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The role of fauctuations in the breakdown of mean-field theory in the ne~ high-T, perovskite
superconductors is analyzed. Both the breakdown of the classical critical exponents (the
Ginzburg criterion) and the quantitative breakdown of mean-field theory (the Brout criterion) are
discussed. It is found that for certain sets of observed parameters for these materials, a break-
down of mean-neld theory is to be expected.

For ordinary superconductors, the superconducting
transition is extremely well described by the Ginzburg-
Landau theory (GL), ' which was proven by Gor'kov2 to
be equivalent to the BCS theoryI in the limit T T,.
This is 8 direct manifestation of "mean-6eld" behavior in

its strongest form, i.e., where both the order parameter
and the coefIIcients of the GL theory can be calculated
from the microscopic mean-field theory

However, mean-field theory does not account for most
real second-order phase transitions (e.g., superfluid heli-

paramagnetic-to-ferromagnetic transitions, liquid
crystals, etc.) or model systems (e.g., Ising model, Heisen-
berg model, etc). These departures from "classical" be-
havior are generally attributed to thermal fluctuations,
which are neglected in the mean-field approach. Standard
estimates of the critical region show that in pure super-
conductors the range of temperatures around T, within
which fluctuations are important is as small as

I T-t, I & 10 ' T„whereas in alloys it can be
I
T- T, I & 10 7T,. Both are very small intervals

around T, that are not in general experimentally accessi-
ble. 4

Less widely appreciated is that the breakdown of
mean-field theory is progressive. As one approaches the
critical region, the ability of mean-field theory to calculate
nonuniversal quantities (prefactors, parameters of the GL
theory, and T,) breaks down before the universal critical
exponents and certain ratios of amphtudes become
modified. To estimate the latter, one customarily uses the
Ginzburg criterion, s whereas to estimate the former it is
necessary to use the less well-known Brout criterion. s 7

In this Rapid Communication we review these two cri-
teria and analyze current experiments on the new high-T,
perovskite superconductors to estimate the extent of these
two "critical" regions. We further show that for some sets
of measured parameters, critical phenomenon should be
expected. We emphasize the dtfference between an ap-
proach that is based on strict three-dimensional fluctua-
tlolls alld ollc that Is based oil 8 laycIcd Inodcl.

Two other discussions of possible critical phenomena in
the oxide superconductors are known to us. Both are less
extensive than the discussion here. Also, they do not men-
tion the importance of the Brout critrion.

The macroscopic wave function 9' is allowed to fluctu-

ate from region to region, but any fluctuations of wave
length shorter than I. are absorbed into the de6nition of
@. Here L, is the temperature-dependent coherence length
in the case of the breakdown of the macroscopic mean-
field behaviors and the zero-temperature coherence length
in the case of the breakdown of the microscopic theory.

Following the standard development, fluctuations of O
can be calculated from the GL theory by considering the
contribution from wavelengths larger than I.. The GL
free energy is

where t I T —T, I/T, is the reduced temperature. By
Fourier transforming the difference in free energies, one
obtains the Orenstein-Zernike ' correlation function:

ktt T,/y(T, )6 q (2)

It is useful to note that the jump in the specific heat (per
unit volume) Sc(T,) at T, and the slope of the thermo-
dynamic critical field I dH, (T)/dT I T, are related to the
GL coeffecients by

c2

-T,bc(T, )- T

Where bF, (0) H, (0) /Sz is the condensation energy at
zero temperature. The coherence length is given in terms
of the Ginzburg-La. ndau coeSrients by

The critical region, within which &(bq ) 2& ~ & I q I & I,
can now be estimated from the summation of the fluctua-

where p(T) and y(T) are taken to be regular at T,.
Minimization of Fwith respect to % gives the result

& I q I
)'- —tt(T)/p(T) =- —a' t/p(T),
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tions over all wavelengths [namely, integrating Eq. (2)]
and then dividing by the average order parameter:

((be)'& kti dq «1.
be(T, )g(0)'(2~)' " &2+g-2—

(5)
To demonstrate our estimates, we discuss first the re-

sults for an isotropic material. Carrying out the integral
in Eq. (5) with the range of integration L g(T), we ob-
tain the Ginzburg criterion for the critical region

( Tf —T, ~ /T, within which mean-field exponents
cease to be valid:

r

(6)

Here A is a constant number typically A —10 ~-:10
The criterion for the "breakdown" of the microscopic
mean-field theory (i.e., the Brout criterion) is realized
when g(0) instead of ((T) is substituted for L in Eq. (5).
In microscopic terms, the Brout criterion is equivalent to
calculating the fluctuations within the range of the kernel
in the Gor'kov equations, hence renormalizing the micro-
scopic coeScients. If we insert now g(0) for L in Eq. (5),
we get the general result that the Brout critical region
( ~((G) 'tz. If Gor'kov-BCS theory is still valid, further
relations exist between microscopic parameters and ther-
modynamic quantities, e.g.,

ktt/be(T, ) 0.17ktt T,/bF, (0)
is a coherent volume„given in terms of the single-particle
density of states at the Fermi level g(eF) and the zero-
temperature gap 6 by

ktt/bc(T, ) kit T[ 3g( sF)a' ].
In the isotropic case, this volume will be nigp/kP, where
gp huF/i' is BCS coherence length. Hence one gets

kgb(0)'
(7)

where again A' is a constant of order 0.4. In the clean
limit where g(0) = (p we get

r

1
c can (8)

kg sF

In conventional superconductors 5/eF-= 10, resulting in
an extremely narrow critical region, go & 10 ' fif we in-
clude the constant in Eq. (8)].

In the dirty limit, g(0) gp. l and

/gal =A" (9)
ttF (kFl)' '

where iI"=0.01. The above calculation is of course valid
only when the Anderson theorem applies, namely,
kFI &&1. For kFl~ 10, $6 & 10 " and the critical region
is very narrow. When kFI & 1, it was shown by Kapitul-
nik and Kotliar" that the critical region broadens and can
reach unity.

In the clean limit, the Gor'kov-BCS relations for the
mean-field coefficients will no longer be valid in the region

kit

bcsg(0) i g(0).
2

S

ktt T, ((0)~
i

(The second equality assumes the clean limit in the plane
with BCS parameters. ) We see that (o is now roughly the
square root of what is was in the three-dimensional case,
possibly even hi her.

Since g ~ (g ) ', the Brout criterion is given by

kit S

Bcsg(0) I ((0)~ g(0). (12)

where again the second equality is an in-plane clean limit
BCS expression. Note that even in the case of h(&sF, it
implies a wide Brout critical region.

We turn now to a discussion of the above results in view

of the experimental data available on the new high-T, su-
perconductor Y-Ba-Cu-O. (A similar analysis can be
made for La-Sr-Cu-0 but less data exists. ) In order to es-
timate the critical regions, we proceed in two ways. In the
first, we calculate the critical regions on the basis of ther-
modynamic quantities such as bc(T, ) or dH, /dt at T, us-

ing Eq. (10). In the second, we use BCS expressions
and Eqs. (11) and (12). The results are summarized in
Table I.

Measurements of the coherence lengths are essential to
estimate the size of the critical regions. Several groups

( =(6/sF) =10 for conventional superconductor.
Of course this region becomes larger as either the material
becomes "dirtier" or d, approaches sF. Still it is a very
small number.

Let us now turn to the calculation of g and g for mul-
tilayered materials, which is of obvious potential relevance
for the perovskite superconductors. The first, most naive
approach is to use anisotropic GL theory. If we denote
the in-plane coherence length by gi and the perpendicular
coherence length by g~, one gets

ktil (10)
beg(0).g(0) jf

A more realistic model of a layered superconductor is
that of a series array of 3osephson junctions ' ' in
which the superconducting layers (or triplets in the case of
Y~Ba2Cu307) are of atomic thickness arranged in paral-
lel. Although quantum fluctuations in the phase of the or-
der parameter will destroy superconductivity in a pure
two-dimensional (2D) system, it was shown by Dzy-
aloskinskii and Kats'5 that very weak overlap of the elec-
tron wave functions of neighboring layers suppresses the
phase fluctuations that disturb the long-range order in the
pure 2D case. For materials exhibiting strong quasi-two-
dimensional behavior, the coupling between planes will be
characterized by an effective coherence length such that
[g(0)&/s] & 1. Note that g(0)& is an exponentially de-
creasing function of the layer separation s. The integra-
tion of Eq. (5), which now is over two dimensions in re-
ciprocal space, yields
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have estimated the coherence lengths from critical field
and fluctuation conductivity (and diamagnetism)
data. 's 24 The largest values (&1~37 A and &~ ~7 A)
were measured by Worthington er al. 's The smallest
values ($1=16 A and (&~3.6 A) were obtained by the
Stanford group. ' They are about a factor 2 smaller.
Combining these values with the measured Sc(T,) (Refs.
25-27) and ~dHJdT t r, , 2s we obtain a range of esti-
mates for g~ and go from thermodynamic data. They are
the estimates in the upper part of Table I. We also note
that if the smaller value of g~ is correct, YBa2Cu307 may
be quasi-twodimensional as g& &s„where s is the dis-
tances between the centers of the triplets of Cu-0 layers.

The available data on the high-T, superconductors,
based on analyzing transport in the different directions, 2

suggest that the clean limit applies. Thus using the BCS
clean limit results, taking (s/g~) 1 and 6/ksT, -2.5,
which is the lowest value (i.e., most conservative) inferred
from recent experiments, 3 we find ( =(4'ss) and

( =(b/sF). Thus estimation of the critical region de-
pends largely on the ratio 5/sF. Several estimates have
been put forth.

Sound velocity measurements3' and positron anihilation
experiments3~ suggest that all the electrons at the Fermi
surface participate in the condensate. If these conjectures
are correct, 5=as and both go and s will be of order
unity. Also as Laughlin and Hanna have emphasized,
for La2,Sr,CuOq with x 0.15, a carrier density of one
carrier per dopant (n 1.84&102') one gets as 0.5 eV
for a freewlectron approximation in 3D. If we ignore the
interlayer coupling and calculate the Fermi energy for a
2D case, ap 0.25 eV.~ The gap as measured by tunnel-
ing or infrared experiments is found to be in the range of

8+17 mV. 35 We thus get 4/as ranging between 0.016
and 0.068. This is very marginal for the Ginzburg cri-
terion, but could lead to a Brout critical region ps=0. 1,
or 10 K. If one assumes a polaron of some kind with an
eff'ective mass of 6m', one gets that h/as ranges from 0.2
to 0.8. In this case there clearly would be a complete
breakdown of mean-field theory in an observable region
near T,. This result suggests that even in La-Sr-Cu-0
some caution may be in order in using BCS and/or GL re-

2x((0)

' 2v
Tc

Tg
(13)

with 2v & 1. If the transition is a 3D x-y transition (as in

liquid helium) 2v = 1.3. Curvature in H, 2(T) is common
in these materials (and in particular near zero resistance
where fluctuations are expected), and was found with the
predicted exponent even for high-quality materials'72'
but again the role of homogeneity must be considered.
Specifically we have to remember that granularity due to
weak links can lead to an exponent artificially greater
than one.

The penetration depth A, diverges near T, with the
superfluid density exponent" g/2= p, (p is the order
parameter exponent). Thus the Ginzburg-Landau param-

lationships to analyze data near T,.
The situation with Y-Ba-Cu-0 is similar as can be seen

from Table I. The data presented there have been collect-
ed from Refs. 16-36 depending on the particular quanti-
ty. Since the carrier density is twice as large, ' sF will

be approximately twice its value in the La-Sr-Cu-0 (in
the 2D case) but 6 is also larger. Thus for m/mo = 1, the
critical region will be 0.06 ~ 1.6 K. For heavy masses the
GL critical region will be 2—:34K and the Brout critical
region is much larger.

We note some of the consequences of a breakdown of
mean-field theory. For a breakdown of only the micro-
scopic mean field, we expect the same critical behavior as
in BCS theory but with different coefficients. In particu-
lar, in the range where g~ & 1, T, would be shifted37 such
that 2h/ksT, ~3.52(1+/ ). This is an intriguing point
since it shows that 2d/kgT, can be large even without in-
voking strong coupling superconductivity. Consequently
the jump of the specific heat at T, will also increase. The
experimental data on the specific heat are too broad to de-
cide whether a regular BCS shape is being measured with
the correct BCS amplitude.

In the case of the complete breakdown of the mean-field
theory, the critical behavior (near T,) should also be
modified. In particular, the upper critical field should
behave now as

TABLE I. Calculated critical regions based on experimental data for YBa2Cu307.

Experiment

Specific-heat jump at T, '
g(0)~-3.6 A, g(0)~~-i6 A'
Specific-heat jump at T,'
g(0).-7 A., g(0)&-37 A'
Thermodynamic critical field

g(0).-3.6 A, g(0)~~-i6 A'
Thermodynamic critical fieM'

g(0) -7 A., g(0)„-37 A'
BCS clean limit, using 5, sF, and
20 electron gas, m-rno'
BCS clean limit, using h, , sF, and
20 electron gas, m 6mo

(min
G.

0.35

0.01

2»0-4

4x10 4

0.04

0.03

0.01

0.01

0.1

0.08

0.015

0.02

0.2

0.85

0.2

0.1

0.02S

0.1

0.8

'References 25-27.
Reference 21.

'Reference 16.

Reference 28.
'Reference 24.
fReferences 30-36.
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eter tc becomes

Z(T)K'(T) ~
( )

~@0 (14)

tro is approximately the mean-field Ginzburg-Landau pa-
rameter. It was measured to be no=100 in these new
high-T, materials. If we take the superfiuid He exponents
v-P =0.33, the calculation of r indicates that a cross-
over from a type-II to a type-I superconductor will hardly
be observable in these materials (the temperature range
will be 10 sT,). We can therefore conclude that with
the assumption of a simple 3D x-y transition, no first-
order transition along the 0,2 line will be observable.
Consequently, Suctuations of the electromagnetic field
will not aEect the nature of the transition.

In summary, we have discussed in this paper the various
Quctuation effects on the new high-T, superconductors.

We suggest that it is very plausible that mean-field critical
behavior is not adequate to describe the superconducting
transition. A possible theory is that of liquid He. More
generally the applicability of the microscopic coefficient
in the analysis of experiments on these superconductors
near T, has been drawn into question. It is shown that
large corrections may be needed to incorporate the strong
fiuctuations within the range of the Ginzburg-Landau
kerneL The problem of paraconductivity and that of di-
amagnetic fiuctuations above the superconducting transi-
tion are also of chief importance in understanding the na-
ture of the superconducting state in these new materials.
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