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Field&epentlent susceptibility of a paramagnet
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The physical origin of peaks observed in the Seld-dependent susceptibility of a number of fer-

romagnets at temperatures above the critical temperature T, is identi5ed. As a corollary, it is

shown that the Geld-dependent susceptibility of a paramagnet exhibits an obvious but little dis-

cussed structure at Snite temperature of similar origin. This structure can be used to extract in-

formation on the zero-temperature transition that should occur in paramagnetic systems (systems

which formally do not experience any interactions) in a manner similar to that used to extract in-

formation on the Snite-temperature phase transition in ferromagnets. This provides strong

con6rmatory evidence that this type of anomaly is static rather than dynamic in origin.

Several recent publications have reported the dc field
dependence of the reversible (ac) susceptibility Z„(H,T)
of a number of systems undergoing a well~stablished
secondwrder paramagnetic to ferromagnetic phase transi-
tion. ' s In a Snite field H, this susceptibility exhibited a
peak at a temperature T which occurred above the zero-
field ordering temperature T, (the Curie temperature).
The amplitude of this peak Z~(H, T~), decreased with in-
creasing static Seld (H), while the position of this peak in
temperature (T ) increased as H increased. Two sources
for this have been advanced so far. The frat suggested
that it originated from dynamical eff'eets, s with this anom-
aly being linked, via relaxation effects, to a divergent be-
havior in the specific heat. The second indicated that this
result was consistent with the predictions of static scaling
theory applied to such a transition. In the static approach
the (reduced) magnetization ns is related to the conven-
tional scaling Selds t [ (T-T, )/T, ] and h ( H/T, )
(neglecting numerical and spinMependent factors) via

m(h, t) -tt'F ~ (h/t"+s), (1)

where the suffix + (-) refers to temperatures above
(below) T,. Equation (1) leads to the well-known asymp-
totic relationships

m(O, t)-t~, T(T, , (2)

m(A, O)-h', Z(A, O)-h(' s ', T

Z(0,t)-t "', T&T, ,

from which the critical exponents yy, P —,and b are usu-
ally estimated experimentally. Furthermore, if the Wi-
dom equality holds (in addition to the scaling hypothesis,
which renders the sufflces + redundant) then these ex-
ponent values are related by

y P(b —1) . (5)

In addition to these asymptotic dependences, this same
static scaling law [Eq. (1)1 predicts that the diff'erential

susceptibility can in general be written in the form'3 s

Z(h, t } 8m/8A t rF(h/t r+s) h &' is)
& G (h/t r+&)

and this susceptibility arises from the same source as does
that in Eqs. (3) and (4)—critical ffuctuations in the mag-
netization. It is straightforward to show that this general
form [Eq. (6)] predicts that the field-dependent suscepti-
bility exhibits a maximum aboue T, at a temperature t
[ (T —T, )/T, ] which increases with increasing field
according to

A
il(r+P& (7)

The susceptibility at this peak, Z(h, t ), is then a function
of field alone, decreasing with increasing field according
to

Z(h, t )CLA 'i

Thus, the peak susceptibility exhibits the same asymptotic
dependence on field as does the susceptibility at T,—Z(A, O} of Eq. (3), i.e., both Z(A, O) and Z(h, t ) are in-
dependent of temperature and vary with field with the
same index 8. This latter prediction has been directly
verified experimentally. 3 Furthermore, not only have
these model-independent predictions of the scaling-law
approach been confirmed by numerical calculations on Is-
ing models using both high-temperature expansion tech-
niques for various lattice structures and within the fer-
romagnetic phase of the Sherrington-Kirkpartick model, 'c

but Eqs. (7) and (8) have also been shown to quantitative-
ly reproduce the observed behavior of such peaks in both
metallic' and insulating ferromagnets.

The line of susceptibility maxima t o:h'i"+s [along
which (8Z/8t)s 0] delineates a crossover from a high-
temperature region where (8Z/8t )s (0 to a lower-
temperature (critical) regime within which (8Z/8t)s & 0.
The latter can be seen to follow directly from the scaling
law [Eq. (1)] which yields (neglecting numerical and
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spin-dependent factors)

(8X/8t)» - t—'"+"(1-h'/t'"++
+h'/t""t'+" ) .

If the expression is dominated by its leading terms, the
condition that (8X/8t)» be positive requires h & t" s—as
indeed would be inferred more generally from Eq. (7).

Here the physical origin of this behavior is identified
and its consequences discussed.

Within this static approach, the peak structure arises as
a result of a competition between level splitting induced

by an internal field (gpaHI) and the thermal energy Irtt T,
as the following argument shows. The fluctuation-
dissipation theorem, in its simplest form, relates the
differential susceptibility to fluctuations in the magnetiza-
tion via

(10)

In any finite field H, if the temperature is sufficientl
large, (S,) 0 and (S, ) S(S+I)/3 and X(H, T) will

display the familiar Curie-Weiss dependence with the sus-
ceptibility decreasing with increasing temperature. This
is the high-temperature regime referred to above in which
(as/et) (0; in fact, X(H, T) 0 as 1/T (for T)&1). In
the opposite limit, if one approaches sufficiently close to
the ordering temperature T, from above in nonzero field,
the magnetization is driven towards saturation, an eff'ect
which becomes more pronounced as the temperature is
further reduced. Under these conditions the fluctuations
in the magnetization decrease as the temperature is
lowered leading, via Eq. (10), to a decrease in the
diff'erential susceptibility. Of course X(H, T) is not zero
at T, as Eq. (3) demonstrates„but the above argument
shows that it must certainly decrease with decreasing tem-
perature as t 0 from above in a Snite field.

The peak structure discussed previously thus represents
the maximum that must accompany this limiting behavior
as t 0+ and t ~. The result that such peaks move
upward in temperature as the field H; increases is also
consistent with the suggestion that the peaks manifest a
competition between level splitting and thermal energies.

If these arguments based on the static scaling law are
correct, then as a corollary similar effects should occur in
simple paramagnetic systems. The spins in such systems
do not formally experience any interactions, and, hence,
do not exhibit a cooperative phase transition at finite tem-
perature, and while this leads to differences in the detailed
behavior of the two types of systems (consider below al-
beit briefly) there are, nevertheless, striking similarities.
Certainly such systems again display a Curie-law suscep-
tibility in any finite field H at sufficiently high tempera-
ture so that (8X/Ot)» (0 as X(H, T)~ 0 as 1/T for T
very large. One difference in paramagnetic systems is
that the magnetization is driven towards saturation as
T 0 (rather than as T T, as in a ferromagnet) so
that (8X/8t)» becomes positive as T 0 in them. Furth-
ermore, with ($,2) of Eq. (10) replaced by the more gen-
eral glgj(S,*. SJ'), it is apparent that the long-range corre-
lations that are associated with the cooperative ferromag-
netic transition must substantially alter this term from the
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FIG. I. The Scld&cpelldcnt susceptibility X(H, T) (in arbi-
trary lllllts) for 8 paramagnctlc system with spHl pcf sltc $~ l
plotted against temperature (in K) for various apphcd Sclds (in
kOC).

form appropriate for an uncorrelated free-spin paramag-
net. This influence is greatest in the vicinity of the transi-
tion where the correlation length becomes very large, and
this leads to a different susceptibility exponent in the vi-

cinity of T,+ and T 0, respectively. However, the peak
structure that must again result from this high- and low-
temperature limiting behavior should convey similar in-
formation to that obtained from a ferromagnet. The va-
lidity of these arguments based on the static approach can
be examined in more detail by performing numerical cal-
culations of the differential susceptibility of paramagnetic
systems in which the magnetization M is given by the
Brillouin function B,(H, T), with spin per site S and inter-
nal field Ht identically equal to the uniform applied field
H (so that there is no interaction between spins). It
should be stressed that this simple Brillouin function mod-
el contains no dynamic, superparamagnetic, or blocking
effects, so that any anomaly that arises must be static in
OHNm.

While the zero-field susceptibility of a paramagnet is
well known to diverge at T~ 0 as

X(0,t)c:t "with y 1 andt T (when T, 0)

less well-known features of the magnetic response, sug-
gested above on qualitative grounds, and which are admit-
tedly obvious when thought about, are reproduced in Fig.
1. This figure shows that the fieldMependent susceptibili-
ty Z(H, T) does indeed display the expected peak, the am-
plitude of which decreases but the position in temperature
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of which increases with field in a manner similar to that
predicted and observed in ferromagnets. (It might also be
argued that the correlations that build up near T, in a fer-
romagnet result in a mean "molecular" fieM that
bootstraps the response into a regime which is reached
only in large external folds for a noninteracting paramag-
netic system. ) The response of paramagnetic systems is
well known to be a universal function of H/T, from which
it follows that the appropriate form of scaling function
can be obtained from Eq. (I) simply by setting y~ 1 and

P 0 (as confirmed below), when

re(h, &) re(h/r"+s) F(/t/r) -B,(h/r) . (I I)

Here h/r H/T, so that the argument of the scaling func-
tion, now the Srillouin function, becomes the nonlinear
scaling field proposed recently by Fahnle and Souletie, "
i.e., (H/T) [T/(T —T,)J H/T when T, O. Moreover,
in contrast to the narrow critical regime of ferromagnetic
systems, this scaling function description of the response
of a free spin paramagnet is valid over the entire (h, l)
plane, a result that can also be deduced from a Kadanofi'-

type block-spin argument.
While the zero-field susceptibility obtained from Eq.

(11) directly confirms y I, the remaining conventional
predictions of static scaling theory, the asymptotic depen-
dences summarized by Eqs. (2) and (3), cannot be investi-
gated for a paramagnet. A spontaneous magnetization
does not appear in such a system, while along the critical
isotherm, were it to be accessible experimentaUy (it is now
at T 0 rather than at T T,), the magnetization is com-
pletely saturated for all HNO unlike a ferromagnet. In
contrast, the features corresponding to the predictions of
Eqs. (7) and (8) are evident at nonzero temperature, as

shown in Fig. 1. While the representation of these data by
a unique function of It/r is obvious (see Fig. 4), the indivi-
dual power-law dependences of T on H and of X(H, T~ )
on H prescribed by these equations are not. Figure 2
displays a double logarithmic plot of the susceptibility
peak temperature T~ from Fig. I against field H, for vari-
ous spin values per site. The straight-line behavior evident
in this figure not only confirms this power-law depen-
dence, but also, from its slope, yields

y+P mi

With y I, then P must be zero, as suggested previously;
the latter cannot be tested using conventional methods
[Eq. (2)l, it can only be obtained from the variation of
thesegnite temperature peak positions with field. Figure
3, in which the susceptibility at the peak X(H, T ) is plot-
ted on a double logarithmic scale against the applied field
H, verifies the prediction of Eq. (8), and from its slope one
obtains

The expectation that the magnetization of a paramagnet
(with no formal interactions) is saturated along the criti-
cal isotherm is thus confirmed [with 8 ~ Eq. (3) indi-
cates that the magnetization m is field independent for all
HWO] although this critical isotherm is not accessible ex-
perimentally. In contrast, the susceptibility peaks occur
above T 0 at a nonzero temperature in finite field.

The values deduced from the various exponents

while enabling the Widom equality to be balanced, obvi-
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FIG. 2. The temperature of the snsceptibihty peak T (in 10
plotted against the applied Seld H (in kOe) on a double Ioga-
rithrnic scale for various spin per site values. The slope of each
line is +1, so that y+ P 1.

FIG. 3. The peak susceptibility X(H, T ) (in arbitrary units)
plotted on a double logarithmic scale against the applied 6eld 0
(in kOe) for various spin-pcr-site values. The slope of each line
(1/b) —1 is —1, which means that b
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ously indicate that the paramagnet and ferromagnet are
not in the same universality class.

In conventional scahng theory the form of the scahng
function, F or G previously, cannot be specified for arbi-

trary values of its argument. However, its form can be
determined experimentally from field-dependent suscepti-
bility data. From Eq. (6)

tG(h/t "+s)/G (h/t "+s)) G(h/r"+s), (12)

since Eq. (7) indicates that the denominator is a constant.
Thus, a plot of the susceptibility (measured in a number
of fixed fields as a function of temperature and normahzed
to its peak value) against Jt/t"+& should produce a univer-
sal curve, the form of which specifies that of the scaling
function G for arbitrary values of its argument (the latter
is simply the ratio H/T in a paramagnet, but is more
complicated in a ferromagnet).

The predictions of Eq. (12) are very simple to demon-
strate for a paramagnet, for which the scaling function
takes an obvious and simplified form, the derivative of the
Brillouin function, as shown in Fig. 4. The reason for in-

cluding this figure is not to demonstrate the expected re-
sult that these susceptibility data (for a given spin value)
can be represented by a unique function of H/T, but rath-
er to show that the sharpness of the peak structure in

these data increases with increasing spin per site value

(S). A complimentary effect appears in the Schottky
peak widths measured in the specific heat of paramagnets
(in which the level splitting is induosd by either an applied
field or through crystal-fieid effects), an effect which is
more widely documented. This result may be inferred
directly from the spin dependence of the Brillouin func-
tion (a point that does not seem to have been made gen-
erally for the susceptibility); the corresponding behavior
has been observed only recently in the magnetic response
of ferromagnets, 'z although it origin was not identified.

In summary, the physical origin of a peak structure ob-
served in the fieldMependent susceptibility of ferromag-
nets at temperatures above the critical temperature T, is
identified. As a consequence we have shown that
paramagnets should exhibit similar structures in their
field-dependent susceptibility which could be used to ex-
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FIG. 4. The complete 6eld and temperature-dependent sus-

ceptibility (normalized to its peak value in each case) plotted
against the ratio H/T (in kOe/K), for various spin-per-site
values. The S & curve represents a superposition of all the
data from Fig. 1, for example, demonstrating the universal be-
havior expected for a paramagnet with a given spin value. This
sharpening of the peak structure as S increases is clearly evi-
dellt.
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tract information on the zero-temperature phase transi-
tion that occurs in spin systems which are formally nonin-
teracting. This information would normally not be experi-
mentally accessible. While these features can be obtained
directly from existing standard treatments of paramagnet-
ic systems, they do not generally appear to be well known.
These results provide strong confirmatory evidence that
such anomalies in ferromagnets are static, not dynamic, in

origin. They also indicate that the field-dependent suscep-
tibility can be used to establish the general form of the
scaling function.
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