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Ab initio calculations of effective cluster interactions which make up the ordering energy of a
substitutional alloy are reported. Tendencies toward ordering or phase separation and more gen-
erally phase stability in PdV and PdRh substitutional alloys are discussed. The study is based on
an extension of the generalized perturbation method to systems describable by muffin-tin Hamil-
tonians in the framework of the multiple-scattering formalism. in conjunction with the Korringa-
Kohn-Rostoker coherent potential approximation. Future applications of the method are dis-

cussed.

The basic tools for studying ordering and phase stability
in alloys, chemical short-range and long-range order, and
ultimately alloy phase diagrams are essentially based on
the so-called generalized three-dimensional (3D) Ising
model, within various approximations, at 70 K. Among
others, we can mention the cluster variation method
(CVM)! and Monte Carlo simulations.? It is assumed in
these models that the internal energy can be written as a
rapidly convergent sum of pair and multisite interactions.
This statement is clearly justified for normal metals and
their alloys® using pseudopotential theory, but it has not
been proved up to now whether or not such an expansion
is still applicable for the total energy* in the case of possi-
ble strong disorder effects such as can be present in
transition-metal alloys.

Because the validity and the success of phenomenologi-
cal theories for the study of ordering processes have been
noticed for a long time, extensive efforts have been made
to provide a proper connection between electronic band-
structure calculations and statistical models. Among oth-
er approaches, one can mention the concentration func-
tional theory of ordering developed by Gyorffy and
Stocks® and the embedded cluster method (ECM) of
Gonis et al.® An alternative way to solve the problem is to
derive a perturbation treatment starting from a reference
medium which is close enough to any particular con-
figuration of the alloy. Hence, the natural idea is to use
the completely disordered state, as the one described
within the coherent potential approximation (CPA), as an
appropriate reference medium. Such is the essence of the
generalized perturbation method (GPM) first introduced
by Ducastelle and Gautier.” Further studies in the frame-
work of the tight-binding approximation (TBA) along this
line clearly proved, at least as far as general tendencies
were concerned, that the TBA-CPA-GPM is a pertinent
approach to study phase stability at 7 =0 K for coherent
and noncoherent ordered phases.® Furthermore, the pre-
liminary calculations of phase diagrams based on the use
of the TBA-CPA-GPM effective interactions to describe
the ordering energy on one hand and the CVM to calcu-
late the configurational equilibrium free energy on the
other showed that the main features of coherent and non-
coherent phase diagrams could be obtained. ° Because of
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the different orders of magnitude involved in the calcula-
tion of the terms which make up the total free energy, it is
of crucial importance to improve the determination of the
internal energy, i.e., to define a more suitable reference
medium for the totally disordered state. This required ac-
curacy needs quite elaborate band-structure calculations.
It is now generally acknowledged that the Korringa-
Kohn-Rostoker (KKR) CPA (Ref. 10) provides a reliable
first-principles description of band structure and related
electronic properties of disordered substitutional alloys
and avoids the parametrizations used in the TBA-CPA.
Moreover, the multiple-scattering formalism on which the
KKR CPA is based, is general enough to allow the study
of a wide variety of alloys, particularly of normal-
metal-transition-metal alloys.

In the present paper, we report briefly the first deriva-
tion of the KKR-CPA-GPM and its application to the
study of the tendencies toward ordering or phase separa-
tion in PdV and PdRh substitutional alloys. Because the
KKR CPA has been reviewed extensively in the litera-
ture,!! here we present a condensed derivation of the self-
consistency condition of the method in a form which al-
lows the introduction of the quantities needed in the GPM
expansion of the ordering energy.

The CPA self-consistency equation can be formally
written as'?!3 (for cubic systems and L < 2)

i X 1,6umbyry =0,
i-EA,B‘ n,LyOnmOpf

X:;,L -Ami;n,L(l _Ami;n,LfilM) -1 ,

where 7¢ denotes the scattering path operator (Ref. 11),
Amyn [ =M —my, and m is the inverse of the “on
the energy shell” scattering ¢ matrix. As a guideline we
note the formal analogy which exists between the KKR
multiple-scattering formalism and the more widely used
tight-binding method. 1’

The thermodynamic potential for an electron system is
given by

Q(T,u)=U—TS —uN

where T, S, u, and N refer to the temperature, electronic
entropy, chemical potential, and number of particles, re-
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spectively. The configurationally averaged ground-state
energy in the KKR CPA formulation within the local den-
sity approximation is written as'4

+ oo
ZTE—Z—E— f de©(e—u)N(u)

+fi°d“'f-w deO(u'— e)-%,y—l ,

where N(e,u) stands for the conﬁguratlonally averaged
integrated density of states:!

a(u)=

N(e,u) =Nole) — -—'—n—Trlnf
N
+ -I—'-"—Zc,-Trln(l —Am;1°) .
aN 5

Here the underlines refer to matrices in both site, n, and
angular momentum L = (/,m) indices and Ny(e) is the in-
tegrated density of states for free electrons.

For simplicity, we consider the band-structure contribu-
tion to Q:

+ oo
Q. (u)= —f_“ de©(e—u)N(e,p) .

For a particular configuration of a substitutional binary
J

+ oo
Vibmm =A% [ de@(e = ) Te(aX e 0K,

Thus, to the lowest order in the perturbatlon as far as the
small parameter |AX7¢| of the theory is less than unity
up to the Fermi energy, the quantity Q. which is com-
monly called the ordering energy is given by

Q! -lZVQ’ac,,ac, ,

where V,; is the effective pair interaction between sites o
and s:
Vos =VaA+VEE—2VEE .

Therefore, at the Fermi energy, as far as the second-order
terms of the expansion are the predominant ones, the posi-
tive (negative) sign of ¥, clearly indicates a tendency to-
ward ordering (phase separation). As in the case of
tight-binding results,® these interactions are expected to
depend on concentration, distance, and the input numbers
of particles for both species.

To illustrate the method, we considered the cases of
PdV and PdRh substitutional alloys based on an underly-
ing fcc crystalline structure. For both systems, the calcu-
lations were performed on the basis of charge self-
consistent CPA potentials, up to an angular momentum
index / equal to 2. The fast contour integration method'¢
has been used to calculate the effective cluster interactions
at the Fermi energy of each alloy, at each concentration.

For both systems it has been found that the expansion
of the ordering energy is rapidly convergent with most
terms involving k > 2, or distances larger than fourth
neighbors for k =2, making almost negligible contribu-
tions to Q.. This is mainly a direct consequence of the
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alloy, fully specified by the set {p}} of occupatlon numbers
Py (pi=1 if site n is occupied by an i species, 0 other-
wise), the band energy 0. (ipi},u) can be written, by con-
sidering the expression of the integrated density of states,
as a sum of two terms: (i) the concentration-dependent
energy Q.({c;},u) of the CPA reference medium (which
is configuration independent) and (ii) a configuration-
dependent energy Q. ({pi},u ):

Q.(pitu)=— i—';f_:dee(e—y)Trln(l -Xz°) ,

where the trace is taken over the site and angular-
momentum space.

In terms of operators, it has to be noticed that X is a site
diagonal operator, whereas 7° is a strictly nondiagonal
operator in site indices. Expanding the logarithm, making
use of the CPA condition for the case of binary alloys,
A -B., and of the definition AX = X% — X4, we obtain

ﬂé({pg 9“)-k22k Vu(lk,)....n,,acnl acn,, ] 5cn, pn, ’

where the kth-order effective cluster interaction involving
sites ny, na, . .., ng is given by

c,nn
CAX, )

[

strong d character of the valence electrons and their direc-
tionality as well as disorder effects in these systems Fig-
ure 1 shows the second-order contribution V,. to the
effective pair interactions for nth neighbors up to the
fourth shell as a function of concentration for PdV alloys.
By considering the appropriate combinations of effective
interactions via the product 8¢,8¢; which specifies a given
configuration (or state of order), and the possible ordered
structures resulting from the search of the ground states
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FIG. 1. Second-order term of the effective pair interactions
up to fourth-neighbor shell (solid curves) and renormalized
antiphase boundary energy, {/V{? =(—V§ +4V{) —av )/
4V {?, (dashed curve) as functions of vanadium atomic concen-
tration for PdV substitutional alloy.
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TABLE 1. Ordering energies (expressed in mRy/atomspin)
for various ordered structures of PdV.
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Atomic Kanamori’s
composition Type of order notations (Ref.17) Q.

PdsV NigNb —0.580
PdsV NisMo 15 —0.866
Pd;V CusAu LI, 17 —1.047
AlTi D03 18 -1.153
PdsV, AusMn, 19 —1.097
Pd,V MoPt, 24 —0.728
PdVv CuAu I LIo 39 -3.699
CuPt LI, 44 +1.607
A2B> 40 —1.590
PdVv, MoPt; 24 —0.944
PdV; CusAu LI, 17 —3.336
AlTi DO 18 -2.104

of the Ising model,'” it is possible to predict the most
probable stable ordered structure at each concentration.
Table I summarizes our results, valid at 7 =0 K, for the
PdV system. Although the double counting and the
Madelung energies, and the charge-transfer effects must
give configuration-dependent contributions to Q., our pre-
liminary predictions are found to be qualitatively correct.

Taking account of pair interactions up to and including
fourth neighbors, we predict a stable ground state in the
DO0,; ordered structure, at ¢ =0.25, as is observed experi-
mentally. Note that considering only first and second
neighbors yields an (incorrect) LI, ordered structure.
However, because the antiphase boundary energy & intro-
duced by Kanamori,!” crosses 0 at approximately
¢~0.25, see Fig. 1, we expect a short-range order of LI,
type to be superimposed on the long-range order of D0,,
type. This breakdown of the mean-field theory has been
recently demonstrated!® both theoretically and experi-
mentally for the alloy Pd;V.

Furthermore, although the experimental alloy phase di-
agram of PdV indicates a solid solution around ¢ =0.5, re-
cent experiments'® show the existence of a B19 ordered
structure, as in PtV, which is a monoclinic distortion of
LI,. This type of ordering, without distortion, is also pre-
dicted by our calculations summarized in Table I. At the
same time, as V§2) increases around ¢=0.75 (where a
stable 415 is expected), LI, can still be formed as a meta-
stable state. Finally, around ¢ =4 we expect an ordered
structure of NigNb type to be stable,?® although kinetic
considerations may prevent the formation of such an or-
dered state. It should be pointed out that the examination
of the most probable ordered structures at 7=0 K can
only be complete through the inclusion of the disordered
energy. This, in turn, requires the proper treatment of the

FIG. 2. Second-order term of the effective pair interactions
as a function of distance, at ¢ =0.5, for PdV and PdRh alloys.

/=3 terms in the multiple-scattering expressions of the to-
tal energy in the KKR CPA. Work along these lines is
currently under way.

Figure 2 clearly indicates the rapid convergence of the
effective pair interactions as a function of distance, at
¢=0.5, for both PdV and PdRh alloys. In contrast to
PdV, all pair-wise interactions for PdRh are negative, in-
dicating strong tendencies toward phase separation at
T=0 K. This is certainly consistent with the existence of
a miscibility gap in the entire range of concentration of
the PdRh alloy phase diagram.

Our results demonstrate that the GPM, used in con-
junction with a first-principles KKR CPA formalism, con-
stitutes a viable and computationally feasible approach to
the calculation of phase stability in binary substitionally
disordered alloys. Before accurate quantitative answers
can be obtained, further work is necessary in order to in-
corporate self-consistency in the total energy, exchange
and correlation effects, elastic interactions, and lattice re-
laxation into the theory of alloy phase stability.

One of us (P.E.A.T.) acknowledges helpful discussions
with Dr. F. Ducastelle and Professor F. Gautier. The
work of A. G. was partly supported by the U.S. Depart-
ment of Energy under Grant No. DE-FG02-84 ER45 with
Northwestern University. The work of G. M. S., W. H.
B., and D. M. N. was sponsored by the Division of Ma-
terials Sciences, U.S. Department of Energy, under Con-
tract No. DE-AC05-840R 21400 with the Martin Mariet-
ta Energy Systems, Inc. This work was performed under
the auspices of the U.S. Department of Energy by the
Lawrence Livermore National Laboratory under Contract
No. W-7405-ENG-48.




RAPID COMMUNICATIONS

37 FIRST-PRINCIPLES STUDY OF ORDERING PROPERTIES OF . . . 5985

*Permanent address: Metals and Ceramics Division, Oak Ridge
National Laboratory, P.O. Box X, Oak Ridge, TN 37831.

IR. Kikuchi, Phys. Rev. 81, 998 (1951); J. M. Sanchez, F. Du-
castelle, and D. Gratias, Physica A 128, 334 (1984); D. de
Fontaine, Solid State Phys. 34, 73 (1979).

2K. Binder, J. L. Lebowitz, M. H. Phani, and M. H. Kalos, Acta
Metall. 29, 1655 (1981); K. Binder, in Festkorperprobleme:
Advances in Solid State Physics, edited by P. Grosse
(Vieweg, Braunschweig, 1986), Vol. XXVI.

3V. Heine and D. Weaire, Solid State Phys. 24, 249 (1970).

4J. W. D. Connolly and A. R. Williams, Phys. Rev. B 27, 5169
(1983).

5B. L. Gyorffy and G. M. Stocks, Phys. Rev. Lett. 50, 374
(1983).

6A. Gonis, X. G. Zhang, A. J. Freeman, P. Turchi, G. M.
Stocks, and D. M. Nicholson, Phys. Rev. B 36, 4630 (1987).

F. Ducastelle and F. Gautier, J. Phys. F 6, 2039 (1976).

8A. Bicber and F. Gautier, Acta Metall. 34, 2291 (1986), and
references therein.

9C. Sigli, M. Kosugi, and J. M. Sanchez, Phys. Rev. Lett. 57,
253 (1986); P. Turchi, M. Sluiter, and D. de Fontaine, Phys.
Rev. B 36, 3161 (1987); B. P. Turchi, M. Sluiter, Z. Fu, and
D. de Fontaine (to be published).

103, S. Faulkner, in Progress in Materials Science, edited by

J. W. Christian, P. Hassen, and T. B. Massalski (Pergamon,
New York, 1982), Vol. 27, No. 1 and No. 2, and references
therein.

1B, L. Gyorffy and M. J. Stott, in Band Structure Spectroscopy
of Metals and Alloys, edited by D. J. Fabian and L. M. Wat-
son (Academic, New York, 1973), p. 385. The index ¢ refers
to quantities calculated in the frameork of the CPA.

12J, S. Faulkner and G. M. Stocks, Phys. Rev. B 21, 3222
(1980).

13w, H. Butler, Phys. Rev. B 31, 3260 (1985).

14p. D. Johnson, D. M. Nicholson, F. J. Pinski, B. L. Gyorffy,
and G. M. Stocks, Phys. Rev. Lett. 56, 2088 (1986).

15B. L. Gyorffy and G. M. Stocks, J. Phys. (Paris) Colloq. 35,
C4-75 (1974).

16D_ D. Johnson, F. J. Pinski, and G. M. Stocks, Phys Rev. B 30,
5508 (1984).

173, Kanamori and Y. Kakehashi, J. Phys. (Paris) Collog. 38,
C7-274 (1977).

18F, Solal, R. Caudron, F. Ducastelle, A. Finel, and A. Loiseau,
Phys. Rev. Lett. 58, 2245 (1987).

I9R, Kuntzler (private communication).

20A. J. Ardell and K. Janghorban, in Phase Transformations
During Irradiation, edited by F. V. Nolfi, Jr. (Applied Sci-
ence, New York and London, 1983), Chap 9.



