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EPR in dysprosium aluminum garnet at far-infrared frequencies
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Far-infrared transmission measurements have been made on spherical single crystals of dysprosi-
um aluminum garnet {DyiA1,0,2) and diluted dyspmsium aluminum garnet [(Dyo i Yo 9)pA40, 2] at
frequencies between 157 and 1629 GHz in magnetic Selds up to 7.3 T. The strongest resonance was
consistent with previous results, corresponding to g, =18,02%0.07 and a small internal Geld. A
number of weaker resonances could be identified with sites at which one or more nearest neighbors
were reversed. The corresponding interaction parameter EC&

——(0.8+0.05)kz is consistent with ear-
lier estimates. In addition, a number of unexpected resonances were observed. Several of these
could be identified with Dy3+ ions on octahedral crystallographic a sites, having go~

=10.8 and

g~ =2.8 and axes along I 111I. The intensities were consistent with estimates based on x-ray data,
which indicate concentrations of the order of 1% of a sites occupied by Dy'+ ions. The presence of
such substitutions may explain various small inconsistencies previously noted in detailed analyses of
thermodynamic and neutron-scattering data.

I. INTRODUCTION

Dysprosium aluminum garnet (DyAlG) is generally
considered to be a rather well understood material. Ex-
tensive studies have shown that it is a low-temperature
metamagnet with interesting properties, which can be de-
scribed in some detail in terms of a relatively simple Ising
model. ' Such a model includes the assumption that the
crystal structure is free of imperfections and that the
chemical composition is stoichiometric. Support for this
assumption seemed to be implied by the existence of large
(5 cm ) optical-quahty crystals, and the well-defined
crystal structure of the garnets. s In this paper we report
some far-infrared EPR measurements which show evi-
dence that even apparently high-quality DyA1G crystals
can have significant crystal imperfections which will
complicate detailed quantitative analyses.

There is, in fact, some earlier evidence that difFerent
DyA1G crystals are not identical. Measurements of the
magnetic ordering temperature have shown a spread of
some 2% and x-ray determinations of the lattice parame-
ter have varied by 0.15%.2 Optical-absorption spectra
have shown some unexplained satellite lines and there
have also been reports of anomalous scattering of neu-
trons near Seld-induced phase transitions. * All these
efFects were quite small and, since there was no direct evi-
dence for their origin, they were ignored in detailed ther-
modynamic analyses. The present work suggests that the
only way to eliminate any such problems is to ensure
greater control over crystal stoichiometry.

The use of resonance techniques to study these efFects
is made possible by the availabihty of suitable high-
frequency sources (150—1700 GHz} and the correspond-
ingly strong magnetic fields up to 7 T. At lower frequen-
cies, the relatively strong spin-spin interactions prevent

the observation of resonances in a magnetically concen-
trated material of this kind. One disadvantage of using
very high frequencies is the possibility of complex in-
terference el'ects (magnetic polariton resonances} due to
the short wavelength relative to the sample size. We
have observed such efFects, especially at the highest fre-
quencies, but we can identify the true magnetic reso-
nances by making measurements at a number of dilFerent
frequencies and looking for lines which vary linearly with
frequency.

The resonances observed in this study were all transi-
tions between the levels of the ground-state Kramers dou-
blet of the Dy + ions, split by the applied field plus inter-
nal fields due to neighboring spins. The long-range con-
tribution to the internal Seld is usually described as a
demagnetizing field and, to ensure that this has a uniform
value throughout the sample, it is necessary to use an el-
lipsoidal sample shape. In an earlier studys we have used
a relatively thick, irregularly shaped plate which gave a
linewidth of 0.85 T (full width at half height). In the
present experiments we used a sphere which reduced the
linewidth to 0.25 T, but even then we were still not able
to resolve any hyperfine structure, which would be ex-
pected to extend over about 0.02 T for each of the elec-
tronic transitions.

All of the present measurements were made at temper-
atures below 4.8 K, where none of the higher energy lev-
els are populated. (The lowest one is at 70 cm '.~} Even
so, these levels would be expected to have a small but
signi6cant efFect on the resonances observed. In the pres-
ence of a strong magnetic Seld there will be mixing be-
tween the difFerent levels, resulting in small nonlinear
contributions to the Zeeman efFect. At microwave fre-
quencies these are generally negligible, but in the high
6elds used at far-infrared frequencies they may become
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important. In the present case the mixing eft'ect is
enhanced by the relatively large g values of both the
ground state (g = 18.1) and the first excited state
(g, = —11.1), and at the highest fields it contributed
about 0.5% to the energy-level splitting. Since the en'ect

varies rapidly with field ( ~8 ), its influence on the fitted

g values and especially the fitted zero-6eld intercepts can
be quite signi6cant. Details of the perturbation calcula-
tion are given in the Appendix and the efFect on the
fitting is discussed in Sec. IV A.

Another unusual feature of DyAlG is the highly aniso-
trojc nature of the ground state. EPR measurements on
Dy + in YA1G have given g, =18.3, g„=0.4, g„=0.7
and these values have been shown to be approximately
the same in concentrated DyA1G. '0 One result of this
anisotropy is the fact that EPR transitions will be unusu-
ally weak and thus more diScult to observe. Corre-
spondingly, it wiH make other resonances with more iso-
tropic g values relatively much stronger, so that observed
intensities must be interpreted quite carefully.

Another result of the extreme anisotropy is an
enhanced sensitivity to misalignment. This was particu-
larly troublesome in the present experiments, since we
had no way to adjust the alignment once the sample was
mounted in the magnet. Fortunately, for one orientation,
8~~ [001],the resonance field is at a minimum and the er-
ror due to misalignment %'as negligible,

The experimental arrangement is described briefly in
the following section and the results are presented in Sec.
III. The discussion in Sec. IV deals with two difFerent
classes of resonances: those which can be described in
terms of the well-estabhshed model of DyA1G and those
which cannot. It is the latter which are of particular in-
terest and the implication of this finding is discussed in
Sec. V.

H. EXPERIMENT

The experimental arrangement is described in detail
elsewhere. " We used radiation from a far-infrared laser,
optically pumped by a grating-tuned CO2 laser. The sam-
ple was placed in the center of a superconducting magnet
with a maximum field of 7.3 T. We measured the radia-
tion transmitted through the sample, using a carbon
bolometer. It is important to note that this arrangement
detects changes not only of the absorption but also the
reAection from the sample.

Table I gives a list of the laser lines used in this work.
The laser frequencies were taken from the tabulation by
Knight. The magnetic field was cahbfated using EPR
in the free radical diphenyl picryl hydrazyl (DPPH). Er-
rors in measuring both the field and the frequency were
generaHy negligible compared to the observed linewidths.
Temperature could be controlled between 1.5 and 20 K,
but most of the experiments were made at the lowest tem-
peratures, where the resolution was best.

Two samples were used in this study. Both were grown
by the Linde Division of Union Carbide using the Czo-
chralski method. Sample 1, which we shall designate as

TABLE I. Far-infrared laser wavelengths after Ref. 12.

Wavelength
(pm)

184
232.94
255
299
305.73
311.55
375.54
393.63
432.6
469.02
513.01
554.37
570,57
699.42
742.57
890
943.97

1020
1394.06
1614.89
1899.9

Photon energy
(cm ')

54.4
42.93
39.2
33.4
32.709
32,098
26.628
25.405
23.17
21.321
19.493
18.038
17.526
14.298
13.467
11.2
10.593
9.804
7.173
6.192
5.263

CD3OD
CH3OH
CD3OD
CD3OD
CH3OD
HCOOH
CH2CF2
HCOOH
HCOOH
CH3OH
HCOOH
CH2CF2
CH3OH
CH, OH
HCOOH
CH2CF2
CH3Cl
CH2CF2
C2H38r
C2H38r
C2H38r

Pump line

10R24
9R10
10R36
10R24
9R08
10R22
10P12
9R18
9R20
10R38
9R28
10P14
9P16
9P34
9R40
10P22
9R12
10P14
10R20
10P26
10P20

"pure" DyAlG, was cut from one of the large samples
previously used for the extensive thermodynaniic studies
reported in Ref. 2. It was carefully shaped and polished
to a sphere 6.538%0.003 mm in diameter. Visual inspec-
tion showed no evidence of any imperfections or irregu-
larities. Earlier chemical analyses had set rather low
limits on possible magnetic impurities ( g 100 ppm) and
the only signi6cant nonmagnetic impurity was only
present in less than 1000 ppm. Less well defined was the
stoichiometry of the material. The possibility of a devia-
tion from the nominal garnet composition Dy3A1, 0z was
mentioned in Ref. 2, but no quantitative estimates were
made. We shaH discuss this problem further in Sec. V.

Sample 2, which we shall designate as "dilute" DyA1G,
had a nominal composition (Dyo, Y09)3A150,2. It was
also shaped and polished to a sphere, 7.62%0.03 mm di-
ameter. Only a few measurements were made on this
sample and, since no anomalous lines were observed, no
chemical analysis was carried out.

Both crystals were oriented by Laue back reflection.
This could be done quite accurately, but mounting the
highly polished spheres in the cryostat presented a special
problem. %e first tried a variety of glues to 6x the
spheres to the brass ring which fitted the end of the light
pipe, " but, on cooling (even slowly), these bonds always
broke. A satisfactory solution was eventually found by
attaching the spheres to a hoHow Tufnol (phenolic) plug
using Araldite (epoxy) resin and enclosing the assembly
with a thin-walled Tufnol tube. This arrangement en-
sured a reproducible ahgnment for measurements at
difFerent frequencies, but the absolute accuracy of the

alignment relative to the field was probably no better
than +3 . The e8'ect of this uncertainty mill be discussed
for each set of results.
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0.5 '1.0 2.5 3.5 4.0 5.0
8 {Teslo}

6.0 7.0
8 {Testa}

FIG. 1. Absorption vs magnetic fie1d for pure DyA1G with E=19.493 cm ', T=1.60 K, and 8~([001]. {a) 8=0-5 T; {b)
8 =5.3-7.3 T.

IH. RESULTS

For the "pure" sample, we have results for two orienta-
tions, 8 ~~[001] and 8[)[111),while for the "dilute" sample
measurements were made only with the magnetic field in
the [001] direction. Spectra were recorded for a number
of fixed laser frequencies by sweeping the field slowly (30
min) from zero to the maximum and measuring the
bolometer output.

A. "Pure" sample: 8)[[001]

Typical spectra at three difFerent laser frequencies and
two difFerent temperatures are shown in Figs. 1-3. It can
be seen that there are quite a large number of resonances,
in marked contrast to the single resonance with g =g,
which might have been expected for this orientation. The
linewidths show a marked variation with temperature
snd frequency, narrowing at low temperatures and high
frequencies. Figure 4 shows the peak positions as a func-
tion of the laser-photon energy. It is clear that a number
of the peaks fall on straight lines, while some of the reso-

nances appear only at specific frequencies. Here we shall
concentrate on the resonances which vary approximately
linearly with frequency. Fitting the points with an ex-
pression of the form

where E snd Eo are measured in cm ' snd 8 in tesls, we
obtain the parameters shown in Table II. The intercepts
can equivalently be expressed in terms of internal Selds

8;= —Eo lgps, which are also shown in Table II.
Several features are immediately apparent.
First, the main line (A) has g value close to the g,

values determined from previous experiments' and the
small internal field also agrees with earlier estimates. '
%'e shall defer more detailed comparisons until we have
discussed the efFect of the correction due to the third-
order Zeeman efFect in Sec. IV A.

Second, there are at least three satellite lines ( A, —A i )

with very similar g values, with internal fields which
difFer from that of the main line by approximately +28,
snd —48& where 2$& =0.3 T. %e shall interpret these

c

0.0 0.5 1.0 '1,5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
I

5.5
8 {Tesla}

7.0
B ITeslo}

FIG. 2. Absorption vs magnetic fiejd for pure DyA1G with E =14.298 cm ', T=2.05 K, and 8~([001]. {a) 8=0-5 T; (b)

8 =5.3-7.3 T.
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I

JD
C

Cf

TABLE II. Parameters for pure DyAIG:8~([001], fitted to
. (1).

Line

A3

Al
A

Aq

8

D

p
6

17.27+0. 18
17.81+0.07
17.95+0.04
18.11+0.09
7.76+0.02
7.33%0.03
6.94+0.05
6.44+0.02
6.09+0.04
5.57%0.04

5.7420.32
2.77+0. 12
0.23+0.07

—2.20+0. 17
—0.18+0.01
—1.1120.09
—0.86+0. 11
—0.82+0.06
—0.71+0.12
—0.77%0.12

8;=—Eo /gal~(T)

—0.71+0.05
—0.33+0.02
—0.03+0.01

0.26+0.02
0.33+0.01
0.32%0.03
0.27+0.04
0.27+0.02
0.25%0.04
0.30+0.05

6,0 7.0
8 (Teslnj

A A)AA2

FIG. 3. Absorption vs magnetic field for pure DyA16 with
E =54.4 cm ', T = 1.63 K, aud 8 ii[001].

splittings as due to nearest-neighbor spins which are
thermally disordered.

Third, there are at least six other lines (8-6) with
rather similar, but significantly lower, g values which
have no immediate explanation in terms of previous anal-
yses of DyA16. We shall interpret these resonances in
terms Dy + spins on difFerent crystallographic sites.

Fourth, there are a number of other, clearly resolved

resonances which appear only at one frequency. %'e shall
offer no detailed explanation for these lines, but it would
seem likely that some, if not all of them„are due to in-
terference effects.

%'e may also note the unusual line shape at the highest
frequency (Fig. 3}. The flat top corresponds to zero
detector signal, i.e., zero radiation transmitted by the
sample. To check that this effect was not due to power
saturation, we decreased the laser power until the signal
was barely visible above the detector noise, but no change
in line shape was observed. We conclude that the high
absorption is simply due to the relatively large sample
thickness compared to the wavelength. This effect will be
most marked at the highest frequencies, as observed.

No attempt was made to study the line shapes or,
indeed, the linewidths. We observed qualitatively that
the lines become narrower at the highest field and at the
lowest temperatures. Typical linewidths were then 0.25
T. As the temperature was raised, the lines broadened
quite rapidly, and by 4 K there are only one unresolved
line of the order 1 T wide.

00 B. Dilute sample: 8 II[001]

A typical spectrum is shown in Fig. 5. The most strik-
ing feature is the fact that the low-g-value resonances ap-

20

I

JD
f
CI

0
Lfl

I

A
I

"IO

7
8 (Teslo)

FIG. 4. Peak absorption Selds as a function of laser-photon
energy for pure DyAlG with 8))[001].

I I l I I

6.00 6.2S 6.50 6.75 7.00
B (Tesla)

FIG. 5. Absorption vs magnetic field for dilute DyAlG,
(Dyo & Yo 9)3A150&z, with F. =54.4 cm ', T =1.60 K, and
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E
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Ap—Aq
A—A2

50

40

3.5
I

4.0 5.0 5.5
8 (Tesla)

20
FIG. 7. Absorption vs magnetic field for pure DyAlG with

E =23. 17 cm ', T =4.8 K, and 8 () [111].

10

1 2 3 I 5 6 7
g (Testa)

FIG. 6. Peak absorption fields as a function of laser-photon
energy for dilute DyA1G with 8 II [001].

parent with "pure" samples have disappeared even
though the signal-to-noise ratio was comparable to the
experiments on the concentrated sample. Only the main
resonance (A) and three sateHites (A& —A3) with nearly
the same g value were detected. The results are summa-
rized in Fig. 6 and the parameters from a fit of the form
of Eq. (1) are given in Table III.

The lines observed for this sample were somewhat nar-
rower (-0.15 T) than for the "pure" sample, but again
no detailed study of the linewidth was made.

3.0 3,5
8 {Teslo)

FIG. 8. Absorption vs magnetic field for pure DyAlG with
E =13.467 cm ', T =4.8 K, and 8)[[111].

C. "Pure" sample: EN[111]

Typical spectra for three different laser frequencies are
shown in Figs. 7-9. These spectra were all taken at the
same, relatively high temperature of 4.8 K. A marked
narrowing with increasing frequency is again apparent.
The location of the resonance peaks is summarized in
Fig. 10 and the corresponding 6tting parameters are

C 0 E

TABLE III. Parameters for dilute DyAIO:$(([001], fitted to
. (1).

Line Eo (cm ') 8;= —Eo/g p~(T)
0.5 1.0 '1.5 2.0 2.5 3.0 3.5 4.0

8 (Teslo)

A3
A]
A

Ap

18.38+0.04
17.92'
17.90+0.04
17.74+0.08

'Based on two data points.

0.84%0.06
0.60'
0.03+0.06

—1.00%0.19

—0.10 +0.01
—0.072'
—0.004+0.01

0.12 +0.02

FIG. 9. Absorption vs magnetic field for pure DyAlo with
E =S.263 cm ', T =4.8 K, and 8(([111].The structure around
the peak A becomes more clearly resolved at lower tempera-
tures.
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A3—A)

A—Ap
AI,

A6

quite rapidly and quickly became unresolved. This varia-
tion was not studied in detail, and the results which were
used for the final analysis were all obtained at the lowest
attainable temperatures, 1.6—1.7 K.

IV. DISCUSSIGN

A. "Pure" sample: BI)[001]

1. Main resonance

't0

Two resonances are to be expected: one with

g =g, =18 and one having g =[(g„+g~)/2]'~ =0.5. '

The latter was far outside our available field and/or fre-
quency region and was not observed. Therefore, the
main line A should have g =g, . The 5tted value in Table
II is clearly in reasonable agreement with our expecta-
tions. Before we can make a detailed comparison with
previous g-value determinations, however, we must con-
sider the effect of third-order Zeeman eff'ect corrections
which, as mentioned previously, may not be negligible in
high-field experiments such as these.

Details of the correction are discussed in the Appen-
dix. The final result for the energy splitting is

E=g,@+8[1—(0.820.3)XIO "8 ], (2)

'o 6
8 {Tes/Gj

FIG. 10. Peak absorption Selds as a function of laser-photon
energy for pure DyA1G with 8 ()[111].

TABLE IV. Parameters for pure DyAIG:B(j[111], fitted to
. (1}.

8;= —Eo/gag(T}

10.47+0.04
10.51+0.04
10.66+0.18
10.47+0.03
10.49+0.05
11.08'
8.72'
4.74+0.02
4.61+0.06
4.05+0.11

'Based on t~o data points.

—2.95+0.06
—2.53+0.06
—1.82%0.25

0.32+0.04
2.52+0.06
0.55'

—0.05'
—1.98+0.04
—2.44+0. 12
—2.16+0.22

0.60+0.01
0.52+0.01
0.37+0.05

—0.07+0.01
—0.51+0.01
—0.11'
—0.12'

0.90+0.02
1.13%0.06
1.14+0.12

given in Table IV. Here„again, we find a number of sa-
tellites ( A, —As } to the main resonance ( A } with nearly
the same g value. Also, a number of low-g-value lines (C,
D, and E} were observed, together with one resonance
(8) having an intermediate g value. Linewidths are gen-
erally similar to those for 8~([001];the width of the main
line A was of the order of 0.25 T.

The most striking feature of those results is the appear-
ance of the large number of resonances. On the basis of
previous work, one would expect one or, at most, two
closely resolved lines, but the observed spectrum is quite
unexpected. At higher temperatures the hnes broadened

where 8 is measured in tesla. At the highest fields the
correction is thus less than 0.5%, but it is not entirely
negligible. Even though the curvature in the E versus 8
plots implied by Eq. (2) cannot be detected with the
present experimental accuracy, the presence of a small
term in 82 will affect the fitted parameters. To allow for
this effect we divide E by the correction factor at each
field and refit

E'=E/[1 —( .0+80. )3Xl 0 8 ]

TABLE V. Parameters for pure DyAIG:Bi[001], corrected
using Eq. (2).

Line g Eo {cm '} 8;= —Eo/g pz(T}

17.34+0.18
17.88+0.07
18.02+0.04
18.19+0.09

5.70%0.32
2.70+0.12
0.17+0.07

—2.29+0.17

—0.70+0.05
—0.32%0.02
—0.02+0.01

0.27+0.02

for lines A, A i
—A~ as a function of B. The results are

shown in Table V.
It can be seen that the effect on the g values is quite

small, as one would expect, but the zero-field intercepts
8& are alected by proportionality larger amounts. This
simply reffects the difficulty of inferring small shifts from
high-field extrapolations. We wiH discuss an alternative
Stting procedure in the next section.

The g value of the main line, g, = 18.02+0.07, can now
be compared with previous experimental determinations.
A good summary of these is given in Ref. 1 and, taking a
weighted mean, we Snd 18.18%0.12 in good agreement
with our value.

The corresponding internal 5eld 8, = —0.02+0.02 T
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may be compared with the results of previous estimates
of the Curie-Weiss temperature 8,. 8; is proportional to
8i (Ref. 1):

Thus, our value of 8, corresponds to gi ———0.12+0.12
K. This may be compared to previous estimates ranging
from 0.20+0. 15 K to —O. I3+0.3 K. ' It is clear that 6I&

is very small and difficult to determine accurately. The
reason for the smallness of ei is discussed elsewhere. "
It arises from an unusual cancellation of near-neighbar
interactions resulting from the garnet structure and the
large anisotropy in g.

No detailed study was made of the linewidth, but we

may note a number of quahtative features. First, there is
clearly a significant contribution which increases rapidly
with temperature. This is, presumably, due to spin-
lattice relaxation effects. At the lowest temperatures this
contributian should be quite smaH. Second, we would ex-
pect quite a large contribution from spin-spin interac-
tions since two-thirds of the spins are not ordered in the
presence of a magnetic field parallel to [001]. (This is not
true at temperatures below about 1 K, where the spina
perpendicular to 8[[[001]order antiferromagnetically, '

but at the temperatures of the present measurements they
should be largely disordered. ) The disorder in these
transverse spins will result in a distribution of internal
fields at the sites at which resonance is observed. We will
discuss this efFect further in the next section in connec-
tian with some of the unresolved sateHite lines which
were observed.

2. Sutelli jes

8i ——2Ei jgzyz ——(0.126+0.009) T, (4)

and this can be compared to the measured hne shifts. In
principle, these can be obtained from the Stted straight
lines in Fig. 4 and Table V, but we note that the fits give
slightly dieerent g values and that small changes in g,
greatly amect the internal field intercepts. %e, therefore,

The lines which appeared at difFerent frequencies with
essentially the same g value as the main line can be inter-
preted in terms af interactions with near neighbors. If we
consider a particular spin in resonance with a field paral-
lel to the z axis, we note that it has four nearest neighbors
whose large-g-value axes are along x and y, perpendicular
to the field. To a first approximation, these spins will not
be afFected by the field and they will be disordered, with
equal probabilities of pointing along kx and ky, respec-
tively. If we denote by 8, the contribution to the inter-
nal field which any one of these neighbors will make at
the site in resonance, the four neighbors together will
produce fields of 48„+28i, 0, —28i, and —48i, with
relative probabihties of 1:4:6:4:l.

The field 8, can be calculated from the interaction
parameters given by Schneider et al. s E i
=E,'~(1+ai)=(0.770%0.052) kz, where E, describes
the Ising-like spin-spin interaction and 0;, allows for the
nondipolar interactions. This value corresponds to an
internal Seld

TABLE VI. Internal-6eld line shifts for pure
DyA1G:8(([001], corrected using Eq. (2) and fixing

g( A }=18.02.

Line 8;= —Eo lg p~('T}

0.546 +0.038
0.296 +0.014
0.020 +0.008

—0.0238+0.020

[8;—8;( &)](T)

0.52620.046
0.276+0.022

—0.258+0.028

re5tted the data using the same g value for the satellites
as for the main line. The results are shown in Table VI.

It can be seen that the splittings, respectively divided
by two and four, agree quite well with one another and
with the value of 8& estimated from E

&,
. The mean value

8i ——(0.132+0.008) T is slightly higher than our previ-
ous estimate [Eq. (4)], but it is well within the experimen-
tal uncertainties. %e can conclude, therefore, that the
satelhtes A, -A3 are due to interactions with the four
nearest neighbors.

There are several factors which complicate this simple
picture. First, it is evident from Figs. 1-3 that the rela-
tive intensities are not in the ratio 1:4:6:4:I,as predicted.
There can be at least three reasons for this.

If the magnetic field is slightly misaligned from [001],
it will have components along kx and ky and the neigh-
boring spins will not be completely disordered. This will
decrease the intensity of the satellites, with the outer lines
decreasing more strongly than the inner lines. In the lim-
iting case in which both x spins are completely aligned in
the same direction, their contribution to the internal field
wiH tend to zero, 'i and similarly this happens for the y
spin s.

The second reason for a change in the relative intensi-
ties is short-range order, resulting from the interactions
of the x and y spins among themselves. These are the in-
teractions which lead to a new antiferromagnetic state
below about 1 K, ' ' and it is clear that there will be a
considerable amount of short-range order at the tempera-
ture of our measurements 1.6-1.7 K. In the limit of per-
fect antiferromagnetic order, the x and y spins would
produce internal fields of +48„atthe sites of the z spins,
with corresponding satellite lines. With only partial anti-
ferromagnetic order, internal fields of +28i and 0 wauld
also be allowed, corresponding to the reversal of one or
two spina from the antiferromagnetically ordered state.
Thus short-range order would again lead to the same sa-
tellite pattern as complete disorder among the x and y
spins, but with a rather different intensity distribution.
There is no simple way to calculate the intensities for this
situation, but it is not surprising that the observed inten-
sities are not the same as those predicted on the basis of
complete disorder.

The third complication arises from the fact that the in-
teractians are not, of course, limited to nearest neighbors.
Each z spin has, in addition, eight next-nearest neighbors,
eight fourth-nearest neighbors, etc., which also make
signi6cant contributions to the internal 6eld. Since there
is a relatively large number of near neighbors and the
6eld contribution from each is quite small, one might not
expect to resolve the different con5gurations, and no such
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structure was indeed observed. However, it is clear that
these neighbors can contribute to the linewidths of the
resonances which are Observed.

We should also note a possible alternative mechanism
which might explain some of the satellite lines, but which
seems to be relatively unimportant in view of the experi-
mental results. If some of the Dy + ions were replaced
by nonmagnetic Al + ions, or by vacancies, the above
discussion would be modiSed by the addition of extra sa-
tellites at +8&, corresponding to the absence of one
nearest-neighbors Dy+ ion. Given the approximate
value of 8, known from earlier work [Eq. (4)] and the
fact that the principal satellites agree closely with the
value 228 „wecan eff'ectively exclude this mechanism in
thc prcscIlt situstloll.

3. I.ieereidths

If one could specify the state of disorder of the x and y
spins, one could make an estimate of their contribution to
the hnewidth by calculating suitable averages of their
internal fields at a z site. For example, we can estimate
the root-mean-square Seld due to the n(=8) second-
nearest neighbors from the interaction parameter XI ..

((8I ) ) '~ = &„(2&IIg,ps ), (5)

where A„is a constant which reflects the disorder of the
neighbors. If we assume that they «re completely ran-
dom, so that they set u a Seld distribution with binomial
probabilities, A„= n =v 8. Substituting the value of
ECI ——O. 159 kii given in Ref. 15, we find for the rms inter-
nal field

Thc rills llltcrllsl Scld Insy bc coInpsrcd spproxiInstcly
with the half-width at half-height of the resonance line.
(For a Gaussian line shape the rms field =0.85 times the
half-width at half-height. } Thus our estimate gives for
the full linewidth

Qg=0. 17 T .

This value is comparable to the magnitudes of the ob-
served linewidths, but it cannot be compared directly be-
cause the spins are not really random, as discussed above.
Lack of randomness would reduce the rms field. On the
other hand, we should really also include contributions
from more distant neighbors, and this would increase the
rms Seld. %e can only conclude, therefore, that the ob-
served linewidths are not unreasonable and due mainly to
spin-spin 1nteractions.

There is, in fact, one additional mechanism which will
make a contribution and which ere have not considered
so far: unresolved hyperfine structure with Dy nuclear
spins. This el'ect is relatively sro.al1 and we may ignore it
here, but we must consider it when we discuss the case of
8 [[[111], since then the mechanism discussed above
should not contribute. %e shaB return to this in Sec.
IV C.

4. I.om g-value resonunces

The resonances 8 -6 are completely unexpected on the
basis of previous experiments on DyAlG. Their explana-
tion must be sought, therefore, in terms of some sort of
"impurity. "

At 6rst this seems unlikely since they have intensities
which are not much less than that of the main line. How-
ever, this aspect may be explained by noticing that all the
lines observed are actually rather weak, so that the extra
lines could, in fact, be due to a relatively small concentra-
tion of impurity spins, if these had more isotropic g
values.

The most obvious source of impurities mould be other
rare~arth ions, substituting for some of the Dy + ions.
However, all of the rare-earth ions with Kramers ground
states have been studied in the garnets' and none of their
g values correspond to the resonances which we have ob-
served here. Also, there are too many lines to be caused
by any one impurity.

We will seek an explanation for these lines in terms of
deviations of stoichiometry, but we defer the discussion
until we have reviewed the [111]data, which also show
extra low-g-value lines.

B. Dilute samiNe: 8 I[001]

From the fit of Table III, we see that the main reso-
nance has a g value consistent with that of the pure sam-
ple, as one might expect. The internal-field intercept 8,
is very small, again as one might expect, since the inter-
nal Seld should scale with concentration. One may note
that the third-order Zeeman correction here actually
changes the sign of the intercept, emphasizing the
difficulty of estimating this small quantity.

A quantitative analysis of the three satellites around
the main line is, likewise, difficult in this case. There are
two complications. First, we must note that in a diluted
sample not all of the four-nearest-neighbor sites will be
occupied by Dy ions, so that we can now expect shifts of
+8, and +38& as well as the four values found previous-
ly. However, not all of these will be resolved, since the
structural disorder wi11 add to the linewidth and, indeed,
no more than three lines were ever observed. At some
frequencies no satellites at SO were seen.

The second, and even more serious, complication arises
from the fact that we must expect small shifts in the g
value corresponding to difFerent crystallographic
con6gurations. It is not reasonable, therefore, to repeat
our previous procedure of assuming a single g value for
all of the satellite lines in fitting the splittings.

Given the uncertainties of extrapolating the Sts in gen-
eral, and especiaBy with relatively few data points, we
can only conclude that the internal Seld intercepts given
in Table III are qualitatively consistent with nearest-
neighbor spin-spin interactions, but we can draw no fur-
ther quantitative conclusions.

The most interesting result from the dilute sample is
the fact that no low-g-value lines were observed, even
though there was ample signal-to-noise ratio had they
been as intense as in the "pure" sample. If we assume
that the previously observed lines were due to lack of
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stoichiometry, we must conclude that either Dy + has a
greater preference for the "proper" crystallographic c
sites than does Y +, or that the dilute sample was simply
closer to stoichiometry in the way it was grown.

In any case, this result shows that not all garnet crys-
tals are the same.

C. Pure sample: BI[111]

1. Main line

For this orientation two resonances with very similar g
values are to be expected: one with g, =[(g, +2g2)/3]'~2
and one with gb ——[(g, +2g» )/3]' . Since g, and g» are
known to be very small, ' these two resonances will ap-
pear as one with g =g, /v 3. From the fit in Table IV we
find for the main line g =10.47%0.03, which agrees very
well with

g =(18.18%0.12)/~3=10.5020.07

estimated from previous work. ' Here we have not ap-
plied the smaH correction due to the third-order Zeeman
effect because much larger uncertainties from misalign-
ment and the nonzero vales of g„andg in any case pre-
clude a detailed comparison. However, we can conclude
that the main line agrees very well with our expectations.

For the same reasons there is also no point in examin-
ing the internal field intercept 8; in detail, but we may
note that it is once again very small, as we would expect.

The linewidth will have four contributions: a part due
to the two unresolved resonances corresponding to
g, =[(gt+2g„)/3]'~2 and g&

——[(gt+2g»2)/3]'~2, a con-
tribution from hyper6ne structure, an intrinsic part, and
a possible part due to misalignment. The part due to
g, =g& can be calculated from estimates of g„and g».
The splitting is approximately

».,=[(g.' g,')/g,—']B(»i)

and taking g„=0.7, g»=0. 4 this gives 5B„„=0.001
B(»,), whe~e B(»,) is the resonance field along [111].At
the highest frequencies, 5B, is thus -0.06 T and it will
decrease linearly with frequency.

Over much of the frequency range, this sphtting will be
comparable with the unresolved hyperfine structure due
to the two isotopes ' 'Dy and ' Dy which each have spin
I =—,'. The hyperfine sphttings can be calculated from the
coupling constants A and P determined from Mossbauer
experiments, or estimated from other EPR experi-
ments. ' The overall hyperfine splitting is thus found to
be 0.02 T.

In practice, both of these contributions may well be
overshadowed by the elect of misalignment. A simple
estimate shows that the three lines corresponding to spins
with their large g-value axes parallel to [100], [010] and
[001]will be split by

58@-0.025 8()il).8,
where 8 is the angle of misalignment of the field from
[111]measured in degrees. For small misalignments, this
will result in a further broadening of the main resonance

line. For values of 8=2' or more, we would expect three
resolved resonances with approximately eqttal intensities
and, because no such spectrum was in fact observed, we
can conclude that the alignment was indeed quite good.
However, we can not rule out a signi6cant contribution
to the linewidth.

It is clear that all these effects will mask the intrinsic
linewidth, which we might expect to be quite narrow for
this orientation, since the spin-spin contributions, impar-
tant for B[~[001], will here be suppressed by the strong
field acting on all spins. It should be interesting to see if
correspondingly narrow resonances could be observed for
less symmetrical orientations, where all the degenerate
lines are resolved.

2. Satellites

The mechanism invoked for the explanation of the sa-
tellites around the main line for B[~[001]does not predict
any extra lines for B~t[111]. This is because all spins now
experience large Seld components along their local g,
axes, so that they will all be almost completely polarized
at low temperatures. The probability of a spin reversal
will be proportional to exp[ (g,ItttB—/&3ktt T)], which
at T =1.8 K and 8 =5 T is equal to e ' ' =3&10
DifFerent combinations of internal fields due to spin re-
versals are thus very unlikely.

If we examine Fig. 10, we can see that the satellites
may be divided into three groups.

(i) Lines A, and As have almost the same g values,
equal to that of the main line, and almost equal and op-
posite internal fields.

(ii) Lines A & and B have very small internal field inter-
cepts, close to that for the main hne. Their average g
value (g =10.15) is close to that of the main line
(g =10.45).

(iii) Lines A2 and A4 have similar g values and some-
what similar internal fields, but both intercepts are large
and positive.

There is no immediately obvious explanation for either
group (i) or (iii). For group (i) it seems tempting to postu-
late some mechanism which simply provides a field of
%0.5 T at some of the normal Dyi+ sites, but we have
been unable to find any physically reasonable mechanism.
One would need some sort of impurity, which would be
polarized by the apphed field, and which could provide
positive and negative internal fields at dieerent sites.
Such a mechanism might also explain Ai and A4, but
here we have only found a positive internal-field inter-
cept.

Lines A& and B, on the other hand, do have a simple
explanation. If we postulate that some of the crystal a
sites, normally occupied by Al +, may be occupied by
Dy + in low concentration, we would expect a number of
extra resonances. These would include, primarily, reso-
nances from e sites which happened to have an a-site
Dy + neighbor, and from the a-site Dy + spins them-
selves.

For a c site perturbed by an a-site neighbor, we would
expect a g tensor with dil'erent axes and generally
dilerent principal values. However, since Dy + has the



P. JANSSEN, M. MAHDI, AND %.P. %QI.P

same charge as the Al + which it replaces, and the only
effect therefore arises from its larger ionic radius (0.91
A versus 0.51 A}, we might expect the change in the g
tensor to be relatively small and of the form

threefold axes along [111],[111],[111],and [111].For a
field applied along [111]we would, therefore, expect two
resonances, with

(14a)

g, =[(g,+5g )+2(25g %5g,» )]/~3, (12)

We might, therefore„expect four lines, but if either

g ~~ or ««g,» we would get only two. If g =g,„we
would get three lines, but one of these would have

g, = 1/~3(g, +5g ), which would probably be un-

resolved from the main line.
If we identify lines A

&
and 8 with

g, =»v 3[(g, +5g }*25g] (13)

we obtain 5g =1.2, 5g~ = —0.5, where we have written
5g for either 5g, 5g~ or (5 +5,» ) depending on which
term is dominant. These magnitudes are not unreason-
able. If we were to interpret the ofF-diagonal components
in terms of a simple tilt of the local z axis, the angle of tilt
would be about 7'.

It is important to check that this explanation is also
consistent with the results for 8[~[001]. Using the value
of 5g estimated above, we predict an extra hne split
from the main resonance by less than 0.1 T, which is
within the hnewidth of the observed resonance.

It is not unreasonable to conclude, therefore, that at
least two of the observed resonances are due to the efFect
of Dy + ions on a sites, but further evidence is needed.
Some of this is provided by the analysis of the low-g-
value lines.

9. Lou-g-wrlge lines

Thc IQodcl in %which a SIGRB number of Dy + ions oc-
cupy a sites also predicts additional resonances from
these spins themselves. The point symmetry of the a sites
is 3, so that the g tensor wiB be characterized by two
principal values: gf and gi relative to the threefold axis.
There are eight a sites in the unit cell, but only four are
magnetically inequivalent; they are characterized by their

where go is the unperturbed value which is dominated by
one component, g„and 5g is a tensor with components

5g~, where a, P=x,y, z are any arbitrary set of axes.
For convenience we will take x,y, z to be the cubic axes.
(Note that these are then not the same axes as the usual
local Di axes„except that the z axes coincide. )

For a field in the [111]direction the Zeeman splitting
will then be given by g,@+8,where

g, = [(g, +5g }+2(5R +5R„}]/&3.

We thus have a mechanism for finding a shifted g value.
To check its reasonableness, we must exanune the efFect
of diFerent neighbor sites being occupied. Each c site has
four nearest-neighbor a sites at (ka/4, 0, a/8) and (0,
ka/4, —a/8). Thus, if the above expression for g, ap-
plies to one of these sites occupied, the g value for all four
cases will be

gi =( 9g f + 9gi ) (14b)

Misalignment would split the second of these into three
lines, corresponding to slightly different angles between
the field and the three local axes. A simple analysis
shows that the average g value will still be given by Eq.
(14b) above.

We now identify the three lines C, D, and E with gi
and, taking the mean we find

g~~+Sg'„=179.6 . (15)

g (~lg2+ 2g2 )1/2 6 61 (6 '71) (18)

where the value in parentheses corresponds to the second
choice above. Misalignment will again split this line, this
time into four components. If we examine Fig. 4 we see
that we do indeed have a number of lines with g values in
this general region. There are, in fact six lines but of
these two (8 and 6) appear to be somewhat different in
character (line shape and intensity} from the others. We,
therefore, identify C, D, E, and F as the four resonances
we expect. Taking the average g value we find g,„s=6.70
in excellent agreement with our prediction.

Using the g values given in Eq. (17) we can estimate the
misaHgnment angles needed to explain the three lines for
8[[[111]and the four lines for 8()[001]. For the former
we need 58-2, while for the latter 58-3', both within
our limits of uncertainty.

These results provide strong evidence for Dy + on a
sites in the crystal. Our analysis is not, however, without
sonM dlliculties. %c have discussed all of thc resonances
only in terms of their g values, but not in terms of the
corresponding internal Geld intercepts. The reason is
simple: There is no unambiguous way to calculate such
Selds. If we were to assume that the internal fields are
purely dipolar, we could calculate them using the g
values and the lattice parameters, but this would ignore

To identify the fourth line, we consider the two lines in

group (iii) in the preceding section. Since we have no
reason for picking one over the other we choose arbitrari-
ly A~ with g, =10.73 but we note that A2 would give a
very similar result. This gives

g ii
——(10.73)'= 115.1

and combining Eqs. (15) with Eq. (16},we find

g))
——10.73,

gq ——2.84 .

If we had chosen Az we would have deduced gf ——10.96,
gj =2.73.

To check this analysis, we again turn to the results for
8 ~~[001]. Our model predicts for this case one line with
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the effects of nondipolar interactions, which are surely
significant here. Even for nearest-neighbor c sites, nondi-
polar interactions account for more than one-third of the
total coupling, and for the much shorter a-c bond we
must expect considerably stronger interactions. Nor is it
clear how one might parametrize such interactions. The
symmetry is low and the basic mechanism is surely much
more complex than simple Heisenberg exchange between
the spins, ' so that there is really no way to calculate the
internal fields.

It must also be pointed out that our analysis has not
explained a number of the observed resonances, so that
there may well be some additional mechanisms which are
important.

V. CONCLUSIGNS

x =2hao/1. 615(rRE —rAi }, (19)

where rRE is the ionic radius of the rare earth
(Dy + =0.908 A) and r~, the radius of the ion it replaces

Our results may be summarized under two headings:
those which were expected on the basis of previous un-
derstanding of DyA1G and those which were not. The
former have confirmed the g value and the small Curie-
Weiss 8, and the value of a, characterizing the strength
of the nondipolar interactions between nearest neighbors.
The agreement with previous estimates is in all cases very
satisfactory.

The results which were in some sense unexpected were
of two kinds. A number of lines were observed which can
be ascribed to dimensional resonances arising from the
fact that the wavelength of the radiation used was com-
parable to the sample size. The detailed analysis of such
eff'ects would be quite comphcated under the conditions
of the present experiments, and they were not studied fur-
ther.

There were also a number of resonances which appear
to be due to Dy + ions on a sites in the crystal lattice.
There are some uncertainties in the detailed analysis, but
the evidence is strong that in at least one melt-grown
crystal, there is a measurable deviation from
stoichiometry. Another melt-grown crystal containing
10% Dy and 90% Y did not show any additional lines.

Evidence for deviations from stoichiometry in melt-
grown garnets has previously been found in various rare-
earth gallium garnets. ' A similar elect in rare-earth
aluminum garnets is thus not surprising, and, indeed,
there has been some indirect evidence in optical ' and ul-
trasound absorption studies. In the light of the present
results, we have reexamined the lattice parameters mea-
sured by x rays for some of the crystals used in previous
thermodynamic studies, and Srandle has also mea-
sured the lattice parameter for a piece from our current
sample. In all cases the value of ao is shghtly larger (by
0.0028—0.015 A) than the smaBest of the values deter-
mined for Aux grown DyA1G, ao ——I2.038 A. Srandle
and Barns have given an expression relating the
diference between the lattice parameters h.uo, and the
parameter x characterizing the deviations from
stoichiometry

(Al + =0.51 A}. Substituting, we find values of x ranging
from 0.009 to 0.046, with our present sample giving
x =0.022. Thus, on the basis of the x-ray data, we can
estimate that about 0.7% of the a sites in our sample
were occupied by Dy + ions. There are large uncertain-
ties in these estimates, especially since the true
stoichlometrlc valile of Qo ls not kllowil (ailotllei fiux-

grown sample gave ao a0 =12.042 A), but the order of
magnitude for x is probably correct.

It is difficult to compare these estimates quantitatively
with the results of our resonance measurements, since the
transition probabilities enter the expressions for the in-
tensities, and these are not known with any accuracy.
Very roughly, we may estimate that the lines from the a
sites will be a factor 100 more intense per spin than those
for the c sites, since the g values perpendicular to the field
are a factor of 10 larger and the intensity is proportional
to gi. Thus, it is not at all unreasonable that the intensi-
ties of the low-g-value lines should be very roughly com-
parable to that of the main line, as observed. A more de-
tailed comparison would, of course, involve estimates of
relative linewidths and also the fact that the low-g sites
are not aH equivalent, but for now we can conclude that
the intensities of the observed spectra are quite consistent
with the deviations from stoichiometry estimated from
the x-ray data.

Our analysis indicates that the Dy~+ spins on the a
sites are quite different from those on the c sites, with

g) -10.8 and gi =2.8, where the suffix
~~

denotes one of
the four (111I directions. Their coupling to the c sites is
generally quite complicated and we do not have enough
information to describe it in detail. However, it is evi-
dent this coupling is quite strong, since the internal-6eld
intercepts range from 0.3 to 1.1 T.

The efFect of the a-site spins on the macroscopic prop-
erties of DyA1G can only be discussed qualitatively. We
may note that the three pairs of c sites which are nearest
neighbors to a particular a site will be parallel to one
another in the usual antiferromagnetically ordered state
of DyA1G, as they are in the present experiments. We
can conclude, therefore, that the strong internal fields
will also be effective in the antiferromagnetic state, so
that the presence of the Dy + spins on the a sites will
tend to stabihze the usual order. It does not seem un-
reasonable that a substitution of the order of 0.7% of the
sites might cause changes in the ordering temperature by
1 or 2 %, as observed experimentally.

It is also tempting to speculate whether the presence of
a-site spins might account for the puzzling neutron
scattering which has been observed near the phase transi-
tion in applied magnetic fields along [1101 and which has
so far been explained only qualitatively in terms of a non-
localized spin distribution.

It seems clear that the detailed understanding of
DyAlG would be simpli6ed greatly if one could ensure
that samples were accurately stoichiometric and free
from other impurities. This may not be easy to achieve in
practice. Crystals grown from the melt are intrinsically
susceptible to small deviations from stoichiometry and
crystals grown from a flux are susceptible to small in-
clusions or impurities. In both cases, great care is needed
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to obtain essentially perfect crystals, and it is not clear
that such crystals can indeed be grown in the case of
DyA1G.

For now, the present experiments, together arith the x-
ray data, give an indication that existing samples do devi-

ate from perfect stoichiometry, but that the deviation is
not very large. For most analyses the deviation can
therefore be neglected, but it must always be bole in
mind whenever there are smaH inconsistencies in detailed
comparisons of data obtained from difFerent samples.
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APPENDIX: THIRD-ORDER KEENAN Ea ra;CT

The ground-state sphtting is thus

dE=g;psB+2b+8

(g; +g, )
=g)uiiB 1 —g ~ P+, + ~

28'+
+j i

(A8)

(A10)

Eg ——2—,'g @~8+a g8~+ &~8 (Al)

where 2 refer to the two components of the doublet. The
splitting is thus

In low magnetic Selds, the levels of a Kramers doublet
split linearly with magnetic field but, as the Seld is in-
creased, matrix elements to other levels wiH cause non-
linear efFects. To third order

The cubic correction coef5cient, 2b+, can readily be es-
timated if the wave functions and energies of the low-

lyi~g ~t~te~ are known. In the case of DyA1G, a detailed
crystal-Seld analysis has been carried out by I.evris2 and,
summing over the states belonging to the J= —", term, we

find for 8 ))Oz

dE =gpsB+(a+ —a )8 +(b+ b)8 +
. —. (A2) dE =17.8psB(1 —0, .98X10 8 ), (A12)

We will now show that a+ ——a and b+ ———b and esti-

mate b+ using perturbation theory.
Let us denote the ground-state doublet by ( ki) and

the excited doublets by
~ k j) at zero fields energies d,

The corresponding first-order energy shifts in a 6eld are
k —,'g;p&8 and L-,'gjp&8. Using second-order perturba-
tion theory, the energy of the lowest state

~
i ) is the—re-

fore

E; = ,'g;psB —g ~

P—;—g,
~

/[d;+ —,'psB(g; +gj )],
+J

(A3}

where the P, +J. are the matrix elements of the magnetic
moment operator. Assuming, as is usually the case, that
d, » —,'psB(g; +g, },we can expand the denominator and
identify

a-= —X IP;,+I I'/d;
kJ

where 8 is measured in tesla. In evaluating the difFerent
contributions, care must generally be taken to assign the
correct signs to the various g. relative to g;. In the
present case (g; ( & (g (

for all the excited states, so
that (g; Tgj )/g; &0 and the terms in the correction are,
therefore, negative. For other cases and, indeed, for oth-
er orientations of the field, both signs are possible.

The ground-state g value predicted by Lewis' wave
functions is in good agreement with the experimental
value (Sec. IV) and this, together with the agreement for
g value and energies for other levels, suggests that our
value for b+ should be reasonably accurate. It is hard to
estimate the uncertainty, since the;re are many contribu-
tions. However, me may note that the major contribution
to b+ (85%) comes from the first excited doublet, whose
energy is predicted as 63.6 cm ', compared to the experi-
mental value' of 69.0 crn ', which mould make our esti-
mate for b+ too high by some 17%. The uncertainty in
the corresponding matrix element cannot readily be es-
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timated, but it could be quite small since the major con-
tribution comes from only one term (the J,=+—", com-

ponents), which should be relatively well determined.
%e estixnate, therefore, somewhat subjectively, our

6na1 value for the correction due to the third-order Zee-

man el'ect I.s

b,F. =gp 8[1—(0.8+0.3)X10 & ],
vrbich is tbe expression used in Sec. IV A.
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