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Evaluation of total and partial structure factors, self-diffusion coefficients,
and compressibiHties of the cadmium-gallium melt
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The three partial structure factors S»(K), S»(E), and S»(E) defined by Ashcroft and Langreth
are computed with a square-mell potential as a perturbation over a hard-sphere potential for
different atomic fractions or concentrations of cadium for Cd-Ga melt at 296'C. Also, the number-

number, concentration-concentration, and the cross-term number-concentration structure factors
due to Bhatia-Thornton have been calculated for the seven concentrations of Cd-Ga melt at that
temperature. From these partial structure factors total structure factors are computed and are com-

pared with the experimental results. The total structure factors so computed are found to be in ex-
cellent agreement with the measured values except in the long-wavelength limit of S(0). Using the
partial structure factors in the long-wavelength limit the isothermal compressibilities have been cal-
culated. From these partial structure factors and by using the linear-trajectory approximation of
Helfand, the self-difFusion coeScients D; s have also been calculated for various atomic fractions of
Cd for Cd-Ga alloy at 296 C. From these D s, an estimate of the mutual diffusion coelcients has
been made to a good approximation.

I. INTRODUCTION

From a phase diagram' one can easily see that the Cd-
Ga system exhibits a closed miscibility gap with a long
liquidus Aat line. Extensive high-' and low-angle x-ray
scattering experiments have been carried out by Steeb
et al. Furthermore, Cd exhibits an extremely large ab-
sorption cross section for thermal neutrons and hence
conclusive results cannot be obtained alone by neutron
difrraction studies. Because only x-ray diHraction experi-
ments can be done for getting accurate data, it is not pos-
sible to obtain detailed partial structures from experi-
ments. Therefore theoretical model potential calcula-
tions become important and necessary to get detailed in-
formation regarding the Cd-Ga melt.

It has been shown extensively that the structural
properties of liquid metals can be explained on the basis
of the mean-spherical model approximation (MSMA)
with a square-well potential as a perturbation over the
hard-sphere potential. Work under the MSMA has been
carried out on pure metals9' and the potential parame-
ters have been already obtained with these metals, i.e., Cd
and Ga.

It is also important to note that Cd and Ga do not
form any compound' but they have a strong segregation
tendency, particularly around 50 at. % concentration of
Cd as suggested by Steeb et al. Thus it is proposed to
apply the MSMA to these melts with a square-well poten-
tial and obtain the partial structure factors. In addition
the Bhatia-Thornton correlation functions could also be
calculated from these partial structures as they are linear-
ly related.

From these partial structure factors the total structure
factors at various concentrations of Cd have been calcu-
lated which in turn can be compared with the experi-

ment. Furthermore the isothermal compressibilities at
different concentrations have been computed through the
use of the Kirkwood-Buff equation by obtaining the par-
tial structure factors in the long-wavelength limit. "

II. THEORY

The direct correlation function (DCF) for binary mix-
tures can be defined as

C j(r)=

C; (r), 0(r(tr;
Pz(r) el
kT kT'8 8

0$ r ) A J0 IJ

(2)

a, , r~A,

a, + [b (r —A. ) +4Ad (r —A, )

Ci2(r)= +d(r —)I) jr, A(r(o, 2
4 —1

0, r~o&2.

Here A, =(o.22
—cr» }/2. Furthermore, crz2 is chosen such

that it is always greater than cr». a, , az, b&, b2, d, and
other symbols have been explained in detail already.

where C,J(r) is the hard-sphere solution of the Percus-
Yevick (PY} equation for liquid binary mixtures and are
given by Lebowitz. ' The Lebowitz solution of PY equa-
tion for the hard-sphere mixture is given by

a;+b;r+dr, r ~o;;
C;;(r)= '0—

0, r&o;;
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Here o,;, e;;, and A;; stand for hard-core diameter, depth,
and breadth of the square-well potential used for the
species i, respectively. The mixed parameters are deter-
mined by using Lorentz-Berthelot mixing rules and are
given by

~]2=(~»+~22)/2

1/2

~ i2=(~]]~»+ ~22&22)/(~]1+&22) .

(10)

The Fourier transforms of C; {r) have been given al-
ready ' and will not be repeated here. The C;.(K) are
linearly related to partial structure factors S,"(K) as

S22(K)= [ I —p22C22(K) —p„p22C' ]2(K)/[I —p„C'„(K)]j

S]2{K}=(P]]P22) ]2«) I [1—pl]C]1«)][1—P22C?? {K)] Pllp22 12«) I

(12)

(13)

The total structure factors S(K) in terms of these par-
tials is given by

(iii} The cross-correlation function S]vc(K). These
functions are given by

;(E);(K)S(K)= g g O' O' ' S (K)"
Clf1(K)+C2f2 (K)

S]]]]v(K)=C,S„(K)+C2S22(K)+2C I~2C2]~2S]2(K),

(19)
(15) Scc(K ) =C1 C2 [ C2S] ] (K}+C]S22 (K)

where f, (K) and f2(K) are atomic scattering factors of
the ith species. C; is the atomic fraction of the ith com-
ponent.

In the long-wavelength limit, i.e., K ~0, C,J(K}can be
written as

—2( C ]C2 ) '~2S]2 (K)];
S]vc(K)=C]C2[ S1 1 (K)—S22(K)

(20)

+S]2(K)(C2—Ol )/(C]C2)]~2] . (21)

bo;, do, ,p;;C;(0)= —24?)" a.~, +

+8';;e;;( A;; —1}/k]]T (16)

&T = [ 1 —C]p]]C']](0)—C?P22C22(0)

—2pC]C2C, 2(0)] '/pki] T . (18)

In addition, one can also calculate the Bhatia-
Thornton correlation functions since these are linearly re-
lated to the partial structure factors. The three correla-
tion functions they have defined are as follows:

(i) The number-number correlation function S]v]v(K).
(ii) The concentration-concentration correlation func-

tion Scz(K).

12(0) 4~+]2~12( ~ 12 1)/3kB T 4 ru 1+12/3

4?ro„[b—(cr„+2]?22)/12

+Ad a 11(3O 11+5O 22)/10

+do ]](2]?]]+3o?2)/30] . {17)

One can then obtain the compressibility ~T of the melt
through Kirkwood and Bu8's equation which can bc
written as

P]1 1P]]P22[O](P22 P]1)+Pl1]

P22 ( I 1 )Pl]P22[O](P22 P1 1 ) +Pl 1 ]

(22)

(23)

The potential parameters of the pure substances have
been used in the present calculations of the partial struc-
ture factors of the melts. These mere previously deter-
mined by lao and co-workers. ' The input parameters
are given in Table I. The concentrations have been ex-
pressed in atomic fractions of Cd.

The partial structure factors S»(K), S22(K}, and
S,2(K) have been given for four typical concentrations
only in Figs. 3-5, as experimentally determined partial
structure factors are not found.

The peak height of S22(K) increases as the concentra-
tion of Cd increases. The behavior of S»(K) and S22(K)
are in conformity with the fact that the structure factor
of hquid Cd is higher than that of liquid Ga. Both

III. RESULTS AND DISCUSSIQNS

Hermann et al. determined the structure factors
(high-angle-scattering measurements) at 296'C and ob-
tained the total structure factors at seven diFerent con-
centrations of Cd. Through the present calculations we
obtained the structure factors at all these concentrations.
These are shown in Figs. 1 and 2. In the present calcula-
tions we assume ideal mixing and hence we can write the
densities of the melt at various concentrations in terms of
the densities of the pure metals as
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FIG. l. Total structure factor S„,(E) vs E for Cd-Ga melt
for different atomic fractions of Cd. Present calculated results

). Experimental results (0 ).
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S{{(I{.) and S22(I{.) go to unity for large K as seen from
equations and at all these concentrations. For S,2(I{.') at
20 at. % concentration of Cd a small shoulder appears at
3.15 A ' and vanishes for higher concentrations of Cd.
This is due to the peculiar nature of Ga, whose concen-
tration is 80 at. %.

It is found from Figs. 1 and 2 that the first maximum
in the total structure factor virtually remains unchanged
at 2.55 A ' and is shifted very slightly to a higher E
value as the concentration of Cd increases. This is ex-
pected because the Srst maximum for Ga occurs at 2.52
A ' while that for Cd (Ref. 14) is 2.62 A '. The peak
height for Ga is 1.95 while that of Cd is 2.52. Thus the
height of the principal maximum increases as the concen-
tration of Cd increases. For mean concentrations the
shape of the Srst maximum is nearly symmetric. For 20
at. % concentrations of Cd, which means 80 at. % con-
centration of Ga, the shoulder is visible at around 3.10
A ', as expected. However, this vanishes as the concen-

FIG. 2. Same as Fig. 1.

tration of Cd increases by more than 20 at. % of Cd.
This appearance of a shoulder can be explained by assum-
ing a special arrangement of Ga atoms in addition to the
"free" Ga atoms which are considered to behave like
hard spheres. The structure of this special arrangement
is discussed in different ways' '7 and is, at present, not
fully understood. Above 300'C the Ga melt does not
show any shoulder' and may be thought of merely con-
sisting of "free" atoms.

The total structure factor at seven different concentra-
tions of Cd has been compared with the experiment as
determined by Hermann et al. ' and is shown in Figs. 1

and 2. In every case the agreement is excellent except at
low E values that is as E~0. As mentioned already the
position of the first maximum of the structure factors of
molten Ga and Cd occur nearly at the same I{.. Thus the
structure factor of the molten alloys show no indication

TABLE I. Input parameters used for the present calculations.

Temperature

(K)

Concentrations
or atomic fraction

Of cad1IliuID

0.20
0.40
0.45
0.50
0.55
0.60
0.80

2,500
2.500
2.500
2.500
2.500
2.500
2.500

0'2z
0

2.700
2.700
2.700
2.700
2.700
2.700
2.700

1.77

A 22

P11

(A )

0.0510

0
P2Z

(A '}

0.0430
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TABLE II. The Srst main peak height and its position and compressibility.

Temperature
(K)

Concentrations
or atomic fractions

of cadmium

Calculated
Position Height

K
(A ) S(K)

Experimental
Position Height

K
(A ) S(K)

Compressibihty
x T

——10'
(cm /dyn)

0.20
0.40
0.45
0.50
0.55
0.60
0.80

2.S5
2.55
2.5S
2.55
2.60
2.60
2,60

2.02
2.05
2.07
2.09
2.12
2.15
2.34

2.55
2.55
2.55
2.55
2.60
2.60
2.60

2.25
2.07
2.08
2.10
2.11
2.14
2.33

8.06
8.19
8.13
8.03
7.89
7.73
6.90

The Bhatia-Thornton correlation functions SivN(K},
S&&(K), and Siva(K) have been computed and are given
in Figs. 6-8. The variation of Szjv(K) with K is similar
to that of S(K) for a pure liquid while Sjcz(K) shows a
shoulder for 80 at. %%uoconcentratio no f Gaan d thi svan-
ishes as Ga concentration decreases.

h,j(r)=g,,(r) —1

f [Sj(K) 5;J ]K sin(K—r)dk .
2 rp

(27}

IV. COMPUTATION OF SELF-DIFFUSION
COEk i iCIENT

We evaluate the partial radial distribution function
from the partial structure factors from the relation

and

2

i X 3 ijglJ( IJ }Pj( P'lj 8
i=1

' 1t2

3 ksT

sa 2PJ 2pi)
ki X 3 gij ij

' 1/2

&( f dk [ Kcr, cos(Kcr,"")
0

f K P's(K)C; (K)dk,
(2~)'

(30)

(31)

(28)

where g; is the friction constant. Furthermore g, is writ-
ten as

gH+ gS+ ASH (29)

where g;, gs, and g; are the friction constants of the
hard-sphere part, soft part, and the cross effects, respec-
tively. These are given by

Here 5,J is the well-known Kronecker delta. Using the
linear-trajectory principle of Helfand for binary mix-
tures due to Davis and Polyvos ~e obtain the diffusion
coefficient of the ith species as

—sin(Ko;J )]P',j(K) . (32)

Ko; cos(Ko; )—+sin(Ko;J )], . (34)

Here pJ- is the number density of the jth species.
Furthermore, 0,"(K}and t)'sj(K) are the Fourier trans-
forms of total correlation function [g,"(r)—1] and the
soft part of the potential Vj(r). p; is the reduced mass.
Here G, (K) and f';j(K") are given by

C; (K)=[S;J(K) 5;j](p;pj)— (33)

37TE; .
f';J(K)=

3 [ A;JKo;J cos(A;jEcr;J) —sin(A; Kcr; )
K

TABLE III. Friction coei5cients in liquid Cd-Ga alloy.

Temperature
(K.)

Atomic fraction
of Cd

gH/kji T
(10' s/cm'}

Cd Ga

g; /k Tii
(10' s/cm2)

Cd Ga

/kii T
(10 s/cm )

Cd Ga

569.0 0.20
0.40
0.45
0.50
0.55
0.60
0.80

0.2590
0.2660
0.2676
0.2692
0.2708
0.2724
0.2786

0.2100
0.2145
0.2154
0.2165
0.2175
0.2184
0.2220

0.1060
0.1200
0.1230
0.1250
0.1260
0.1310
0.1380

0.0713
0.0723
0.0726
0.0730
0.0733
0.0736
0.0748

0.3140
0.3360
0.3410
0.3460
0.3510
0.3560
0.3760

0.2170
0.2290
0.2320
0.2340
0.2370
0.2400
0.2500
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TABLE IV. Self- and mutual dilusion coeNI.cients in liquid Cd-Ga alloy at various concentrations.

Temperature
(K)

Atomic fractions
of Cd

0.20
0.40
0.45
0.50
0.55
0,60
0.80

&Cd
(10 cm /s)

1.471
1.385
1.366
1.349
1.332
1.316
1.259

Dg,
(10 cm /s)

2.004
1.939
1.923
1.908
1.893
1.879
1.825

L Ga-Cd

(10 ' cm'/s)

1.577
1.606
1.617
1.628
1.641
1.654
1.714

Do. /&cd

1.362
1.400
1.407
1.414
1.424
1.427
1.449

where e;J and A,t are the depth and breadth of the
square-well potential.

V. RKSUI.TS AND MSCUSSIONS

In the Tables III and IV the computed results for the
friction constant and diffusion coefficient are given. Un-
fortunately no experimental data are available for the
Cd;Ga melt. From Table III it is clear that in the case of
friction constant the hard-sphere part is maximum.

From the Table IV we observe that Dcd and DG, de-
creases with increase in the concentration of Cd. The ra-
tio Do, /D~ varies slightly and can be considered as al-
most constant as in the case of ideal mixing of hquids
throughout the range of calculations, that is, from 0.20 to
0.80 atomic fraction of Cd.

Evidently the volume changes due to various composi-
tion appears to be very small and hence the present
method of calculation of the melt assuming ideal mixing
gave exact number densities and hence correct total
structure factors. Whenever there is not much of a varia-
tion in volumes from that of an ideal mixture, then the
regular solution theory s predicts the ratio of the
diffusion coefficient of the constituents to be constant.
Thus it is expected that Dz, /Dcd should yield a constant

value and should be independent of composition of the
constituents.

So far a good theory does not exist in the evaluation of
mutual difFusion coeScient D&2. ' Ho~ever, it can be
approxtmately written as D t2 =C2D 1 +C1Dp + correc-
tion term when C, is the usual atomic fraction and the
correction term accounts for the cross-correlation term
between D& and D2. This correction term is generaBy
negligible. We have given in Table IV the mutual
diffusion coefficien Do, cd calculated from the above
equation.

It may be pointed out in conclusion that the various
parameters used in these calculations have been obtained
for pure metals in the computation of their (pure metal)
structure factors and these are used conclusively to ex-
plain the total structure factors and also the diffusion
coefficient. It may be pointed that the partial structure
factors are very important in predicting several other
transport properties like resistivity~s and viscosities. o 3'
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