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Interlayer pair hopping: Superconductivity from the resonating-valence-bond state
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Superconductivity in the high-T, materials is interpreted as (eye-k& condensation of hole bo-

sons. Coherent interlayer tunneling of boson pairs results in order-parameter equations &which are

quite Nkrent from those of the 8ardeen-Cooper-Schriefer theory. A model is presented which

suggests ho~ this condensation is aN'ected by chargewarrying boson interactions.

In the resonating-valence-bond' theory, the quasiparti-
cle excitations of the simple twoMimensional (2D) Hub-
bard model at suSciently low doping and temperature are
believed to be one charge~rrying boson species (the
"holon" e) and a spin~rrying fermion (the "spinon" S).~
The holon must give rise to the observed superconductivi-
ty, though the question of the exact nature of this conden-
sation must be clarified. One approach 3 has been to con-
sider free bosons with weak dispersion along the c axis,
which has been shown to lead to Bose condensation of a
"2+@ dimensional Bose gas."We, however, do not make
the assumption of a well&eveloped interlayer band, but
consider the Josephson-like coupling between the layers.
We will argue that the dominant process at sufficiently
low temperatures is a coherent tunneling of quasiparticle
holon pairs. This drives holon (e te t) pairing and we have
a 2e condensate.

The effective layer Hamiltonian we consider is

deen-Cooper-Schrieffer superconductors. ) Another way
to view this is to note that the intermediate state in ques-
tion is a real electron-hole excitation in adjacent layers.
The lifetime of these excitations is short (at most —J ')
in the resonating-valence-bond state, and this determines
the energy denominator.

Let us first discuss piring for the unrealistic case of
free bosons Vs "~ 0,
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Note that a single boson hopping term here would consti-
tute a strong pair-breaking effect. The equations of
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We will discuss Vs '~ later. I —J.
Let us first mention single electron tunneling. This in-

volves the transport of both spin and charge, and therefore
the hopptng o«spinon and a holon [Fig. 1(a)]. At tem-
peratures small compared to the exchange energy J (es-
timated in these materials to be IQQQ K), the spinon hop-
ping is suppressed by the factor T/J, as the sptnon must
find an empty state in the adjacent layer. This picture ac-
counts quite well for the interlayer resistivity data where
p~ 1/T has been observed.

The dominant process when T«J is singlet pair tunnel-
ing. In 2D quasiparticle language we tunnel a holon pair
and the spinon is involved only as a virtual excitation. The
appropriate vertex A(k, ta) is [Fig. 1(b)l

A(k, m) t,'ps~(k, tn) . (2)

t~ is the interlayer electron hopping matrix element
where a,b label adjacent layers. The spinon response X~

will be approxitnated by a k, tn independent constant
X~-(2nJ) ' up to k-2k' and tu-J '. (The frequen-
cy dependence of X~ is unimportant for tb&&J except in-
sofar as we have found that the upper cutoff allows re-
tardation to overcome repulsive interlayer effects in a
manner identical to the Coulomb ptuedopotential in Bar-
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FIG. l. (a) Processes contributing to interlayer conductance.
The spinon required may come from either the a or b layer. (b)
The vertex A describing the pair hopping process. (c) Spinon

pair hopping involving anomalous holon propagator.
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Suppose layer b forms part of a bulk &eben') supercon-
ductor, and proceed self-consistently,

(enweb k)-&ege' k) .
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This acts as a source of pairs of finite strength in layer a.
Linearizing in this way one obtains the spectrum

Ek - [(sk —tt)'-&'1 '", (4) Temperature
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FIG. 2. The temperature dependence of chemical potential
and pairing amplitude for free bosons, The dotted line is the
chemical potential belo~ T, for unpaired bosons.
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For the free 2D Bose gas

t -k,Tin(l-e '~'),
where Tp 4nbt and b is the doping. (It is valid to ap-
proximate sk tk, i.e., to neglect the lattice. ) T, is easily
found in the limit A« t:
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Equations (5) and (6) give rise to a secondwrder transi-
tion. At T=0,
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We also find that tt b, as T 0:
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The result (9) is very interesting. It states that the bo-
son spectrum is strictly gapless only at T 0. This is in
accord with the Hugenholtz-Pines theorem which states
that the single-particle spectrum in the presence of (e)
must be gapless, as implied by the integer particle-number
fluctuations present in such a state. At T 0 we have
macroscopic occupation of k 0 and it is likely that the
theorem applies. At finite T, there is no such theorem for
&ee) alone nonzero and a gap which is always exponential-
ly small compared to the temperature appears in our solu-
tion.

At T, one finds that
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The situation is summarized in Fig. 2.
In this free-boson approximation, the heatwapacity

jump 4C at T, is of order ksAB/t It is small comp.ared to

the boson background (C= kjf T,/t) and the spinon back-
ground (C =k)T,/J). A jump hC/C of order 1 is re-
quired for qualitative agreement with experiment.

While they are suggestive, the above results may not be
directly applicable to the holon. Essentially they describe
the stabilization of incipient layer ODLRO. The true
holon occupation is smeared in k space so as to satisfy
nk ~ np, where np is in general, not macroscopic. One
may view this as a good approximation for strongly in-
teracting bosons, especially in two dimensions, but given
that the holon states are constructed by Gutzwiller pro-
jecting the appropriate Fermi sea it is required that no
state should obtain a larger occupation.

We impose this constraint via a k-space pseudopotential
in Hartree-Fock. We require a flat spectrum up to kp

(4ttb/np)'t and sk-tk thereafter, at T 0. The re-
quired pseudopotential Vk is

Vk A ——
[ It i, k & 2kp,

-0, k&2kp,

yielding

sk sf+NVp+QVk zn~,
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At finite T one 6nds

sk ap(T) +cTexp
4«b
npT

~k P
ln(np '+1), k &kp, T~Q . (14)

This is consistent with the above very weak dispersion, i.e.,

for k & kp, arising from the change in occupation. Below
the degeneracy temperature st, is quite flat. The chemical
potential is fixed such that
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sk/T eo/T as T~ 0. The system crosses over to free
bosons at a temperature T -tb/I nnn.

We now allow interlayer pair hopping to form a paired
state from this Hartree-Fock holon gas. Now (12), in ad-
dition to (5) and (6), form a couplet set of integral equa-
tions. s However, for weak coupling the dispersion ac-
quired at finite Tor 6 is a small correction. One finds that
all wave vectors up to kn contribute to the pairing. Now

1 2no+1
(15)

in(nn '+1)
T, is an increasing function of the maximum allowed oc-
cupation. [In fact T, reaches T„,at T, =tb/ln(t/A).
One obtains the earlier expression when no & t/A. l

The situation at T 0 is also radically changed. p must
differ from 6 to ensure nk ~ nn which leads to a charge
gap hs in the superconducting state. From (5),

so-it (2no+ l)Eo or Eo
1

2+nn(nn+1)

where 6 is defined by (3). Solving (6) for En=btt,

(i7)

So for no 1 for example,

0.23 .
Tc

We display these results in Fig. 3. Three-dimensional
Coulomb interactions are expected to raise the collective
modes out of the gap.

How would things differ for hypothetical fermion
holons? The gap parameter and T, are uncharacteristic
of fermions, despite the Fermi-like occupation. The sys-
tems differ strongly mainly from the point of view of their
coherence properties. The situation is similar to He vs
3He. For fermion holes we would obtain, for example,
T,-t exp(- t/A).

Our model predicts that T, is proportional to doping.
Data from Shafer, Penney, and Olsen and Batlogg
display this behavior. From these and the estimate4
(t,b/t) & 0.1 from the anisotropic conductivity we must
set nn- 1, as expected. If the Josephson pair mechanism
dominates as suggested here, one would expect that T, is
an increasing function of the 1/T part of the c-axis con-
ductance divided by carrier concentration, which appears
to be direct measure of A. ~ By the same token, T, should
increase as the in-plane resistivity divided by carrier con-
centration, as in-plane scattering by spinons and X both
are proportional to the spinon density of states at the
pseudo-Fermi surface.

Temperature
Tc

FIG. 3. The temperature dependence of chemical potential,
pair amplitude, and gap h~ for no 1.
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Returning to the heat capacity, we find that the heat
capacity jump is of order hC~-kttb. The background
heat capacity of the holons ts now CH-kttB(A/t)
much reduced from that of the free-boson case. The
precise numerical factors and powers are artefacts of
Hartree-Fock, but the jump is now comparable in magni-
tude to the spinon background in the regime 8-0.1-0.2.
Below T„CH is activated, roughly b(hs/T) exp-(hit/
T).

What of the spin degrees of freedom in (1)'? Because of
the separation of charge and spin, we have the possibility
of distinct boson and fermion gaps in the superconducting
state. When hole pairs tunnel, the singlet pair bonds left
behind modify the length distribution of valence bonds
which might lead to a gap in the spinon spectrum. How-
ever, consider Fig. 1(c). Here, for example, a spinon pair
in layer a absorb charge 2e from the condensate and dump
charge 2e in the b layer. A holon gap will act to strongly
suppress this process. Conversely, a spinon gap would ap-
pear to suppress holon pair hopping. Work is in progress
on these questions.
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