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The lateral- and longitudinal-diffusion coefficients for free electrons in weakly ionized gases (or in
intrinsic semiconductors) under a steady state and uniform electric field E and with elastic collision
frequency much larger than the inelastic one are obtained by the correlation function of the electron
velocities. The mean-free-path method is used, since it allows expansions without divergences in the
small number W?2/{v?) where W is the electron drift velocity and {v?) the mean-square value of
the electron speed v. The obtained explicit expressions are particularly convenient when there are
Ramsauer effects which can produce up to 6% errors in the results obtained by the usual
Boltzmann-Legendre expansion. Moreover, the obtained expressions are immediately generalized
so as to give noise spectral densities including the “convective noise” found by Gurevich, which cor-
responds to the difference between the generalized longitudinal- and lateral-diffusion coefficients.

I. INTRODUCTION

In the last thirty years the differences between the
lateral- and longitudinal-diffusion coefficients for free car-
riers in a scattering medium under the accelerating
influence of an external electric field have been
discovered.

The authors! =7 who have developed the theory of the
diffusion coefficients consider a stationary case and ex-
pand the relevant time-independent distribution function
f(r,v) for electrons in both spatial gradients and Legen-
dre polynomials and substitute the expansion in the
Boltzmann equation. The corresponding solutions are
used to obtain transport quantities. When the spatial
gradients are not parallel to the external electric field one
must use expansions in spherical harmonics instead of in
Legendre polynomials, as exhaustively shown in the work
of Robson and Ness® or in that of Kumar, Skullerud, and
Robson,” which can be considered as the most recent
treatise on this subject.

The present approach is completely different. It ap-
plies the mean-free-path method to the velocity correla-
tion functions by which explicit expressions of the
diffusion coefficients can be obtained. This procedure, al-
though mentioned as an introduction by Skullerud,? has
not been used by the authors who work in the field of ion-
ized gases, with the exception of a previous work by one
of us'® which is here synthesized and corrected for a
second-order error in a normalization. On the contrary,
the correlation functions are always used by the authors
who work in the field of electric noise.

Besides giving a connection between the two fields of
research, the method of the mean free paths applied to
the correlation functions has the following other advan-
tages.

(i) The position r of the electron does not appear in the
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correlation function of the electron velocity (v (0)v (7))
so that the integration over r (in order to find average
transport quantities) reduces the distribution function
f(r,v) in the phase space to its marginal distribution
function f(v). Consequently, the density gradient expan-
sion is no longer necessary.

(i) It gives an independent and radically different ex-
pression for the difference between the longitudinal-
diffusion coefficient D, and the lateral-diffusion
coefficient D, (or D,). For the values of the ratio D, /D,
there are discrepancies among different authors, although
Penetrante and Bardsley'! have shown that Lucas* per-
formed a nonconsistent approximation in the first equa-
tion of the two hierarchical equations of the P, approxi-
mation to the Boltzmann equation, so that Lucas’s results
are not reliable. Moreover the Monte Carlo simulations
of Lucas and Saele!? are affected by statistical fluctua-
tions and the results of Francey and Jones'’ are unreli-
able because it is not correct to apply the steady-state
theory of the Boltzmann equation to time-of-flight experi-
ments. However, when the collision frequency v is of the
kind v=av”, for n =1 (or — 1 if we write v=PBv?"), there
is a discrepancy of 3.5% even between reliable au-
thors.>3>11

(iii) D, and D, =D, are easily generalized by the corre-
lation function so as to become D, (w) and D, (), where
o is the angular frequency, which are proportional to the
transversal and longitudinal spectral noises, respectively.
The most important result, shown in a future paper, is
that D (w) contains the ‘“‘convective noise” found by
Gurevich,'* and, we suppose, even the famous “excess”
noise with frequency dependence 1/w, whose origin is so
far unknown. This noise, to which international confer-
ences have been devoted, is probably due to runaway elec-
trons.'

(iv) The mean-free-path method, with the expansion of
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the exponentials in which the auxiliary term b is intro-
duced,!®!” is particularly convenient when there are
Ramsauer effects. In these cases the usual method can
give results different by up to 40% from those obtained
by the Monte Carlo method, as shown by Milloy and
Watts,'® although the cross sections considered by them
were rather unphysical. However, also in real cases the
results given by different reliable methods and the Monte
Carlo one can differ by 6% for the transversal-diffusion
coefficient Dy =D, =D,, as shown in Table I of Pitch-
ford, Oneil, and Rumble!® who used a Legendre expan-
sion up to and including eight terms. On the contrary,
the method here presented guarantees errors not exceed-
ing a factor of order unity times m /M, where m and M
are the electron and molecule mass, respectively. These
small errors are guaranteed even in the unphysical case of
a Ramsauer cross section reaching a zero value for
v =v,. Notice that in this case the usual method gives an
unphysical divergence in the calculation of the main term
(v2/vy(v)), where v,(v) is the collision frequency which
vanishes for v =v,. By contrast, our main term turns out
to be (v?vy/(vy+b)?) which does not diverge when
vo—0 because the auxiliary term b takes into account
that the electron velocity changes during a free flight so
that the collision frequency is no longer zero. In practi-
cal cases vy(v) never vanishes but it can reach small
values comparable with b so that the errors in the usual
method can be of some percents. '’

(v) Explicit expressions are given for the diffusion
coefficients, expressed as integrals over a single variable
so that an experimentalist no longer has to solve systems
of coupled differential equations. The explicit expres-
sions are separately given for the lateral- and
longitudinal-diffusion coefficients, with and without a
Ramsauer effect. The inclusion of Ramsauer effects
represents the main improvement with respect to the
preceding quoted work of Ref. 10.

(0, (0, (1)) = fomdvi v} f()znd'l’i f_lld.uif(vi»,ui)vi.ui
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II. DIFFUSION COEFFICIENTS EXPRESSED
BY VELOCITY CORRELATION FUNCTIONS

The generalized, lateral-diffusion coefficient D, (w)
(where o is the angular frequency) is proportional to the
spectral density J,(w)=J,(w) of the lateral electric
diffusion noise when the particles have a charge e. They
can be expressed (see Appendix A) by the correlation
function

C,(1)=C,(1)=(v,(0)v,(7)) =(v,(0)v,(7))

of the diffusing-particle velocity v (¢) taken at two sam-
pling times ¢ =0 and ¢ =, respectively. In the case of a
wire section of length L containing N charged particles,
we have

2
D,(@) =350, 0)= [ dr(v,(0),(n)cos(ar) .

(1)

Similarly, the generalized longitudinal-diffusion
coefficient D (w) and the spectral density J, (®) of the
longitudinal electric noise can be expressed by (see Ap-
pendix A)

LZ

D,(0)="5"J,(w)
2e“N

= fowdr[(vx(O)vx(‘r))~(vf)]cos(arr). )

The velocity correlation function implies two averages,
the first one is over the initial velocity v(0)=v; and has,
as a weight, the stationary probability density f(v(0),0).
The second average is over the final velocity v(7)=v,
and has, as a weight, the transition probability density
Sf(vg,7|v;) which gives the transition from v; at time
t =0 to v, at time ¢ =7. Using polar coordinates so that
v, =vu, where p=v-E/vE, we have

© 2T 1
x [T dvgop [Tduy [ dps Foppp bt vompbivsmy (3)

where, because of axial symmetry around v;, the station-
ary probability density f(v;,u;) does not depend on ¥;.
The correlation function for transverse velocities is ob-
tained by replacing v (1—pu?) for vy in (3).

For 7— « the transition probability density (or propa-
gator) f tends to the stationary f. The difficulty for the
practical evaluation of D, consists of obtaining f.
Indeed, f cannot be obtained by a Fokker-Planck
method, because, owing to collisions, u changes very rap-
idly. For the same reason the Boltzmann equation, in
which the expansion of f in Legendre polynomials has
been substituted, would require a truncation of the series
after a larger number of terms. Fortunately, this problem
can be solved by the mean-free-path method.

III. CONVENIENT EXPRESSION
FOR THE TRANSITION PROBABILITY DENSITY

We introduce the velocity v, immediately after col-
lisions, related to v by v=v,+at, where a=eE/m is the
acceleration and ¢ the time of flight. In scalar form,
v =voo+at and

v(1 _#2)1/2=v0( 1 _#(2))1/2 ,
and the inverse functions are
vo=(vi4+a%?—2vuat)'?

and
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po=(vp—at)v?+a’t?—2vpat)" 1%,
so that
dv 3 v 1
dvgdpug=dvdu o Ao =dvdp ;; . (4)
ov  du

The probability d2p (v,u) of finding the electrons in the
phase cell v2dv (—du)dy is

d3p=—vidvdu f(v,u)dy . 5

If we introduce the collision source X(vg,u,) defined as
the time derivative, calculated at t =0, of the probability
density d°p/(—v3dvyduydyy) in the “initial” phase
space cell, then we can write the probability
d*py(vg,p,0) of finding electrons in the generalized
phase cell (which includes dt) as

d*po=—vd dvodugdedt X(vo,ug) - 6

These electrons maintain the same initial velocity
vo=(vg, o) until they collide. The variation dn of the
number n of electrons surviving to collisions in the time
interval dt is given by dn = —vy(v)ndt where vy=v(v) is
the collision frequency so that, upon integration, we get
J

X(vos, 7| Vo )=X(vos,kop, Yor, T | Voistois Yoi)

= 3 A;8(vor —vos )8 pos —phos 18(hor —tos)

s=1
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n =ngexp [——fotdg’vo[v(é')]] . (6a)
Consequently, after a time of flight ¢ we have
d*p=d*p,exp for —dEvy(E)
= —v3 dvydpydiydtX(vy,u)

X exp [ -fo'dgvo[v(uo,uog)]] . (7)
Integrating over all the times of flight, we obtain
d’p=—v dvg dpgdio X (vo,po)
© t
x [“dtexp | - [ vo[v(g)]dé‘l . (8)
Equating (5) with (8) and using (4) gives

o t

fom)=Xouo) [ “dtexp | - [lagwlo®1],  ©

which is the desired relationship between f and X to be
used in (3).

The advantage of the use of the “initial” quantities (im-
mediately after collisions) is mainly felt in the transition
probability density. Indeed during any flight the quanti-
ties immediately after the last collision do not change so
that X(vo,,7 | vo;) can be expressed by Dirac 8 functions
for each flight (recall that ¢ is the sth time of flight)

s—1

T— 3

j=1

H —H T—étj

j=1

] ) (10)

where A, are normalization constants and #(r) is the Heaviside unit step function defined as #(7)=0 for 7 <0 and
F(r)=1for 7>0. If 7 falls in the nth time of flight, (10) says that the final velocity v, is equal to v,,. Since, with the

use of (9),
_ © 2 1 27
1= ["dvo? [ du [Ty fp)

= [7 dvg v} f_llduo foz”d%xwo,uo)fo“ dt exp

the normalization constants A, appearing in (10) turn out
to be given by

A =0l fom dt exp

~[lagvloen|. a2

The v, appearing in (10) depends on vy _;, so that the
explicit expression of (10) expressed by the initial velocity
vy at 7=0 becomes extremely complicated after few
steps. Fortunately the explicit calculation of the sth con-
tribution to the diffusion calculation turns out to be of
the order of (W?2/{v)?)*’? (where W is the electron drift
velocity) with respect to the contribution due to the first
term of Eq. (10). Detailed calculations relevant to the
second flight (s =2) are reported in Appendix B of Ref.
10 (Cavalleri) (although with relative second-order errors
due to wrong normalizations).

For free electrons in scattering media W?/(v)?
~m /M, where m and M are the masses of an electron

- fo’dgvo[v(g)]] , (11)

[

and of a scattering center, respectively. Since the max-
imum value of m /M occurs for hydrogen and it is
~3X107% the contribution of each flight with s> 1 is
less than 3 10~* compared to that of the first flight.
However the series due to the successive flights gives a
contribution which can be of the same order as that of
s =1. (A posteriori one ascertains that this is the case for
D,, while for D, =D, the contribution due to the series
remains small). Moreover, after a flight, the memory of
the direction of the initial velocity is lost to within the
small recoil of the collided molecule (or center of scatter-
ing). We can therefore consider in detail the first flight
only, i.e., we leave unaltered only the first term of (10).
For the rest of the series we do not consider the details of
the single flights but we summarize their effect by a slow
diffusion. In other words we take into account the rapid
variations of p=cos@ in the first flight and then use a
Fokker-Planck approximation. Consequently, by (9),
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(10), and (12), we can write for the transition probability
density f [it does not make any difference to use either i
(for initial) or 1 (for first flight)]:

](vf’.u‘f"/’/"rl Vis i ¥i)
:vo}ZS(vOf(vf)—vo,-(v,-))S(uof(vf)—uo,-(vi))
X &(Po (v )= (v )N H(7)—FH(T—1,)]
+f(uf,yf,1') vt ) H (T —1t,) (13)

where v; and v/ are the initial and final velocities, respec-
tively, while vy; and vy, are the corresponding velocities
immediately after the preceding collisions. Both v,; (the
initial velocity corresponds to the first flight) and v, can
be expressed as functions of v; and v, so as to have the
same variables as in the left-hand side.

Notice that the “smoothed” transition probability f
depends neither on ¥, because of axial symmetry around
E, nor on y; and y; because the initial directions are no
longer remembered after one collision. On the contrary f
depends on ¥/, ¥;, and y;. In particular f changes
abruptly after any collision, while f changes appreciably

only after many collisions.
J

0Oy (1) =2 [ dog; 0% [ dptos Xlogioier) [ dt; [exp
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IV. GENERALIZED DIFFUSION COEFFICIENTS
EXPRESSED BY THE ADDITIONAL TERM b»

Before using the transition probability density given by
(13) it is convenient to expand its slowly varying part f
around t;=0, i.e,,

f(vf,pf,rl v,,ti)=f(vf,;1.f,1'~ti | v;,0)

- of
~fospp,7|v;)—1 55 t;=0. (14)

_ Since f is a slowly varying function of 7 of the kind
f~exp(—mvt/M) the contribution to D due to the
second term of (14) turns out to be of the order m /M
compared to that due to the first term, so that it can be
neglected. For the same reason [to obtain D in (1) and (2)
we integrate over 7 from 0 to ] we can neglect ¢, com-
pared to 7 in the second term of (13). By these approxi-
mations, putting

(15a)
(15b)

Vil =Vg;Mo; +at; ,
Vsl p =VoiMo; +a(t; +7) ,

substituting (14), (4), (9), and (13) in equation (3), and in-
tegrating over y; and ¢ yields

~ [ dev) | |wona+ar)

X (voitbo; +at; +am)[F(T)—FH(r—1;)]

+4m? [ dv, v} f_lldp,-f(v,-,y;)v,u,- S dvy o} f:ld,uff(vf,#f,'rlvi)vf,ufﬂ(T). (16)

Let us expand f and f in Legendre polynomials

Slo,p)= ZPS(#,' )fs(v;)
0

Fwppprlv)= 3 Plup)fvp7|0,)
0

(17a)

(17b)

Substituting (17a) and (17b) in (16) and the result in (2), after integration over 7 in the first term, and over y; and u 7 in
the second term, recalling the orthogonality of the Legendre polynomials and the fact that only P,(u)=pu appears in
(16), we obtain

exp

1% © 5
D)= [ dvg,ob, [ dos Xvopio)) [" dt, [exp [~ [ v | |

(U%,'IJ%,- “+ 31)0,-[140,'0’,- +20 Ztiz)sin(a)t,- )

w-L
w

+ —(})—(v()iu(,ia +a’t;)[cos(wt;)—1] I

+ fd‘rcos(arr) [‘9—"17'2 fow dv; v f,(v;) fow dvvifi(vs, T o) — (v, )2 ] . (18)
Let us expand the exponential appearing in (18) with the introduction of an auxiliary term bz and the notation'®!’
dv, d?v,
o= g

We get
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exp [ — f0'd§ vol&) ] =[exp(—wvgt —bt)]exp(bt +R)
=~ [l+bt —Lat* v+ 1b2t1 — Labt v+ Lot vip?

v
_%azﬂvdﬁ-—%azz3(1—p2)7" exp( — vyt —bt) . (19)

We have truncated after the second order in the acceleration a since we want the leading term and no more than the rel-
ative second order.'¢
It is also convenient to express the collision source X as a function of the isotropic component f(v) of the usual dis-
tribution function f (v,;). Still with second-order accuracy we have!®!”

avy dfy ) 1 d v:  dfy v, 2 d 1 dafy
= _— —— —_—_— —_—— | ———— P
X(w,p)=vofo vo—v; dv w2 dv | vo—v, dv Vo—vy 3 dv |vo—v, v dv 2() 20)
where:
1 1 1 p1 1 p1
V(o)== f_ldyv(v,,u.), v(v)== f~ldw(u,u)y, Vo)== f_xdyv(v,p.)Pz(p), 21

v(v,p) being the differential collision frequency and P,(p)=(3u?—1)/2 the Legendre second polynomial. Substituting
(19) and (20) in (18) gives, still truncating the terms in a® with s > 2,

D (0)=D,(0)+D(@)+D, (o), (22)

where D, is the contribution due to the main term vyf of (20) substituted in the first term of (18), D,, comes from the
other terms of (20) and the first term of (18), and D, is the second term of (18). We get, writing v instead of v, for sim-
plicity,

4 k 12a2 | 3k*—w? 47a%*. 1 5. |, k'—a?
xl(&))—- f dv UVQfO ’——+2bg4—+ b? +‘v—2 —H6——12 15 o V0+ga Vo kT
102k 2 2 2 2 2 2_ 7.2 2 2
+%a 5 5k* IOa:Ok +ot " 3;12k 40) _a_‘.’okk 36(0 _ 2302 Jg vl
H o? H w? vH vi’k? vk’
(23)
where use is made of the integrals (23)-(28) of Ref. 10 (Cavalleri) in which
k=vy+b (24)
and
H=k’+o’ . (25)
Moreover,
e e, 4]l ¥ dfo ) 6k 1 ko1
sz(a))—%rra fo dvv {'Vo—vl dv 5H6(3k —@ )Vo UH4_-;;)? F-—-;
4 v d | 1 14| 1 d | wr o1 26)
15 vo—v, dv | vg—v, v dv wldv | vg—v, dv HY |’

D, ;(w) is given by the second term of (18).
The expression for the transversal diffusion coefficient D, =D, is obtained by substituting v cosy(1— u1?)'/? instead of

vp in (3). The integration over i cancels the contribution coming from the second term of (13). By the same procedure
leading to (18) we get

—1rf dvg; v, f dpo,X(vo,,po, )1 ,uo,)f dt—sm(wt exp[ f d§vy(§) ] (27
If we substitute (19) and (20) in (27) we get
D,(w)=D,(w)=D,(0)+Dylw), (28)

where, still writing v instead of v,



We have thus the desired expressions (31)-(37) to within
the auxiliary term b which is explicitly obtained in the
next section.

As shown in Ref. 16, the terms multiplied by a2 are of
the second order in (m /M)!/? with respect to the leading
terms, given by (32) for the longitudinal diffusion
coefficient, and by (36) for the transversal diffusion
coefficient. Since m is the electron mass and M the mole-
cule mass, the maximum ratlo m /M occurs for hydrogen
and it is equal to 2.72x 10~ %, while for other gases (or
atoms in a lattice of a solid) the ratio is still smaller. It
seems that also D, ; is of second order because f, and f,
are each proportional to a. But the decay time of f is of
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47 2k 2 3k2—w? 3 25k4——10a)2k2+a) 4 ,1. 4 k’—o?
y,(a))— f dvotvfy | — H" +b e +Sa A0 —3 v0+;vo k I°s ,
(29)
w4 2, a| VYo dfo 3k—o? 2 vv; 4 1 14fo 1 d v df 1
D,y =—ma f dvv - |== — — — T\t
3 0 vo—v, dv  5HS 15 vo—v, dv | vg—v, v dv 3v2dv |vg—v, dv | | H
(30)
V. ORDINARY DIFFUSION COEFFICIENTS EXPRESSED BY THE ADDITIONAL TERM b
For @ —0 the generalized diffusion coefficients become the ordinary diffusion coefficients which we write here
D,=D,,+D,,+D,,, (31
where
4 o 1 2b 3 9
D =—m dv vy, + 24 g2
S fo “f°{(vo+b)2 (vo+b)®  (vo+b)* v?
.2
2 79a2. 6 ,. 9a’v;
— ——vt+—-aV, |+———— |, (32)
(vg+b)? |5 v 0 57 T (yy4b)8
" v 9, df
Dx2=i1ra2f dv v* ! 2 = 3 3 2
3 0 Vo—v; | S(vo+b)*  v(vy+b)
L1 4 vy, g | 1 1dfo| 1 d| w2 dfy (33)
(vo+b)? | 15 vo—vy dv | vo—v, v dv T 3wldy |vo—v, dv ’
o 1672 © © =
D,;= fo dr | = fo ‘11),-11,-3f1(LJ,-)f0 dva}fl(vf,ﬂv,-)—(vx)z’. (34)
Similarly
D,=D, +D,, (35)
where
.2
4 o, 1 2b 3b2 3a’vg 4a® 4.
=—1 dv vy, + - Vo+—W, , (36)
3 fo ofo (Vo+b  (wg+bP T (vo+b)* T (vo+b)  Svg+b)S | O v °
_ Trazf dv vive dfo 3 _ 1 2 v 4 1 14dfo
Dr= Vo—vi dv S(vg+b)  (vo+b) | 15 vo—v, dv | vo—v, v dv
1 d : df
o |—— == || |. (37)
vt dv | vy—v, dv

[

the order (M /m)vy ! and the integration over time in (35)
introduces a factor M /m which is just the inverse of
what a? introduces. Consequently, D, ; is of the order of
the leading term.

By our procedure and approximations, we estimate the
errors introduced in the second-order terms to 30%, so
that those ones relative to the leading terms are less than
one part in 10*. Moreover, in all the practical cases, v,
<V << v, so that the first two terms of (33) and (37) can
be neglected without modifying the relative error of 10—4.

The second-order terms are mainly due, in the integra-
tion over v, to the contribution of the integrals from zero
to a small value compared to (v ). This is due to the fact
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that, for v —0, the collision frequency vo=Nov is pro-
portional to v (because o tends to a constant value).
Now, if we neglected b, these second-order terms would
diverge for v —0 and, with b0, they give the largest
part of their contribution during the integration from 0
to a small value of the order b /No.

We could even neglect completely the terms in a2, but
we preserve them only to calculate b so as to develop a
correct expression (to within 10~*) for the leading terms.

A fourth-order expansion in the acceleration would
give a better approximation even for the second-order
term because there is a kind of back flow which slightly
modifies the coefficients of the second-order terms. For-
tunately, without carrying out the extremely long calcu-
lation, the comparison with the rigorous expansion of
(18) in the case vy« v suggests such small modifications
because logarithmic terms have to vanish. This will be
done in the next section so that in the conclusions the
convenient expressions to be used by experimentalists will
be given.

VI. CALCULATION OF THE ADDITIONAL
PARAMETER b AND MODIFICATION
OF THE SECOND-ORDER COEFFICIENTS

The generalized diffusion coefficients obtained in the
preceding section present no divergences for w0 even if
J

DIg=2ma fow dv v3f0(v)f_11d,u fom dt(v2u*t +Svpat?/2+3a’t?/2)exp
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we put b =0. However, errors are present which tend to
infinity for @ — 0 if we leave b =0. For nonzero molecule
temperature T the collision frequency never vanishes and
therefore no divergences arise in the diffusion coefficients.
However, for small T values big errors are present which
remain large even for T'~300 K. The divergences (or at
least the big errors in D, and D, =D,) arise when v, van-
ishes. This occurs for v —0 because the collision cross
section o approaches a finite value so that

vo=Nov=av , (38)
where N is the molecule concentration and a=No a con-
stant.

We will therefore leave b in our expressions and evalu-
ate an explicit expression for it. In practice we can as-
sume (38) as the expression of v for v —0, and calculate
the corresponding b value. Indeed, as shown in Ref. 16, b
can be written in the form

b=za/v, (39)
where z is a dimensionless factor we evaluate by the fol-
lowing procedure.

We take the first term of (18) with =0 and with X
given by the first term of (20), i.e., X=v,f, in which we
use vo=av. We obtain

—a fo‘dgv(g)] . (40)

The corresponding approximate expression to (40) is Eq. (32) in which the truncated expansion (19) has been used. If
we put b =0 in (32), the resulting expression is the most affected by errors. That is why we chose (40), and the corre-

sponding (32), to obtain z.
For convenience we take f,=exp(
order to calculate the second-order term we put

—h%?). If we put @ =0 in both (32) and (40) we obtain the same leading term. In

x=hv, y=at/h, ¢=ah’/a, (41)
expand the exponent of the exponential appearing in (40), and subtract the leading term. We get
i 2 ®©
Dt —D, (a=0)=—7 fo dx x%exp(—x?)
! ® 2,2 2
X f ldp fo dy (x?u’y exp( —xp){ — 1 +exp[ —pcy?/2—(1—pu?)c?y3/6x 1}
+(5xy2uc /24 3c%y3 /2)expl —xy —pcy?/2—(1—p?)c?y’ /6x])
275 831c2 42)
where the result has been obtained by a computer.
The approximate expression D2} is obtained from (32) by putting
b=za/v, x=h%? folv(x)]=exp(—x);
(43)
c¢c=ah?%/a, S=x+zc .
We get
D% = f dx exp(—x) + 2zcx + 3(z2+9)c%x 158c2)c4 9¢2x 3 @4)
¥ 3a h“ 32 53 s 58° s6

The first two terms inside the large parentheses of (44) are
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3 3 2.2 3.3 4.4
x_+22cx =x__3zc+5220 __2230 ’ 45)
sz 5 S S S
and the first term in the right-hand side of (45) gives the leading term.

The integrals appearing in (44) are calculated by the method shown in Appendix E of Ref. 16 and we get

27 3,31 441
D® = Tk’ 1—3z%%(—y —Incz)+5¢c3z ?Z-—Zz c YR +3cHz2+9)(— U —y —lIncz)
— e — 2 —y—Incz)+9¢X(— B —y —Incz) |, (46)
I
where v is the Euler constant. “i’— [l+c2( 18.34—1.52%)] . (48)

The logarithmic terms, absent in (42), do not vanish ex-
actly in (46) (only those multiplied by z? cancel each oth- . . .
er exactly). This is due to our truncation of the expan-  Equating DxY‘Dxl(a =0) to (42) yields

sion and this fact is suggestive of what the successive 7=z =0.751 49)
terms would give. We therefore change some coefficients I
so as to obtain an exact cancellation of the logarithmic The rigorous expression of the first term of the
terms. The modified expression which indirectly takes  transversal coefficient is obtainable from (27) by putting
into account a wider expansion and replaces (44), is ©=0. Still using X =av exp(—h%?) we get
DX = T h‘ f dx exp(—x) DiE=ma fo dv v>fo(v)
1
X | dp(1—p?)
x3 2zex3 3(z2421)c i3 f—l HE—H
X sz §? s* X fwdttexp —a ftdgv(é')]
0 0 '
2.4 2.5
_ 50¢ 5.)c _ 13¢ 6x . @7) (50)
S S
Again using (41) we transform (50) in the following
An expansion like (46) gives, after simplification form convenient for the computer

ri m ®
Dylg —Dyl(a =0)= ah4 fo dx xsexp( —xz)
1 2 @
Xf_ldy(l [L)fo dy y exp(—xy)
X[—14exp(—pucy?/2—(1—u?)c?y?/6x)]

=(m/ah*)(—0.595c2) . (51)

The approximate expression D, is obtained from (36) by the use of (43)

220x 3z%?x?  16c2x* 3¢k’
D= dx exp(—x)
yf 3a h4 f p S3 sS4 585 S6 (52)
With the use of (45) and the method exposed in Appendix E of Ref. 16 we obtain
D =—2T |1-322% —y —Incz)+5¢ 3231 —2z%4—L 4 3c22A— U _y_inez)
Y 3ah* 2z%? ¢
— 8 —B —y —Incz)+3c X — 2 —y —Incz) (53)
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Here also the logarithmic terms do not vanish completely
and a small modification of one coefficient is required.
Precisely we change the coefficient i of the third term
inside the large parentheses of (53) by 3. However it is
still simpler and more convenient for the case in which a
Ramsauer effect occurs, to neglect the last two terms.
We get

2r [ x> 2zex3  3z%%}3
D2 — d _ iy
B 3ah? fo x exp(—x) Sz+ PE st
3¢2x*  3¢%xd
I s¢
=27 [1—c%0.6+1.52%)] . (54)
3ah*
Equating DJf —D,,(a =0) to (53) yields
z=z,=0.442 . (55)

Still more compact and simple expressions can be ob-
tained which approximate in an excellent way the
rigorous expressions. For the longitudinal-diffusion
coefficient it is

chx 3223
D¥ = 3o h“f dx exp(—x) o 54
54cix? | x
s3 S
(56)

Its expansion to second order yields

DIt =27 A [foo"gv’dv vie My f:u.d” uze_'“’]
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2(18—1.522)] . (57)

Equating DZf — D, ,(a =0) to (42) gives
z,=0.581 . (58)

For DJP it is sufficient to retain only the first three
terms of the integrand

22cx 3223
—Xx) P L
= 32:4(1—1.5&#) . (59)
Equating DJf —D,,(a =0) to (51) yields
z=2z,=0.771. (60)

VII. EVALUATION OF b
WHEN THERE IS A RAMSAUER EFFECT

With the aim of calculating b =za /v, i.e., z, when
there is a Ramsauer effect at v =v’, we schematize it as

volv)=A =const for v <0.9v’ and v >1.1v’,

(61)
volv)=B |v—v'| =104 |v—v"| /v’

for 0.%'<v<1.1v’.

We take again the first term of (18) with =0 and
=vyfo=voexp( —hv), thus obtaining, with the use of
(61),

X f:ldu fow dt(v2u®t +2.5vuat®+1.5a% 3 )exp( — At)+(20m A /v’)

dvv?|v—v'|e ™

I.1v
< J
0.9’

x [ du [ 7 diwhs

t +2.5vpat’+1.5a%3)

X exp [—(IOA ) [ldg| P +ae+2agop) v | | 62)

The first two integrals are easily solved and we obtain, by the use of (41)

0.9v’ ©
f R fl v’

2. (63)

To calculate the contribution around the Ramsauer effect (i.e., for 0.9v’ <v < 1.1v") we put, similarly to (41) and with

the additional convenient assumption hv'=1,
x=hv, hv'=1, y=10A4t, ¢ =ah/104 .

We get

1.1
I
0.9v’

= 104h°

(64)

1.1 1 )
dxx?|x—1|e™* dy(x*yu*+2.5 24 1.5¢%3
fo.9 x x*| x | e f_ld/,t fo y(xyu”+2.5expuy“+1.5¢“y")

Xexp[ fydy [ (x24c?y' 24 2cxy'u)?—1] | . (65)
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The approximate expression can be obtained by expanding the exponential in (62) and introducing the auxiliary term
b, and also by the use of (61) and (64). Here also we find a convenient compact expression which reads

o 1 20zc = 300c2z? (10c)!-%2
6, — 6. — 1
DX = Ah5 [f dx x% "%+ fudxx e "] Tt et g ~2'7—-—“—H4'°38
1 11 6 — 1 | 2z  3c%z? o962
_5f0.9 dxxte™[x —1| TPt T _2'7F4.038 s (66)
where
H=x+10zc, F=x |x—1| +zc . 67)

The first two integrals of (66) give the same result as (63). The comparison of (65) with (66) regards only [ ;5. The cal-
culations, performed by a computer, lead to

25, =0.5 . (68)

For the transversal diffusion coefficient we get in a similar way

g = A:S {f_]ldp(l-—,uz)fowdy0.0lye"“o[foo'gdxx“ 4 f dx x‘e "]

+01f ldx x* |x——1|e"‘f dp(l y)f dyyexp[ f dy’ |(c2’2+x2+2,ucxy’)l/2—-llu.

(69)
The compact, convenient expression of D)} is similar to (66) and reads
_ 1 20zc  300c%z? (10¢)!-962
6,—x 1
D= 3Ah5 " dx x%e +f dx x%~ "‘ H2+ 178 + H —-2.3 F4.0%
1.1 6 — 1 2z¢ 3c2z2 c 1-962
METITE fo.9 dxx’e”"|x —1| Tt T "2'3F4.038 (70)

Here also the first two terms give the same result (up to c? terms) of the corresponding terms of the rigorous expres-
sion. The comparison of the contribution f ('): ; leads to

VIII. GENERAL RESULTS FOR THE EXPERIMENTALISTS IN THE CASE OF RAMSAUER EFFECTS

We summarize our results to be used by experimentalists when v, < v| <<v,, where v,, v,, and v, are given by (21),
v(v, ) being the differential collision frequency. They are convenient because they are expressed by integrals over a sin-
gle variable which is the velocity v. When there is a Ramsauer effect at a speed v’ the integral is conveniently split into
three parts. The explicit expression for the transversal diffusion coefficient is

41 0.9v’ 1 Zbl 3bi
D}p=— dv vt + +
P 3 fo ofo (vo+b, ) (vo+b,)  (vo+b))*

47 LI 1 2bg 3b2 vou'? 0.076 al-962
+3 f , dvv*vofo 7t 3t i , 4.038,2.038
3 Yoo (vo+bgr)*  (vo+bgr)  (vo+bg) lv—v'| (vo+bg ) v
+4T” | dv vy fol 1+ 3a%v — $a g (o + 40 /0)] (72)
where
Vvo=dvo/dv, Vy=d?vy/dv% b =0.771a/v with a =eE/m; bgr=0.5a/v . (73)

In the last integral, where divergences never occur, we have put b =0 and kept the original coefficients appearing in
(36). The explicit expression of the longitudinal-diffusion coefficient is
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” 2b 32 —54a%w? 5422
DR =T [*™ dovtvfy | —bg T
3 Yo (vo+b,)"  (vo+by) (vo+by) volvo+by)
0.076
. 2 3b2 vap' 2 1.962
+ﬂ7“ N dUU4Vafo ! 7t : 7t - 4"2' ° ' ] a4038 2.038
3 Yoo (vo+br)*  (vg+bg)  (vo+bg) lv—v’| (vo+bg )™ 0"
2;2
47 o . 1 27a* 12a* |79 . | . 84" Vo
.8 d 1 - -
*t3 fl.lu’ A fo[ + vE 5w |6 VotVo | + vy
o 1672 = 3 © 37 (v.)2 (74
+f0 dr —9——f0 duiv,-f,(v,-)fo dvsvrfi(vp,m|v)— o, , )

where
b,=0.581a /v, bgr=0.5a/v . (75)

In both (72) and (74) the distribution function of the
speed v is given by the Chapman-Cowling expression

v
(kt/m)++Mm ~la*(vy—v,)7?

?

fo=A%exp —fo dv

(76)

where A * is a normalization constant, k the Boltzmann
constant, T the absolute temperature, M and m the
masses of the gas molecule and of the electron, respec-
tively.

In (74) f,(v) is the first anisotropic component in the
two terms Legendre expansion of the distribution func-
tion and is related to f,(v) by

dfy
dv

a

filv)=— (77)

Yo—Yi

What remains to be calculated is the transition proba-
bility f;(vs,7|v;) which requires the solution of the
Boltzmann equation in the Fokker-Planck approxima-
tion.

Consequently, the transversal-diffusion coefficient
given by (72) is completely explicit and needs no solutions
of other equations, while the longitudinal-diffusion
coefficient requires the Green function f,(vs,7|v;) to be
obtained from the Boltzmann equation.

The last term of (74) gives the main difference between
the transversal- and longitudinal-diffusion coefficients
and, when generalized, represents an additional noise
which we suppose can give the famous and still unex-
plained 1/f noise.

]

d,=Na(m/kT)"*D,
1

IX. SOME NUMERICAL EXAMPLES

We consider the case of gas molecules behaving as rig-
id spheres, i.e., a collision frequency of the kind vo=Nowv.
This behavior is common to all gases for v —0 as already
discussed in Sec. 6, Eq. (38), and for neon in an important
wide range of electron speeds where the cross section is
0~2%10"1'® cm? The relevant distribution function,
Eq. (76), with the use of the dimensionless field parame-
ters

v3=kT/m, x=v/v,, €=m/M, E=¢E/(NecgkT),

(78)
becomes
Folo,D=v53f0(x,00,6) , (79
with
3
o(x,00,6)= Avglexp | — [ Fdx——
folx,vg vy Cexp fo xx2+é°2/3
= A exp(—x2/2)(1+43x2/6H)6/ | (80)
where the normalization constant is obtained from
1=4n [ " dx x2f}(x,v,,6) . 81
ﬂfo x x“fo(x,09,6) (81)

We calculate the transversal-diffusion coefficient by Eq.
(72) without Ramsauer effect, i.e., dropping the second
term. The limits of the first and third integral are rather
arbitrary and we use 0. 1v, since the use of the additional
parameter b is important for low speeds only. We also in-
troduce a dimensionless diffusion coefficient d, which,
with the use of Eq. (78) and (79), reads

1.542¢6 1.7833(e6)?

41 0.1 ,
:——3—— fo dxx7f0(x,vo,5)

(x240.771€6)?

€6

1- 2

+ foj dx x3f5(x,04,6)

1
5

X

11

(x240.771€6)  (x24+0.771€6)*
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If we neglect the second order corrections, Eq. (82)
reduces to that used by Skullerud’ and Parker and
Lowke,? which is

d°=4T” J.7 dx x35(x,00,6) . (83)

The numerical differences between the results obtained
from Eq. (82) by a computer and those obtained from Eq.
(83) are of order €2=m /M ~10"*%, almost two orders
beyond the present experimental accuracy. Our simple
formulas are in this case ready for future more accurate
experiments.

X. CONCLUSIONS

By the method of the mean free path we have found ex-
plicit expressions for the generalized diffusion coefficients
D, (o) and D,(w). The application of these expressions,
given by Egs. (18), (22), (23), (26), (28) and (30), to the
electric noise is left to a future paper. It is interesting
that the mean-free-path method, together with the use of
the velocity correlations, does not need the density gra-
dient expansion and can give directly D, (w), from which
the ordinary longitudinal coefficient D, =D, (0 =0) is im-
mediately obtained.

In our method an auxiliary term b is introduced which
takes into account the variation of the collision frequency
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vo(v) during a free path because of the electron velocity
variation due to the external electric field E. This term b
removes therefore the unphysical divergence that arises
in a hypothetical case of a Ramsauer minimum at a speed
vq such that vy(vy)=0. Just in this extreme case we have
performed numerical calculations in Sec. VII by using the
rigorous expression (which never diverges) and the ap-
proximate expansion (in which b is introduced) which is
the useful, final, explicit expression. By the chosen
b =0.5a/v (where a =eE/m), the differences between
the two expressions are of m /M order, where m and M
are the electron and molecule mass, respectively. Conse-
quently, in the real cases where v(v )50 although small,
we guarantee the same approximation of m /M order,
while the best values in the literature present discrepan-
cies with the Monte Carlo method up to 6%.

The explicit expressions for the diffusion coefficients
are given in Sec. VIII by Egs. (72)-(75).

When there is no Ramsauer effect, our results, al-
though less important, have been numerically compared
in Sec. IX with standard results as obtained by Skul-
lerud.? The discrepancies are still of m /M order and it is
with this accuracy that we guarantee our expressions that
we still report here in the most compact form for the con-
venience of experimentalists.

By use of Egs. (36), (37), and the more compact expres-
sion (59), we have for the transversal-diffusion coefficient

|
4 © ., 4 1 2b 3b? a? dfy 3vivg
D =—m dvv” {v + + +—
Y3 fo { ofo (vo+ b (vo+b)®  (vo+b)* 5 dv (vog—vNvy+b)*
_ a’ 20v, d 1 1 dfo 1 d v? __._dfo (84)
(vo+b)? | 15(vg—vy) dv | vog—v, v dv w2 dv | vg—v, dv ’
f
where a =eE /m is the acceleration due to the external _ _ 1 e 2
feld E. amd v=vy(v) = f_ldyv(v,y,)(3y, -1, (88)
b=0.771a /v , (85) vo=dvo(v)/dv . (89)
_ 1 When the elastic collision frequency is much larger than
Vo=olv)= 2 f . dpviv,p) , (86) the inelastic collision frequency, the isotropic component

where p=a-v/(av) and v(v,u) is the differential collision
frequency. Moreover

fo=1So(v) of the velocity distribution function is given by
the Chapman-Cowling-Davidov expression (76).
The longitudinal-diffusion coefficient is given [as can be

1 p1 i - -
V1=V1(U)=E f_l duvio,pp , (87) :il:)t:l(r;%c)l]bgyEqs. (31)-(34) and the more compact expres
J
4 ro 1 2b 3b2 54a’ 1 1
D.=—m [ “dvv*lv + + — -
3 J-0 { ofo (vo+b)?  (vo+b)  (vo+b)*  vAve+b) [ Vo  vot+b
+al 1 9‘-,0 _ 5 dfo
Vo—vi | S(vo+b)*  vive+b) | dv
+ 4vvy d 1 idfo _ 1 d v dfo
15(vo+b)vg—vy) dv | vo—v, v dv 30ivp+b)? dv [vo—vy dv
®© 2 16172 o 3 o =
+ fo dr|—(v,) +—g fo dviv,-fl(vi)fo dvevifi(vs,T|v) |, (90)
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where, in the last integral, f, is given by

dfo
-1
=— — —— 91
f1(v) a(vy—vy) 2 91)
and f,(v 7,7 | v;) can be obtained from the P, approxima-
tion to the Boltzmann equation.

In the large majority of real gases, v, < v, <<V, so that
Egs. (89) and (90) can be strongly simplified.

APPENDIX A: CONNECTION BETWEEN DIFFUSION
COEFFICIENTS AND NOISE SPECTRAL DENSITIES

The diffusion coefficient expressed by the velocity
correlation function has been given by Kubo,?’ in the
case of zero drift velocity W={(v). For reader’s con-
venience we will here report the complete treatment
when W=£0, moreover showing the connection between
the generalized diffusion coefficient and the noise spectral
density.

An electric field E=Fi is parallel to the x axis so that
W=W,i=(v,)i. The longitudinal-diffusion coefficient
D, is defined as the position’s mean-square spreading of a
charge-carrier ensemble initially prepared in the position
xg, divided by 2¢. The so-defined D, is independent of
the time ¢ provided ¢ is much larger than the mean free
time of flight of the charge carriers. In particular we can
take the limit for t — o, i.e.,

D, = lim El?([x(t)—(x0+Wt)]2) (A1)
t— o0
Now it is
x —(xo+ Wt)= fO'dt[vx(t)—W]= fo’dz Verel(t) s (A2)

where v, is the velocity relative to the mass center of

the ensemble, i.e., the velocity measured by an observer

having the velocity W with respect to the laboratory.
Substituting (A2) in (A1) gives

D, = lim

t— 0

1
2_t fotdtl fotdt?.(vxrel(tl )vxrel(t2)> (A3)

Let us put 7=t, —t, and change the variables in the
following way

ot, ot
ot, or 1
ar, o
=drdt, . (A4)

If E is constant or if AE /E << 1 during a time of flight,
the process can be considered as stationary and the corre-
lation function C, of v, depends only on 7=t¢, —1¢, i.e.,

Cx(t11t2 )= ( vxrcl(tl )vxrel(tZ))
=( Uxretl 1 Wirer? +7))
= < erel(o)vxrel( 7) )

=C,(1). (AS5)
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Substituting (A4) and (AS5) in (A3) and therefore chang-
ing the limits of integration gives

1 t 1=t
‘5 Joan [, drcin

Since (A6) is the limit of the ratio between two diver-
gent expressions (for ¢t — =), we can apply Hospital’s rule

D, = lim

t— o0

(A6)

) d ' t—t,
D, = lim —2—d-;fodt1 f_[l drC,(7)
. 1 0 1 '
:lli.n:c ‘i“ f_thCx(T)'i'E' fo dtlcx(t“t])l .

(A7)

Let us perform the limit in the first integral and let us
put £=t —t, in the second. Since dt; = —d§, by chang-
ing the limits of integration we get

b=t
——f d7C, fdgc g)_f drC,(
(A8)

The two transversal diffusion coefficients D), and D, are
equal because of axial symmetry around E. By the same
procedure—and the simplification (v,)=(v,)=0,
which implies v, =v, and v,,,;=v, —we get

1 0
d7Cy()+ lim |- f{ —dEC (£)

D,=D,= [ “drC,(r)= [“drC,(r) . (A9)
The generalized diffusion coefficient is defined as
D, ()= f0°° drC,(7)cos(wr) (A10)

and coincides with D, for 0 —0, i.e., D,(0)=D,. Be-
cause of (A2) and (AS5), (A10) is equal to (2) of the main
text. In a similar way (1) is obtained.

Let us now consider a wire section of length L, having
plane parallel ends, containing N carriers each of charge
e and with a velocity v,, along the x axis of the wire.
Ramo’s theorem?! gives, for the current i (¢) induced on
the end planes,

i(t)=—~ Evsx(t) (A11)
L s=1
The mean value of the current is
(i())=— 2 (vsx(t))—-—N(v ), (A12)
s=1
and the current fluctuation is
2 v, (2) N(vx)] . (A13)
s=1

Ai=Ai(t) is a stochastic variable y(z) whose spectral
density is defined by

2 ®
Glw)== [ di(y(0)y(1)cos(ar) . (A14)

If y (1)=Ai(¢), (A13) in (A14) gives
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2 (a3 S I )= N0 (000, )}~ N, (1, ) +- N X, )?
J“(w)=—7—i? fo t 3 3 [(ox(0)y, (1)) =N v, (0)(v, ) ) — N (v, (£){v, ) )+ N* v, )*]cos(wt)

s=1p=1

2e? ©

L fo dt
2e?
wL?

s=1 s=1 ps#ts=1

2e?
wL?

N [ 7 dt((v, (0,(0) — v, ) )cos(wrt) .
0

N N N
S (00N + 3 3T (0, (0, (1) —N* v, )2 —N*v, )2+ N*v,)? |cos(wt)

fo"" dt(N v, (0)0, (1)) +N(N —1){v, Y2—=N*(v2))cos(wt)

(A15)

By comparing (A 10) with (A 15) we obtain the second step of (2) of the main text.
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