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The substitution of Rb by NH& in R182PO& results in competing interactions of the
ferroelectric-antiferroelectric type, which for a certain concentration range 0.22 g X ~0.78 inhibit
the onset of long-range proton order. In this system the local random polarization of the protons
p(x, t) couples linearly to the random4ield variable h(x, t). There is, however, always a static
temperature-independent component ho(x) present which is due to the static random distribution of
NH4 and Rb. Quadrupole-perturbed NMR is a very suitable tool to measure the random-field dis-

tribution since the random polarization is mapped into the NMR line shape. The temperature
dependence of the line shape allows for a clear separation between the static and dynamic com-
ponents. In order to elucidate the in5uence of the static random Geld on the line shape we have per-
formed model calculations of the Sve irreducible electric-Seld-gradient tensor-element distributions
as a function of concentration. %e demonstrate that these distributions are uncorrelated Gaussian
distributions.

I. INTRODUCTION

The static or quasistatic distribution of the local ran-
dom spin or pseudospin magnetization plays an impor-
tant role in the theory of spin-glass transitions. ' s These
systems are, however, not suitable for nuclear magnetic
resonance (NMR) investigations, because of the strong
coupling of the external magnetic field 8o to the
magnetic moments. In a proton glass [e.g.,
Rb, „(NH4)„HYPO/, this complication does not occur,
but due to the random substitutional disorder a static
random field is introduced. This static random field acts
in the same way on the system as a weak magnetic field
acts on a diluted ferromagnet, i.e., the proton glass or-
dering sets in well above the T, of the zero Seld phase
transition. In order to measure the glass order parameter
and the distribution of the local random field —which is
proportional to the local random polarization p —by
means of quadrupole perturbed NMR, we first have to
take care of the in8uence of the NH&-Rb random distri-
bution on the NMR line shape.

In Ref. 6 we assumed that the NH4-Rb distribution
leads to independent Gaussian distributions of the five ir-
reducible tensor elements of the electrical-6eld-gradient
(EFG) tensor at the Rb site, and we have used this as-
sumption to calculate the orientational dependence of the

Rb ( —Ti —+ ri) line shape. By comparing the measured
orientational dependence of the line shape with the
theoretical one, eve vvere able to separate the contribu-
tions of the di8'erent EFG tensor elements.

In this contribution we demonstrate by means of model
calculations thai our basic assumptions were correct.
The distribution of ihe EFG tensor elements is indeed

Gaussian, and all linear correlation coeScients between
these distributions are zero within the limits of the sta-
tistical error.

In order to calculate the distribution of the EFG tensor
elements we use a simple point-charge model. The con-
tribution of a point charge Q(r), where r =x, +x z+x i,
to the EFG tensor at the origin is given by

V,k =Q
3X~XI —&k-r' ' r'

The total EFG tensor is then given by the lattice sum
over all charges within a certain range. The convergence
of this sum is rather bad (1/r dependence), and the result
is often size and shape dependent. In our case, however,
we are not interested in the absolute values of the EFG
tensor elements, but only in the distnbution of these ele-
ments around their mean values. %e now assume that
this distribution is the result of small displacements of
point charges in the unit cell from the ideal unperturbed
structure. The deviation from the contribution given by
Eq. (1) is then given by

b Vjk
——g Vjktbxt, (2)

1=1

where the Axl are the displacements of the point charge
and V.kl is given by

15X XkXI 3Xk 3XJ 3XI
Vjkl Q y +~jl s +~kl s +~jkr r r r

Oc1988 The American Physical Society



MODEL CALCULATIONS OF THE STATIC DISTRIBUTION OF. . .

The lattice sum to obtain b, Vp for a given set of displace-
ments converges now as I/r, which for our case means
that more than 90% of the contribution comes from a
range within +2 lattice constants.

We assume now that the substitution of a Rb atom by
an ammonium group in pure RbH2PO& (RDP) leads to a
small lattice distortion around the NH4 group which
a6ects mainly the surrounding P04 groups. For the sake
of simplicity we assume a point charge at the center of
each PO4 group. Furthermore, we neglect all other

I

charges {or their displacements, respectively} in the sys-
tern. This is, of course, a very rough approximation
which by no means reflects the real charge distribution in
RADP, but, nevertheless, one can obtain valuable infor-
mation from this model.

Since we are interested in the Rb EFG tensor distribu-
tion, we have shifted the origin of the unit cell into the
Rb(1) site. The new coordinates of the Rb and P atoms
thus become

Rb( 1 }:{0,0,0);Rb(2):(—,', 0, —,
' );Rb( 3 ):(—,', —,', —,

' );Rb(4):(0, —,', —,
' );

P( 1 ):(—,', —,',0);P(2):(0,—,', —,' );P(3 ):(0,0, —,' );P(4):(-,', 0, —,' )

For the calculations 216 unit cells were taken into ac-
count (i.e., +3 lattice constants in each direction from the
origin). For each site (except for the origin which is al-
ways occupied by a Rb atom), a random number genera-
tor had to decide with the probabihty x whether it is oc-
cupied by an ammonium or by a Rb atom with the proba-
bility (1—x ), respectively. In case of an NH4 group, the
adjacent PO4 groups are displaced according to one of
the models described later in this section. For the dis-
placed PO4 groups the contribution to the EVJk was cal-
culated and taken into account in the sum of Eq. (2). For
one run through the lattice, one obtains one set of 5Vp.
The distribution functions P(h, Vjk ) are obtained by calcu-
lating histograms from multiple repetitions (10 times) of
the whole procedure. The distributions were calculated
for the five irreducible elements of the EFG tensor V„,
V„„V„V„,and (V —V ). These are the only ele-
ments which enter into the nuclear quadrupole Hamil-
tonian. In order to save computer time the displacements
were set to unity. This is justi6ed by the linearity of Eq.
(2},as well as by the fact that a point-charge model is not
able to provide the proper absolute values of the standard
deviations of the 6Vjk anyhow.

A. The clout-neighbor model

Each NH~ group in RADP has six nearest-neighbor
PO4 groups, but two of them are somewhat closer These.
are the two PO4 groups above and below the NH4 in the z
direction. The distance between the N and P atoms in
the unperturbed lattice is c/2, where c is the lattice con-
stant in the z direction. Due to the fact that the NH4
group forms N-H —0 bonds to the four lateral F04
groups, it is oriented in such a way that it needs slightly
less space in the z direction than a Rb atom would take.
Thus, if a PO4 group is sandwiched in the z direction be-
tween a Rb atom and an NH4 group, it is shifted towards
the NH4 group.

This very simple model turned out to be too discrete,
especially for the calculation of P(hV ). This distribu-
tion exhibited three well-separated maxima —with a sep-
aration of the order of the standard deviation-for an
NHz concentration of x=0.5 (Fig. 1). On lowering or
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FIG. 1. Distribution P of 5, V„ in the closest-neighbor mode1
without elastic-distortion corrections for a tota1 number of 10
samples for the NH4 content, x =0.5.

rising the concentration, these peaks became even more
pronounced. Such behavior is not observed in the experi-
ment, as the line shapes are reasonably good Gaussians
and do not show any splittings for any concentration.
The reason for the failure of the above model is that the
contributions V Lr rapidly decay with increasing dis-
tance of the corresponding charges from the origin. The
contributions V, of the two closest PO~ groups have a
relative weight of 12 6Q3, the four next nearest-
neighboring PO4 groups have a relative weight of 2 881,
the next eight a weight of 180, etc. The appearance of
discrete peaks in the theoretical line shape thus results
from the fact that the spectra are dominated by the con-
tribution of the two closest PO4 groups with four dis-
placement possibilities only:
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TASI.E I. Relative standard deviations of the EFG tensor elements for the difFerent displacement
models compared with the measured values of 0-RADP(44~. The cr;; stand for the 0 (~~Is ~.

Closest neighbor
Bond
COIQ51ned equal signs
Co8141ned dlScrent signs
0-RADP(44)

0.26
2.95
1.12
0.49
0.79

0.05
2.05
0.64
0.41

1.02
2.76
1.59
1.59
1.05

(1) no displacements, 5V„=O;
(2) shift of upper PO4 towards origin, b, V = —12 603;
(3) shift of lower PO4 towards origin, b, V = —12 603;
(4) shift of both PO4 towards origin, 5V = —25 206.
The displacements of aB other PO~ groups can broaden

these three discrete peaks but cannot smear them out
suSciently. To overcome this problem we have to allow
secondary or even tertiary displacements of the PO4
groups, i.e, we have to increase the range of the lattice
d1stort1011 Illdllced by the NH4 gI'oups. Thts very 1111por-

tant result clearly shows that the range of the relevant
primary displacement contributions to the EFG tensor is
smaller than the range of the lattice distortions, i.e., a sin-

gle NH4 group at some distance from the origin afFects
the EFG tensor at the origin much more by the distortion
extended to the origin than the 5Vjk of the local primary
displacements. This efFect is, of course, even more impor-
tant for low NH4 concentrations or—because of the sym-
metry of the problem —for NH4 concentrations close to
1, respectively. One should therefore use an elastic dis-
tortion model for the displacements. A proper calcula-
tion of such a model would, however, consume too much
computer time.

We therefore decided to use a simpli6ed elastic distor-
tion model. In this model we do not displace only the
two closest P04 groups of a given NH4 group in the z
direction, but also the two sets of four PO4 groups which
are connected by O-H—0 hydrogen bonds to the initially
displaced ones. The amplitude of these secondary dis-
placements is set to —,

' of the primary one. With this
correction, nearly perfect Gaussian distributions were ob-
tained for all tensor elements for an NH4 concentration
of x=0.5, and even for x=0. 1 the distributions were
fairly well Gaussian, i.e., nearly perfect in the tails, but
with some significant deviations in the center of the dis-
tributions. From this one can see that for further im-
provement one would fIIrst have to iraprovc the elastic
distortion model.

Another defect of the closest-neighbor model is that
the ratio of the calculated standard deviations o (b, Vjl, }of
the EFG tensor components does not correspond to the
measured ratios [e.g., for the deuterated compound with
x =0.44, D-RADP(44)). s The standard deviations of V„,
and V arc too small by a factor of 3 as compared to the
measured ratio (see Table I).

An interesting result of the closest-neighbor model is a
linear concentration-dependent negative shift in the aver-
age of 6V . Such a shiA was indeed observed in the ex-
periment although it does not depend linearly on the con-

centration. All other tensor elements are distributed
around zero in this model, i.e., in reality around the
values of the unperturbed lattice.

8. The bond Intel

As already mentioned in the preceding subsection, the
NH4 groups form N-H —(0 bonds to the four latera1 P04
groups. We now assume that these four PO4 groups are
pulled in the direction of the corresponding bonds to-
wards the NH„group. For the sake of simplicity the cor-
responding displacements are performed either only in
the x direction or only in the y direction, whichever is
closer to the bond direction. The displacement is, of
course, cancelled if two NH4 groups pull from opposite
sides of the PO4 group.

This model yields perfect Gaussian distributions of the
6V k for the concentration x =0.5 without any further
corrections. For x =0.1, however, significant deviations
from Gaussian distributions in the center (sharpening of
the center) indicate that this model also should be im-
proved by an elastic distortion correction. Since the dis-
tributions were still nearly perfect Gaussian in the tails,
one can expect that the standard deviations will not
much change by such a correction, and therefore we
abstained from an improvement of this model.

This model also did not yield the measured ratios be-
tween the standard deviations of the AVJk, but here the
situation is complementary to the one of the closest-
neighbor model. The standard deviations of hV„, and
h, V, are too large by a factor of 4 as compared to the
measured ratio (see Table I). From this result it is obvi-
ous that we have to combine the two models in order to
obtain the proper ratios of the o ( V I, ).

C. The combined mcglel

Since the distributions of the corresponding EFG ten-
sor elements of the two above™mentioned models are
linearly correlated, the resulting distributions of the com-
bination not only depend on the relative amplitudes but
also on the relative signs of the displacements used in the
two models. Concerning thc signs, better results were ob-
tained for equal signs than for opposite ones. This corre-
sponds, e.g., to an all-attraction model, i.c., all six
nearest-neighbor PO~ groups are attracted by the NH4,
group. The corresponding distributions are shown in
Figs. 2(a)-2(d), and the ratios of the standard deviations
o'(EVJk }/o (b, V ) are given in Table I. For illustration,
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the corresponding ratios are also given for the combined
model with opposite signs. One could now try to also fit
the relative amplitudes to have better agreement arith the
experiment, but because of the very rough approxima-
tions used in our models this would not be meaningful at
all.

The concentration dependence of the standard devia-
tions rr(bY, k ) is shown in Fig. 3 for the combined model
with equal signs and amplitudes. The solid lines corre-
spond to a fit with the function

o (b V.l, ) =c.k [x( l —x)]'

where the c.k are the fit parameters. One can see that
there is a symmetry with respect to the concentration
x =0.5 and that the ratios of the a(b Vk ) do not depend
on the concentration. For real systems of 0-RADP this
symmetry does not exist at room temperature. One
reason for this might be that for some concentrations
there is already an incipient glassy-type ordering at this
temperature.
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FIG. 2. Khstnbution P of 6V~ (a), 5V» (b), 6Vzy (c) and 5( Vzz Vyy ) (d) &n the combmed model for 10 samples for the NH4 con-
tent x =0.5. The distributions 6 are cak:ulaied Gaussian distributions vrith the same means and variances.



R. KIND„R. BI INC, AND M. KOREN 37

CO

C

COr
O
gl 3CO

From the measured orientational dependence of o, , one
can thus obtain the cr(b, V k) since their relation with the
o.

, is known (for more details see Ref. 6). Equation (4) is
valid, however, only for completely uncorrelated frequen-
cy distributions, i.e., for uncorrelated distributions of the
EV.k. %e therefore have calculated the linear correla-
tion coeScients r for all possible pairs of AV.k distribu-
tions. This coefficient is given by

g(x —x)(y —y)

0::
0.0

I

0.6

FIG. 3. Calculated standard deviations o (6V;I, ) vs NH& con-

tent x in Rb& „(NH&)xHzP04 for the combined model. The
solid lines correspond to a fit with the function o(AV;k)
=c,q [x( 1 —x)]'/ . Due to the tetragonal symmetry of the mod-

el we have a(5„,)=0(6 V„,).

where x; and y; stand for the AVJk, and x is the mean of
the x s and y is the mean of the y, *s. The value of r lies
between —1 and 1, inclusive. A value of r near zero indi-
cates that the variables x and y are uncorrelated. In the
case of no correlation r is distributed approximately nor-
mally, with a mean of zero and a standard deviation of
I/(N)', where X is the number of samples. In our
models we have calculated 10 samples, i.e., the standard
deviation o(r)=0.01. Most of the calculated r values
were smaller then 0.01, and very few reached values as
high as 0.02. That means that we can safely state that the
dlV&I, are uncorrelated in all our models. This result is
not restricted to the substitutional disorder in RADP,
but seems to be valid for similar systenis with a random
distribution of defects.

III. STATISTICAL CQNSIDKRATIONS

One important point we wanted to check with our
models is whether there is some corrc, lation between the
distributions of the AVI„because all of them contribute
to the NMR line shape. The standard deviations of these
contributions depend in dilerent complicated ways on
the orientation of the crystal in the external magnetic
Geld 80. The total line shape of a given orientation is
then determined by a convolution of the individual result-
ing frequency distributions. In the case of uncorrelated
individual Gaussian distributions the resulting line shape
is again Gaussian with a standard deviation given by

(4)

IV. CONCLUSIONS

%e have shown by means of simple point-charge dis-
placement models that a random substitutional disorder
as present, e.g., in the mixed crystal system
Rb, „(NH4)„H2PO4 yields uncorrelated Gaussian distri-
butions of the five irreducible EFG tensor elements
around their mean values. This is a very important start-
ing point for further calculations where glassy-type pro-
ton ordering will be taken into account. %ith the help of
these calculations and measured "Rb NMR line shapes,
one can determine the random-field distribution and the
glass order parameters as a function of temperature.
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