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EfFect of scattering on the dynamic localization of a particle
in a time-dependent electric Seld

D. H. Dunlap and V. M. Kenkre
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The theory of dynamic localization of a charged particle moving on a lattice under the in8uence
of a time-dependent electric Seld developed in a previous paper is extended to include the elect of
scattering of the particle by imperfections in the lattice. The description used to include scattering
is that provided by the stochastic Liouville equation. Exact solutions for the mean-square displace-
ment are obtained, and the average difFusion constant is calculated for a sinusoidal ac field. Scatter-
ing is found to play a dual role: It increases dilusion by preventing localization, and decreases it by
increasing the amount of incoherence. Viewed another way, an alternating electric Seld is seen to
result in an increase in the scattering rate in general and the appearance of singularities in the rate
for speci6c values of the Seld magnitude and/or the Seld frequency. These singularities represent
the phenomenon of dynamic localization and indicate the possibility of inducing anisotropy in iso-
tropic materials through the application of strong time-varying electric Selds.

I. INTRODUC=rJON AND THE STOCHASTIC
LIOUVILLE EQUATION

In a previous paper' (henceforth referred to as I) we
addressed the motion of a charged particle moving
among the sites of a lattice under the combined action of
intersite transfer interactions and a time-dependent elec-
tric field. From an explicit solution of the time-
dependent Schrodinger equation, we found that, for an ac
6eld, a charged particle will undergo dynamic localiza-
tion for certain values of the frequency and the magni-
tude of the field. The present paper is an extension of the
theory in I to include the effect of scattering of the charge
carrier caused by its interactions with imperfections of
the lattice. The effect of scattering is taken into account
through a stochastic Liouville equation. l Exact solu-
tions are found for the mean-square displacement and
used to investigate the effects of the applied Seld on the
scattering rate and the difFusion constant of the particle.
Explicit calculations of the current are also given.

As in I, we begin our analysis with the simple case of a
one-dimensional lattice of sites m (—00 &m g ao ) with
nearest-neighbor intersite interactions V and lattice con-
stant a. If e is the charge on the carrier, and E(t) the
electric field, the Hamiltonian of the carrier in the ab-
sence of scattering is [see Eq. (1.1) of I]

plitudes, C (t), then obey the evolution equation [see Eq.
(1.4) of I],

dC
i = —m@f(t)C +V(C +,+C i) . (1.2)

In order to include the effect of scattering, we first con-
vert the amplitude equation (1.2} into an equation for the
density matrix elements p „(t)—=C'(t)C„(t),

i p„=8—f (t}(m n)p—

+ I (Pm, n+i+Pm, n —i Pm+i, n Pm i, n } .—

i p„=C—f (t)(m n)p—

+ ~(p, +1+P,» —1 P +1, P —i,

We then add to the right-hand side of (1.3) a term
describing the destruction of the off-diagonal elements of
the density matrix in the site representation at a constant
rate a. The resulting equation,

H(t}=V& { Im &&m+1 I+ Im+»&m
I {

—ia(1 —5 „)p (1.4)

eE(t)a g m { I

—m & & m
I I .

Following the notation of I, we write the quantity eE(t)a
as 4f (t), where the dimensionless f (t) contains the time
dcpcildcIlcc of tllc Scld and 8 ls tllc lllagIlltudc of thc
field energy, i.e., the product of the Seld magnitude and
ea, express the particle state

I P(t) & as a linear combina-
tion of Wannier states

I
m &

C (t)
I

m &, and take A'= 1. The Wannier-state am-

is the stochastic Liouville equation (SLE) in its simplest
form. The SLE has been used widely as a simplified tool
for the uni6ed description of coherent and incoherent
transport. The ratio V/a measures the mean free
path of the particle in units of the lattice constant. Equa-
tion (1.4) is our starting point in this paper.

%hile the SLE can be solved exactly in the absence
of the electric Seld, solutions for the probabilities are
diScult to Snd in the presence of the Seld. However, ex-
plicit solutions can indeed be obtained for derived quanti-
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ties. We present such an exact solution for the mean-
squsre displacement in Sec. II. In Sec. III we use that
solution to calculate the average diffusion constant for
the case that the electric Seld is sinusoidal in time. An
investigation of the difFusion constant exhibits the
phenomenon of dynamic localization in the limit that the
6eld frequency is large. in comparison to the scattering
rate. In Sec. IV we calculate the ac current through a
slight generalization of the SLE to arbitrary tempera-
tures. A discussion of our results as well as an explicit
extension of the analysis to dimensions higher than one
comprise Sec. V.

g-„(t)=V[(g „+,—g i „)e

+(g... i
—g. i,.}e'"'"]

—ia(1 —5 „)g (2.6}

i gk«(t)=2VIcos[q —Crt(t)] —cos[k —@ri(t)]jg"'qkq

When transformed into momentum space, (2.6) takes the
form

II. KXA,CT SOLUTION
FGR THE MEAN-SQUARE MSPLACEMENT

k, q+ a yg ei(k q)rn— (2.7)

In attempting to solve (1.4) for p „(t),one may
proceed in a fashion analogous to that used in I. A
discrete Fourier transform over the site labels m and n
produces the momentum-space form of the SLE:

i p'—q=i 6'f (t) + p 'qk a a k,

at ak a~

+2V [cos(k) cos(q)—]p"'q iap 'q—

P k( t } g pk k k( t ) ( 1 /i()) ) g p e (kill

k'
(2.8)

where N is equal to g 1. This Fourier transform of the
probability of site occupation is seen to obey

which is then solved formally to give (2.3).
Equation (2.3) is by no means a real solution for p" q(t)

since its right-hand side contains the unknown p „(t).
Fallowing a procedure used by Kenkre snd Brown to
solve the field-free SLE in the absence of the field, we set
k =k' and q =k' —k in (2.3) and obtain the evolution of
the quantity P (t) defined by

+ y i(k —q)m

where p"'q=g „p„e'" q"'. The definition

ri(t)= f dt'f(t')
0

(2.1)

(2.2)

P"(t)=e "8k(t)+a f e " ')Pk(t')(pk(t, t')dt'.
0

(2 9)

Here 8 (t) is P"(t) in the absence of scattering. It in-
volves the particular initial condition in the problem, and
is given by

and the method of characteristics detailed in I can be
shown to lead from (2.1) to

8k(t) y q —eg(t), q —k ev(t)(0)yq, —q —k(f) (2.10)

pk, q( t ) pk —eq(t), q —elf(()yk, q( t ()}e a(—
+a '

~'
' e'"-&]

p
m

X yk, q( t tr )e -a(t (')— (2.3)

The quantity (II"(t,t') in (2.9) is simply the Fourier trans-
form of the probability propagator' evaluated in I:

(tk, t')= g e'"J'([u'(t, t')+v'(t, t')]'")

=Jo(2[u (t, t')+U (t, t')]'~ sin(k/2)), (2.11)

which expresses p" q(t} in terms of its initial value po'q,
with k and q replaced by k —Crt(t }and q —8g( t), respec-
tively. The "density-matrix propagator" f '«(t, t') ap-
pearing in (2.3) is defined as

r

Pk'(t, t')=exp 2Vi f dt" tcos[k Cg(t)+C—q}(t")]

—cos[q —( rt(t)+("rt(t")])

(t) (t) 'e( — )g( ) (2.5)

removes the first term on the right-hand side of (1.4):

(2.4)

An alternate derivation of (2.3) from (1.4) may be of
interest. The de6nition

where J is the ordinary Bessel function of the 5rst kind
of order m, snd

u (t, t') = f dt" cos[( «)(t")],t'

U(t, t')= f t"di s[8n(t'ai")] .
(2.12)

Like (2.3), Eq. (2.9) is also no more than a "formal"
solution since P"(t) appears on both sides of Eq. (2.9).
The Kenkre-Brown analogue of (2.9} contains a )p"(t, t')
which is of the difference form )p"(t t') and, conse-—
quently, can be solved explicitly via Laplace transforms.
Here, however, the time dependence of the applied field
makes the Hamiltonian nonstationary and destroys the
dilerence nature of the propagator. One can always
iterate (2.9) to obtain P"(t) to arbitrary accuracy,



D. H. DUNLAP AND V. M. KENKRE

P"(t)=e ' 8"(t)+a dt'0 "(t,t')8"(t')+a' f dt' f dt" 4"{t,t')0 "{t',t")8'(t")+ ~ ~ ~

0 0 0
(2.13)

and then substitute it in (2.3) to obtain the solution for all
elements of the density matrix. Much can be learned,
however, from the mean-square displacement ( m ),
which often has more practical usefulness than the proba-
bilities. The mean-square displacement can be extracted
exactly from (2.9) as follows.

The definition of the mean-square displacement,

The substitution

ql"(t, t') =2V'[u'(t, t')+u'(t, t')] (2.18)

and the trigonometric properties of u (t, t') and u (t, t') al-
low us to obtain, from a reduction of (2.17), the general
result

ak'
(2.14)

—-(m')(t) =e ' [8"(t)—+"(t,O)]

used in conjunction with (2.9}gives

(m )(t)=e '8"(t}+af dt'e " ''(m )(t')

+a f dt'e " ''+"(t, t'), {2.15)
0

where 8" and 4" are the second derivatives of 8 and 4',
respectively, with respect to k, evaluated at k =0:

(2.19)

Finally, if the initial density matrix is site diagonal,
8"(t}=4"(t,O), and (2.19) becomes

8"(t)=—,8"(t)
Bki k p

0"(t,t')= —,4 (t, t')
Bk2

k p

(2.16)
&m'&(t)=&m )(0)

I

+4V' f dt' f dt"e
0 0

A differentiation with respect to t converts (2.15) into

—&m'&=e- '—8"(t)+a 'dt'e " " — -0 "(-t, t') .

Xcost 8[rl(t') —rt(t")]],

(2.20)

(2.17) which is one of the central results of this paper.

IB. EVALUATION OF THE DIrrUSION CONSTANT

The general result (2.20} is vahd for arbitrary time dependence of the electric field. For a sinusoidal field,

f ( t) =cos(tot },rl(t) =sin(tot)/pi, and (2.20) reduces to

(m )(t)=(m )(0)+4Vi f dt' f dt"e " ' 'cosI(C/co)[sin(pit') —sin(tot")]I . (3.1)

Equation (3.1) reduces, in the limit of no field (8~0), to the well-known result

(m')(t) —(m )(0)=(4V /a)t=2(Dpla )t, (3.2)

where Dp is the field-free diff'usion constant 2V a /a, a being the lattice constant, as stated in the Introduction. In or-
der to find a general expression for the diffusion constant D in the presence of the field, we expand the cosine function in
the integrand of (3.1) as a double sum of Bessel functions. The result is

(m ) =4V f dre 'g J (8/tu}J„{8/pi)[cos[(n—m)cot]cos(moor) —sin[(n —m)cot]sin(mao~) I,dt o

~here we have changed the integration variable t' to ~=t —t'. On performing the indicated integrations, and on con-
sidering the limit that at ~~1, we get

—&m &

d
dt at ~~1

%'e de6ne the dN'usion constant D in the presence of the Seld as

=4V g J (8/co)J„(8/tp)Iacos[(n m)cot] myosin[(n— m)cot—]I/[a —+(mco) ] . (3.4)



37 EFFECT OP SCAr IBRING ON DYNAMIC LOCALIZATION 6625

D=DOQ J (4'/co)Ia /[a +(mco) ]J . (3.5)

Equation (3.5) is valid for arbitrary relative magnitudes
of V, a, 8, and co. Two extreme limits are of special in-
terest: the static limit (co~~a) and the dynamic limit
(c0»a). In the static limit, Eq. (3.5) reduces to a partic-
ularly simple form. The factor a /(az+mii02) on the
right-hand side of (3.5) may be written as the integral
over time (from 0 to 00) of ae 'cos(moot). The sum
over m of cos(moot) J (6 /co) may be expressed exactly as
a single Bessel function Jo[2(8/ai)sin(cot/2)]. An alter-
nate way of writing (3.5) is therefore

D =Do f dt ae 'JD[@ty(t)], (3.6)

where y(t)=sin(cot/2)/(cot/2). The static limit allows
us to write y (r) =1 in (3.6) and evaluate the right-hand
side of (3.6) as a Laplace transform. The diffusion con-
stant in the static limit is therefore given by

D =Do[1+( @/a) ] (3.7)

The diffusion constant is thus reduced by the electric
field.

In the dynamic limit (r0»a), only the m =0 term in
the summation need be retained on the right-hand side of
(3.5), and the diffusion constant is given by

D=DOJo(@/~) . (3.8)

A reduction in D caused by the field occurs also in this
dynamic limit. One also observes the dramatic feature
peculiar to this limit that the diffusion constant vanishes
whenever h/co is a root of Jo. The particle is then
confined to a limited region of the lattice. This is the
phenomenon of dynamic localization whose investigation
we began in I. In the general case wherein neither limit is
applicable, there will be contributions from the other
terms in the sum in (3.5). Since it is not possible to select
a value of t /co which will simultaneously be a root of all
the Bessel functions in the sum, it is clear that dynamic
localization in its strictest sense cannot occur in the gen-
eral case, i.e., the diffusion constant will not vanish. Nev-
ertheless, when the first term dominates the series, the
motion will be substantially reduced whenever 8/co is a
root of J0. %'e plot the average diffusion constant as a
function of 4'/eo for different values of a/co in Fig. 1. It
is clear from Fig. 1 that increasing the size of a with
respect to ~ makes dynamic localization less apparent.

It is also of interest to examine the effect of the applied
Seld as manifested in the modi6cation of the carrier ve-
locity and the collision time. In the absence of the Seld,
the velocity of the particle is proportional to V, the
scattering rate (the reciprocal of the collision time} is pro-
portional to a, and the dilusion constant to V /o. . In
the presence of the Seld of frequency ~, one can say that,
if the Seld changes sign many times during coHision-free

lim [(m')(r) —
& m')(0)](a'/2r) .

f ~ ao

Equation (3.4) then shows that the relation between D
and D0, i.e., between the values of the diffusion constant
in the presence and absence of the Seld, respectively, is

Q~I =EX g [1+(mco/a)2] 'Ji (8/ro)
'

. (3.9)

The limiting cases discussed above are recovered immedi-
ately from (3.9). In the static limit (co&&a}, Eq. (3.9)
reduces to

a tr
——a[1+(8/a)']'~

while, in the dynamic limit (co »a) it yields

a,s=a/Jo(8/co) .

{3.10)

(3.11)

Figures 2(a} and 2(b) show this effect pictorially. The
peaks in a,tr represent dynamic localization.

In deriving (3.5}, we integrated (3.4) to a time t and
took the limit of the quotient of the resulting expression
and t as t ~ oo. Because the average value of the oscillat-
ing terms in {3.4) is zero, only the constant terms contrib-
uted in expression (3.5). It is important to note that this
derivation is incorrect in the case that the frequency m is
identically zero. For, in this case, there will be no oscil-
lating terms in (3.4}. In order to nnd the mean-square

0
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FIG. 1. Dynamic localization as manifested in the diffusion
constant. The diffusion constant D normalized to its value Do
in the absence of the Seld, from {3.5), shown as a function of the
Seld-frequency ratio 8/~ for different values of the ratio of the
scattering ratio to the 6eld frequency o;/co: {a) o,'/~=2, {b)
a/co=1, and {c}o./co=0. 2. The oscillations of the diffusion
constant which arise from the phenomenon of dynamic localiza-
tion are visible for small scattering, but are washed out for large
scattering.

motion of the particle, i.e., if co»a, the velocity is re-
duced by the factor Jo( 8/co). In other words,
V,s ——VJO(4'/co). The velocity vanishes for certain values
of the frequency, causing the onset of dynamic localiza-
tion. If, on the other hand, the particle sulers many col-
lisions within the period of the Seld, i.e., if co&&a, the
collision time is decreased by the factor [1+(0/a) ]

An alternate way of stating the effect of the field for all
frequencies is to say that what it alects is not the velority
of the particle, but always the collision time {equivalently,
the scattering rate). The general expression for the
effective scattering rate for arbitrary relative magnitude
of co alld a, is
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(3.12}

At long tin.es, such that at ~~ 1, the integration of the ex-
pression in (3.12) is given by

( m &
—(m &(0)=4V [a/(a +8 )]t . (3.13)

O

Q O
C)-
CQ

O O
2.0

displacement in this case, it is easiest to set ~=0 in ex-
pression (3.1). We have, from (3.1),

I

&m'&(t)=&m'&(0}+4V I dt' J dt"e
0 0

Xcos@(t'—t") .

On dividing the right-hand side of (3.13}by 2t and taking
the limit as t ~ ao, we find that the difFusion constant in
the dc case is given, not by (3.7), but by

D=D 0[a /(a +6 )] . (3.14)

This also means that the efTective scattering rate in the dc
case is given by

a,s ——a(1+8 /a ) (3.15)

rather than by (3.10}.
Equations (3.15) and (3.10} are both obtained in the

static limit. For large scattering (a»6), they give
essentially identical results (except for a proportionality
constant). However, for large fields (8»a), they are
quite difFerent. Which of the two results is applicable in a
given measurement is really a question of measurement
time. This is clearly demonstrated in Fig. 3, where we
plot the mean-square displacement in the static regime
for an ac Aeld. %e note that, if the scattering rate is
small compared to the magnitude of the electric field, the
graph of the mean-square displacement as a function of
time looks like a staircase, with alternating risers and
treads. The mean-square displacement increases quickly
when the ac field is zero, and all the lattice sites are ener-
getically equivalent. This is indicated by the risers in the
staircase. Gn the other hand, the mean-square displace-
ment increases slowly when the ac field is nonzero. This
forms the treads. The time average of the diffusion con-
stant is given by the slope of the staircase. If the mea-
surement time is long compared to the period of the ac

g CQ

Q i—

Q~

05

r
rrrrrrrrr

V

re ~

(a)

r

(b)
rr

rrr

(c)

0.0 1.0 2.0 3.0 4.0

CO

0.0
1

P..O 8.0 10.0

FIG. 2. Dynamic localization as manifested in the efFective

scattering rate. The efFective scattering rate, a~, is plotted as a
function of the dimensionless ratios a/~ and 4'/~. %'hen a/m
is small (small scattering), and 6/~ is near a root of Jo, the
efFective scattering rate is strongly peaked, showing dynamic lo-

calization. The full plot is shown in (a). Three cross sections of
the a surface are shown in (b) for three values of a/m (a) 0.5,
(b) 2, and (c) 10.

FIG. 3. The mean-square displacement in the static regime
for an ac field. The mean-square displacement plotted as a func-

tion of reduced time cot/2m. for difFerent values of a/@: {a)
a/8=0. 1, (b) a/4 =0.2, and (c) a/8 =0.5. We take a/co=10
in all cases. The onset of a "staircase" when a/@ is small indi-

cates that motion occurs primarily when the oscillating field

passes through its zeros. The measured difFusion constant wi.'.1
be given by (3.14), i.e., the slope of a single "tread" of the stai-
case if the measurement time is small compared to the period of
the ac field. On the other hand, if the measurement time is large
compared to the period of the ac Seld, the measured difFusion

constant wi11 be the average over both "risers" and "treads, *'

and will be given by (3.7).
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field, the measurement probes the average of the slope of
the risers and the treads, and (3.7) and (3.10) apply.
Ho~ever, if the process of measurement is characterized
by a very short time, and addresses only the treads in the
staircase, (3.14) and {3.15) apply. The crucial quantity is
thus the ratio of the measurement time to the time over
which a single tread occurs (which equals half the period
of the field).

IV. &WITE-TEMPERATURE CAIL."ULATIQNS

A well-known'' ' drawback of the stochastic Liouville
equation in its simple form {1.4) is that its treatment of
the scattering is appropriate only to an infinite-
temperature system. This drawback arises from the fact
that a single scattering rate a appears in the equation.
As we shall see below, a consequence of this feature of
the SLE is that the current vanishes at long times no
matter what the magnitude of the electric field. This is
clearly undesirable. In order to address the current, it is
therefore necessary to modify the SLE and remove this
infinite-temperature characteristic. This can be done in a
straightforward fashion. If we set k =q in (2.1), we get
the Boltzmann equation for Fk(t), the diagonal part of
pk, lj( t ).

aFk(t) aFk(t)
at

+8f (t) = a[F„—(t) 1/N]—, (4.1)
ak

where N is the number of sites in the lattice. The term on
the right-hand side of (4.1) results in an approach to equi-
librium (in the absence of the field) in the relaxation-time
approximation, but the equilibrium distribution is
Fk( 00 ) =1/N, which is the case when the temperature is
infinite. In order to include the efFect of finite tempera-
ture, we replace 1/N b~ the ap ropriate Boltzmann dis-
tribution„ i.e, by e ~"" /gee (e), which is the correct
value of Fk( ao ). Here s(k) is the energy of the carrier in
the momentum state ) k }.The diagonal part (in k space)
of the SLE, thus modified, is, therefore

aF„(t) aF„(t)
at +If(t) = a[Fk(t) F—k(N) )] . —(4.2)

ak

The solution of (4.2) is

(4.4)

The current, j (t}, is equal to egkukFk(t}. The particle
velocity Uk is proportional to the k derivative of s(k), and
gkukFk(o) )=0. Making these substitutions in (4.4), we
obtain the general expression for the current j (t}:

j (t}=epf dt'C(t')e

X QFk(~ »kUk e,(()+ev(~-) ~

k

(4.5)

Expression (4.5) is an exact consequence of (4.2), and is
valid for arbitrary s(k}. For the system under considera-
tion in the present paper, it takes on a simpler form.
Here, the band energy z(k) equals 2 Vcos(k). ' Thus,

Fk(00 }=exp[P2Vcos(k)]/Io(2VP), (4.6)

where Io is the modified Bessel function of order zero.
The matrix elements i)k of the particle velocity are given
by 2Va sin(k). Substituting sin(tot) for f (t), and
r= t t ', we fin—d the expression for the current,

j (t) =2 Vea [I,(2VP)/Io(2VP)]a

ve 'sin u sin m f —sin co t —~

(4.7)

where by Fk @«) we mean the quantity obtained by re-
placing k by k +Crt(t} in Fk. Since the particle velocity,
vk, is an odd function of k, it is apparent from (4.3) that
the unmodtjted SLE results in a vanishing current at long
times. The integration over k of the product of vA. and
Fk @„(,)+@„(,)(oo), which is 1/N for the unmodified
SI.E, is zero, and that part of the current due to the ini-
tial distribution decays to zero exponentially in time. If
Fk(0)=Fk(00), (4.3) can be written, upon integrating by
parts, in the form

Fk(t)=Fk(oo)+p f dt'h(t')e

+Fk —ev(t)+elf(t')( ~ }

[z[k 6'rt(t)—+Cr}(t')]) .d

Fk{t) Fk —eTJ(t)(0}e

+a dt e Fk 6'g(tl+ev(t')( ~—} ~

0
(4.3)

The long-time limit of the current may be obtained by ex-
panding (4.7) as an infinite sum of Bessel functions, and
taking the limit at ~ 00. We then have

lim j(t)=2Vea[I)(2Vp)/Io(2Vp)]a g J„((/co)J (Cjto)j[(neo) +a ]tncocos[(n m)cot]+a—sin[(n —m)tot]} .
Cf~oo

1

(4.8)

Equation (4.8) shows that the response to the driving ac field, 6 cos(cot}, has many higher Fourier components in gen-
eral. It is interesting to examine this result in the dynamic limit, a &~m. In this limit, only the term with n =0 is large
in the sum in {4.8). One thus has

lim j (t)=2Vea [I)(2 Vp}/IO(2 Vp) ]Jo( 8/to)sin[(8/to)sin(cot) ]
a/co~0

=2Vea[I, {2VP)/Io(2VP)]JO(@/to) g J~(6/co)sin(moot) . (4 9)
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%e observe two important aspects of the current in the
dynamic limit from (4.9}. The first is that the m =0 com-

ponent of the current is 90' out of phase with the field,

i.e., the conductivity is purely imaginary. The second is

that, when 8/ro is a root of Jo, i.e., dynamic localization

occurs, the ac current is identicaBy zero.
It is important to notice that the genera1 current ex-

pression (4.5) we have obtained above contains a natural
and practical generalization of the Kubo linear-response
formula. " In order to clarify this statement, we rewrite
(4.5) in the Kubo form

j(t)= I dr'p(r, t')C(r') (4.10)

In the limit of small field (8~0), (4.11) reduces to

P(t, t')=P(t t')=eP—e " ' 'QFk(ao)uku„,
k

(4.12)

which is the standard Kubo result for our system. The
stationary nature of the Kubo response function,
equivalently, the fact that P depends on t and t' only
through their difference, arises from the fact that the
Kubo formalism involves a hnear approximation in the
applied field. Our response function (4.11},on the other
hand, contains the applied field to all orders. This non-
linearity is re6ected in the nondiIFerence nature of our
response function.

V. DISCUSSION

The starting point for the analysis in this paper is the
stochastic LiouviHe equation (SLE) (1.4), and its diagonal
form modified in order, to include 6nite-temperature
effects, (4.2). The main results of this analysis are (2.20)
for the mean-square displacements, (3.5) for the difFusion
constant, (3.9} for the effective scattering rate, and (4.6)
for the current. They are exact consequences of the SLE.
The first three arise from (1.4) and the fourth from (4.2).
The results complete our investigation of the
phenomenon of dynamic localization begun in I by ex-
tending the theory in I to include the effects of scattering
of the charge carrier by such agents as imperfections and
vibrations of the lattice.

From a mathematical point of view, one of the contri-
butions of the present paper is the exact solution (2.20)

and note that the response function p( r, t ' } is given by our
analysis as

(4.11)

for the mean-square displacement in the presence of
scattering, which we have been able to obtain despite the
fact that the probabilities of site occupation cannot be
written down explicitly [see Eq. (2.13)]. This is dim'erent

from the case for no scattering analyzed in I where we
obtained explicit results for probabilities as well as for the
mean-square displacement. From the physical point of
view, a number of new results have emerged, some of
which were expected. One of such is the quantitative
justification of the statement we made in I that the obser-
vation of dynamic localization would require that the
scattering rate a be small with respect to the field fre-
quency co. This is clear from Eq. (3.5).

The introduction of the scattering rate a separates the
parameter space into two limiting regimes: the static lim-
it and the dynamic limit. These show quite difFerent be-
haviors. In the static limit, i.e., for apyco, the efFect of
the ac electric field is to cause the difFusion constant to
decrease monotonically with increasing 6eld intensity.
However, in the dynamic limit, i.e., for a~geo, an in-
crease in the 6eld causes the difFusion constant to de-
crease in a nonmonotonic, indeed in an oscillatory,
fashion. Drastic reduction in the difFusion constant
occurs whenever the quantity eEa/fico approaches a root
of the Bessel function of order zero. These oscillations,
which constitute the phenomenon of dynamic localiza-
tion, are shown in Figs. 1 and 2.

In Table I below we compare the results obtained in
Ref. 1 for the mean-square displacement (m ) in the ab-
sence of scattering to the corresponding ones obtained
here in the presence of scattering. We have retained in
the table only long-time terms, and have neglected oscil-
latory ones except in the one case in which an oscillatory
term is the only one present. Entry (Il} in the table
shows that scattering impedes motion, converting, as it
does, the time dependence of (m ) from t to t. The
characteristic transport quantity changes from a velocity
2'~ Va in the absence of scattering to a difFusion constant
2V a /a in its presence. Entry (I2) shows, however, the
intriguing result that, in the presence of a dc electric
field, scattering assists motion, as it converts a bounded,
oscillatory (m ) into an unbounded quantity which
grows linearly with t. Physically, the scattering removes
the energy mismatch created by the dc field. Entries (I3)
and (I4) show that, as in the field-free case, the motion is
generally impeded by scattering: the dependence of
( m 2) is converted from t to r by scattering. However,
the phenomenon of dynamic localization is exhibited in
(I3) whenever the scattering rate is small with respect to
the field frequency. The characteristic transport quantity

TABLE I. Mean-square displacement of an initially localized particle.

Electric 6eld
6 cos(cot)

@=0, no 6eld
co=0, dc field

op&0, a &~m
co+0, 0!)QGJ

Long-time (mi)
in the presence of
scattering (a&0)

(2V /u)t
2V [a/(a +8 }]i
(2V /a)JO(@/~)t
2 V'/(a'+ @')'"t

Long-time (mi)
in the absence of
scattering (a=0)

2 V2t~

(8 V'/62)sin'(6t/2)
2V Jo(8/a))t

(I1)
(I2)
(I3)
(I4)
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(velocity in the absence of scattering, difFusion constant
in its presence) oscillates as the field intensity is varied
and is greatly reduced for certain values. The case @shen

the scattering rate is large with respect to the Seld fre-
quency is described by entry (I4). The difference between
the di(Fusion constants as given by the entries (I2) and (I4)
arises from dilerences in measurement times, has been
discussed in Sec. III, and is depicted in Fig. 3.

The localization in the dc case seen in entry (I2) of the
table is well understood and indeed is textbook materi-
al. ' " While it is by no means the focus of the present
paper, we point out in passing that it may be described
physically in at least three difFerent ways. One of them is
in terms of the eigenstates of the Hamiltonian, which are
well known' to be localized Stark ladder states. The
phase relations among the coeScients of the %annier
state expressed in terms of the Stark ladder states are
known to be such that there is no tendency to evolve to a
delocalized state. A second way of understanding the lo-
calization in a dc 5eld is from a momentum-space per-
spective. The dc field causes Bloch oscillations2s z in
the Brillouin zone and returns the system repeatedly to
its original state, increasing and decreasing the velocities
in the band periodically without change. A third way to
approach the problem is in terms of the evolution of a
two-state nondegenerate system with energy difference 8
and interaction matrix element V, initially occupying one
of the states. The energy mismatch A' causes localization
in the initial state in the sense that the average probabili-
ty in the initial state never fully reduces to zero. This
e8'ect can be thought of as occurring repeatedly in our
system as the particle attempts to move to more and
more distant sites. The energy mismatch occurs at every
step and returns the particle to the initial site. For each
of the three interpretations for the localization by a dc
field, there is an interpretation of the role of the scatter-
ing rate in causing delocalization. Scattering introduces
mixing among the Stark ladder states with coeflicients
representative of a state spread out in the crystal, makes
the Bloch oscillations incomplete and leaves the k-
distribution asymmetrical in the band and thus descrip-
tive of spatial motion, and provides a nonsingular density
of states for the transition between site states required in
the sense of the Fermi golden rule.

The physics behind the ac jfeld eSect analyzed in I and
the present paper can be described as arising from a
synchronization of toro processes: the natural time evolu-
tion of the particle in the Brillouin zone when driven by a
field, and the time evolution of the field itself. When the
field is sinusoidal in time and the band energy (conse-
quently, the velocity in the k state) is also sinusoidal in k,
it is possible for the period and the magnitude of the 6eld
to be such that the average of the velocity over a period
of the field vanishes no matter tohat the initial Ualue of k.
This condition is precisely the dynamic localization con-
dition. Arbitrary dispersion relations and arbitrary time
dependencies of the field mill not, in general, result in ex-
act dynamic localization, but the overall efect of reduc-
tion in transport quantities as the ratio of the magnitude
and frequency of the 6eld approaches certain values will
occur.

FIG. 4. Projection of the efFective scattering in two dimen-
sions. The projection of the scattering in a 2D solid as a func-
tion of the ratio 8/~. Each intersection of the plotted surface
with a constant 4/u plane constitutes a polar plot of the
effective scattering a,f(8), normalized to its value a in the ab-
sence of the field. The ratio a/co= 1, and the electric field is
directed at 45' to the x and y axes. Dynamic localization is
manifested as bulges in the surface, representing an increase in
the efFective scattering rate.

FIG. 5. Anisotropic efFects arising from dynamic localiza-
tion. A projection of the efFective scattering rate in a two-
dimensional solid, as in Fig. 4, except that the angle that the
electric field makes with the x axis is 0=0'. Scattering will be
field enhanced in the x direction, and will be independent of the
field in the y direction. The result is a highly anisotropic o. sur-
face.
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Many of the assumptions underlying our analysis have
been commented on in I. We will not repeat that discus-
sion here. We add only that the SLE we have used here
to describe the eSects of scattering possesses both the ad-
vantage of tractability, which has encouraged many
workers to employ it, and the disadvantage that it is
actually an in5nite-temperature transport instrument ' '

which must be modi5ed, for instance, in the manner we
have used in Sec. IV, before it can address finite tempera-
tures.

In order to investigate in I the efFect of dynamic locali-
zation in higher dimensions, we extended the model to in-
clude motion on a three-dimensional (simple-cubic) lat-
tice. We considered the case that the nearest-neighbor
interactions were orthogonal, so that the motion along
each axis was independent of the motion along the other
two. We conclude the present paper with the same exten-
sion to higher dimensions, but in the presence of scatter-
ing. In I, we found that the mean-square displacement
along a particular axis r (r =x, y, or z) in the simple-
cubic model obeys the same equation as in one dimen-
sion, but with the electric field 8 replaced by the projec

D, =2V„a„/a„,n, (5.1)

where a„is the lattice constant in the r direction, and
where the elfective scattering rate along the r axis, a, ff,

is given by

&r,ee'=+r g [1+(mco/a„) ] 'J~(C„/co) (5.2)

In order to show the anisotropies that an ac field can
impose on an initially isotropic material, we consider the
two-dimensional case of the above, i.e., V, =0. If we as-
sume that a, =as=a, the projection of the effective
scattering rate along a direction which makes an angle 8
with the x axis is given by

tion of the electric field along the r axis, v„,and with the
appropriate transfer matrix element along the r axis, V„.
In the present case, we need only add to this the scatter-
ing rate for motion along the r axis, a, . Thus, in analogy
with I, the average dilusion constant along the r axis, D„
in the presence of a sinusoidal ac field, is given by

a,s(8)=(aP„Icos8+as,ssin 8)'
' —2

' —2 ]/2

g Ji (8, /os)/[1+(nil/a)i] cos 8+ g J (8„/oi)/[1+(tnoi/a) ] sin 8

Figures 4 and 5 are polar plots of the ratio of a,Q 8)/a as
a function of 8/oi. The ratio a/co has been set to unity,
so neither the dynamic nor the static limit results are
completely dominant. The magnitude of the effective
scattering in a particular direction is indicated by the
height of the surface above the origin in that direction.
In Fig. 4 the electric field is directed at an angle of 45' to
the x and y axes, and the surface is isotropic. We notice
that, as the electric field is increased, the efFective scatter-
ing becomes greater in general, which is in agreement
with expression (3.10) calculated in the static limit. The
oscillations peak whenever 8/2'~ co is a root of Jo, which
is in agreement with properties of the dynamic limit, ex-
pressed in (3.11). In Fig. 5 the electric field is directed
along the x axis. Hence, in the y direction the effective

scattering is independent of the field, whereas it oscillates
with the roots of Jo in the x direction.

We hope that the analysis given in I and the present
paper will prompt experimentalists to carry out observa-
tions of the dynamic localization elect. The importance
of the efFect would lie in the possibility of inducing trans-
port anisotropy in otherwise isotropic substances by the
application of time-varying fields and of generally tailor-
ing dynamically the mobility properties of materials.
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