice site. Note that
there are two surface Selds just as there must be in the
system of liquid, solid, and gas. One field, 5,
differentiates between the gas and the other two phases.
This is like a field which couples to the density. The oth-
er field, h, differentiates between the solid and liquid.
Again there is such a field in the physical system as evi-
denced by the fact that the surface energies of ice and wa-
ter, for example, against a wall are not expected to be
identical even when they have the same density. As we
want to arrange that both the "solid" and "liquid" phases
wet the wall/"gas" interface, the field 5 will be negative.
As we want the "solid" to wet the wall/"liquid" inter-
face, the Seld h will be positive.

%e Sxst consider the excess surface energy between the
wall and the + phase. %e shall require that no amount
of the 0 or —phase intrude between the + phase and the
wall. For the first, it is suScient to require that

for all n which guarantees that I+ ——0 so that for all n, and for the second that
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for all n, which with Eq. (7), implies

h„)0,
for all n. This is as we expected. The surface energy is

P

o + = g —(J„+K„+2C„)—h„+5„
1

Next we consider the interface between the wall and
the —phase. We shall require that no amount of 0 phase
intrude, for which

for all n is suScient. %'e also require that the + phase
wet the wall/ —interface. The excess surface energy per
unit area of a slab of + phase of thickness I+ situated be-
tween the wall and bulk —phase is

—2 g [(n —I+)(J„+C„)—h„] . (10)
I +1

In order that the + phase wet the wall/ —interface, it is
sufficient to require

h„) g(J +C ),

for all n, which, with the inequality (6), is more stringent
than inequality (8).

Finally, we calculate the interfacial energy which is of
most interest, that between the wall and the 0 phase. In
general there will be a compound Slm which consists of
I+ layers of + phase next to the wall, then I layers of
—phase on top of that, and then the bulk 0 phase. The
energy of the compound film is found to be

Q 0(l+, I )=I+e++I e +o ++o+ +a 0—2 g [(n —I+ )(J„+C„)—h„]
I +1

—2 g (n —I )(J„—C„)+ g [(n —I+ —I )(J„K„)—h„——5„] .
I +1 I+ +1 +1

(12)

In order to ensure that the —phase wets the wall/0 in-

terface far from the triple point where I+ ——0, it suffices

to require

0&5„+h„+g(J +K —2C ),
n

for all n. Similarly, to ensure that the + phase wets the
wall/0 interface far from the triple point where I =0,

Op5„—h„+ g(J +K +2C }

is suff][cient. As noted previously, this does not guarantee
that the + phase wets the wall/0 interface up to the tri-
ple point; this requires that the + phase wet the wall/—
interface above the triple point, which is guaranteed by
the inequality (11).

The surface phase diagram is now obtained by minim-
izing the excess surface energy Q (I+ ) of Eq. (10) with

respect to I+ when the bulk is in the —phase, and
Q o(l+, I ) of Eq. (12) with respect to both I+ and I
when the system is in the bulk 0 phase. %'ith the interac-
tions chosen as noted above, the surface energy between
the waB and 0 phase at the triple point is given by

o 0(H„A, )=Q„o(1+~ ao, I —+ ao }

=o + (H„b,, )+o+ (H„b, )+o 0(H„b, ),
which shows that a compound 51m of —phase on top of
+ phase is adsorbed on the wall below the bulk 0 phase.

The interactions we have chosen are lang-ranged and
of the form

J; =J/r~j,

K,j K lr;——

C;J =C/r;~,

where r,~ is the distance between the sites i and j. %ith
such a choice, J„=JI„,K„=LE„,and C„=CF„,with

Fn —= g 1«i'j
jCn

where the sum is over all sites jwhose z coordinates differ
from the z coordinate of the site i by n, an integer. We
have taken J=1, E =1.5, and C =1.2, so that the ine-
quahties (5), (6), and (7) are satisfied. For the interactions
with the wall, we have chosen h„=h6„, and 5„=56„,
with h =3.6, 5= —3.76 and

6„—= g F

Inequalities (8) and (9}are fulfilled.
The surface phase diagram, obtained numerically, is

shown in Fig. 1 in the space of the two chemical poten-
tials 5 and H. The heavy lines denote the bulk phase
boundaries. In the region of the phase diagram occupied
by the bulk —phase, the surface phases are denoted by a
single integer which gives the number of layers of +
phase between the wall and the bulk —phase. These
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phases are separated by a series of layer transitions. The
number of layers increases as the +/ —phase boundary
is approached because the + phase wets the wall inter-
face. (Of course only a few of these layer transitions can
be shown in the figure. } In the region of the bulk 0 phase,
the surface phases are denoted by a pair of integers need-
ed to describe the compound film; the first gives the num-
ber of layers of + phase adsorbed at the wall, the second
gives the number of layers of' —phase adsorbed on top of
the layers of + phase. There are two distinct series of
layering transitions; lines from the two series cross by
producing two triple points.

At the lower right of the Sgure, the values of the chem-
ical potentials are such that the wall has no layers of +
or —phase adsorbed on it. As one proceeds toward the
+ /0 phase boundary at the left, the number of + layers
increases without limit because the + phase wets the
wall/0 interface; as one proceeds toward the —/0 inter-
face, the number of —layers increase without limit be-
cause the —phase wets the wall/0 interface. If such a
path is parallel to the + /0 phase boundary, one Suds the
number of —layers growing on top of a fixed number of
+ layers via a series of layering transitions. There are an
infinite number of such paths in which the —phase
grows on top of one + layer, on top of two + layers etc.
In this way we see that the surface melting transitions are
the hmit of such a series in which the —phase grows on
top of an infinite number of + layers. Paths which are
analogous to constant-density trajectories are those in
which the sum of the two integers is constant. Along
such a path, one could see a thick film of + phase, say
20,0, melt to a thick Slm of —phase via the sequence
19,1;18,2;. . . 1,19;0,20. This is the analog of surface
melting but necessarily limited to a finite number of lay-
ers because the system is ofF of coexistence.

In contrast to the phase diagram of Fig. 1, we show in
Fig. 2, the results for the case in which the bulk interac-
tions are unchanged, but the surface fields have been

weakened so that the + phase no longer wets the wa11/—
interface; i.e., inequality (11) is violated. The surface
6elds are of the same form as before but h =2.0 and
5= —3.5. The result is that the solid, which wet the
wall/0 interface far from the triple point undergoes a
"dewetting" transition as the triple point is approached.
Similar ~hase diagrams have been predicted in previous
studies, ' while that of Fig. 1 has not. Note that the tran-
sitions (denoted by squares) associated with surface melt-
ing at +/0 coexistence no longer inhuence the surface
phase diagram off of coexistence.

III. Er a ACTS OF TEMPERATURE
AND OF ROUGHENING

We now consider what the effects of temperature and
of roughening will be on the phase diagram found in the
previous section. The principal effect of temperature is
that surface phases of the same symmetry are now con-
nected by thermodynamic paths which do not cross a
phase boundary just as the bulk phases of the same sym-
metry are connected. This means that the layering tran-
sitions end in critical points. The e8'ect is shown in Fig.
3 which is a schematic phase diagram in the plane of tem-
perature and one chemical potential for a fixed ratio of
the two chemical potentials b and H. Such a cut is more
like the situation in the one-component liquid-gas-solid
system which has only a single chemical potential. As in
Fig. 1, only a small number of the transitions can be
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FIG. 2. Same as in Fig. l except that the surface interactions
have been changed so that the + phase no longer wets the
wall/ —interface. Consequently, the + phase no longer wets
the mall/0 interface either, suNciently close to the triple point,
but undergoes a dewetting transition at the value of the bulk
6eld marked W.

FIG. 3. Schematic phase diagram of the model system in
which the ratio of the two chemical potentials are Axed. The di-
agram is in the plane of one them, denoted p, and temperature.
Dots are critical points. Solid squares on the +/0 boundary
again denote layering transitions associated with surface melt-
ing; the square on the + / —boundary is a roughening tempera-
ture of the +/ —interface. Critical points in the 0 phase are
drawn as if the triple point were the roughening temperature of
the —/0 interface.
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shown for clarity. The effects of roughening, which de-
pend upon the relative temperatures of w'etting and
roughening transitions and of the triple point, are clear
from earlier work. ' %'e discuss only a few of the pos-
sibilities here. If we identify the —,+ and 0 phases as
liquid, sohd, and gas respectively, then the liquid/gas
( —/0) interface is always rough. As a consequence, an
in6nite number of the layer transitions, those in which
the surface liquid grovrs via condensation of the vapor,
do not occur. Instead, such growth proceeds smoothly,
unaccompanied by thermodynamic singularities. There
is no reason to believe that no such liquid-layer transi-
tions occur, particularly in light of the fact that the Auc-
tuations of liquid interfaces in the presence of gravity are
never large, ' however the number of such transitions is
presumably small. The efFect on surface melting is that
this process also occurs smoothly for the most part with
only a small number of singularities due to layer transi-
tions. If the solid/gas interface is smooth (i.e., not
rough), then the series of layer transitions by which the
solid grows and melts will be unaffected in the region of
the phase diagram in which the bulk is gas. Consequent-
ly, the appearance of liquid due primarily to the melting
of solid (which would be encountered along a path of
constant density) would in general proceed by layer tran-

sitions, while the appearance of liquid due principally to
the condensation of gas would not. A schematic phase
diagram would look much like that of Fig. 3; the
difference would be that the surface-liquid condensation
transitions which are not shown in Fig. 3 for reasons of
clarity would no longer exist even in principle. %e note
that this phase diagram is similar in many respects to
those observed in CF4 and C284 adsorbed on graph-
ite. 'i'3 Finally, if the solid/gas interface is rough, the
solid grows and melts without singular behavior in ther-
modynamic quantities. This is the behavior observed in a
recent experiment on surface melting.
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