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With the aid of the recursion relation for generalized random walks (GRW’s), a model is pro-
posed which shows fluctuation and bifurcation of a path. The jumping probabilities of the GRW’s
are specified by P%m +a-1,N;9N)=P3+(a-l)%AN exp(§, /M) [Oy=(Ay,£)] with a-l
=1,0,—1 as a=+,0, —, respectively. The P§’s are the usual jumping probabilities between sites
m and m +a-1. The function Ay exp(§,, /M) represents deviations from the usual processes. Ay
is a global coupling function of N, while £ is a parameter between the walker and the environment.
M is a range of sites which the walker can visit. For a weakly coupled -case,
Ayexp(§, /M)~Ayx(1+§,, /M), a linearization yields fluctuation of the path, whereas the form
Ay exp(§,, /M) yields a case showing bifurcation of the path. The analysis is performed by using
the path-integral representation of the formal solution to a Fokker-Planck equation derived from
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the GRW’s. A generalization of the present model to a two-dimensional case is given.

I. INTRODUCTION

As a probabilitic description of dynamical processes,
random walks are extensively used in various fields."?
One of the features common to nonlinear, nonequilibri-
um phenomena is fluctuation’=® or bifurcation of the
path.’

In the previous papers,? generalized random walks
GRW’s were proposed to study nonlinear, nonequilibri-
um processes. For the GRW’s, specifications of the
jumping probabilities are made such that they represent
the processes under consideration. The continuum limit
of the recursion relation for the GRW’s results in a
Fokker-Planck (FP) equation. The FP equation can be
solved as an initial-value problem and its fundamental
Green’s function can be expressed by a path integral.
The path-integral representation yields ‘“‘deterministic
paths”; that is, extremum paths obtained by
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where L(x,%) is a Lagrangian (or Onsager-Machlup
function'?), and L determines the path-integral represen-
tation of the fundamental Green’s function,
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where A4 is a normalization factor. The potential part of
L is expressed by the first and the second moments
determined by the jumping probabilities of the GRW’s.

It is important to note that the walker plays the role
of an element of the dynamical system, or a test particle
in the (dynamical) system. The jumping probability
denotes a transition between the states of the element or
particle.

In this paper, we study a dynamical model system
which shows fluctuation and path bifurcation. The pro-
cesses are described by the GRW’s in which the jumping
probabilities are specified by an exponential form with
respect to site m,

a-1 /M

P*m |m—a-1,N;0y)= 3+TANe§”’

[Oy=(Ay,6)], (1.3)
with a-1=1, 0, —1 as a=+, 0, —, respectively. The

o’s are the jumping probabilities in the usual random
walks, and the second term represents the deviations
from the usual processes. The first term P denotes the
difference in the homogeneous field due to the presence
of an external force, and the second term represents the
contribution due to the nonsteady, nonhomogeneous
part of the environment characterized by the function
Ay and parameter £. We study two cases: a weak-
coupling case in which £ is small enough,
exp(§,, /M)=1+¢&, /M, and a strong-coupling case in
which £ is not so small. Physically, this means the ran-
dom walks are influenced weakly or strongly by a contri-
bution expressed by Ay exp(&,, /M).
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II. BASIC EQUATIONS

To study the behavior of “elements” which constitute
the dynamical system, we start with a recursion relation
of generalized random walks. The recursion relation of
the GRW'’s reads

W(m,N)= ¥ P%m|m—a1,N-10y_,)
a=1,0

XW(m—a-1,N—1)

[GN_|=(AN,|,§)] ’ (21)
> PYm+al|{m,N;Oy)=1, (2.2)
a=1,0
with «a-1=10,—1 as a=+,0,—, respectively.
P’(m |m—a-1,N—1,05_,)s are functions of site

m€&[—L,L], step NE[0, ), and Oy _, is a symbol
showing the coupling between the walker (element) and
the environment. The important thing is a specification
of the jumping probabilities P*s such that the
specification represents the processes under considera-
tion.

We consider processes in which the jumping probabili-
ties are expressed by'?

a-l /M

Pm | m +a-1,N;9N)=P3‘+——2——ANe§’"

[Oy=(Ap,E), M=2|L|] (2.3

where the second term is a function taking a small value
and representing deviations from the usual processes
denoted by P3. Ay is a global coupling function of N,
and § is a parameter between the walker and the envi-
ronment, and M denotes a range of sites which the walk-
er can visit.

Replacing m,N by x (=ma),t (=Nt,), and taking
the continuum limit (a —0, t,—0, while a2/t, remains
fixed) in the recursion relation (2.1) results in a Fokker-
Planck equation expressed by

dw 9 10
——=—0 ot +—Kg'w
a1 axK (x B)w+2ax2 0

[B=(A2),E)], (2.4)

When A7 is very small, we can rewrite G as follows:
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ar, + . - .
N (x’t’B)— (X,I,B)]
KW(x,t;B) Lo [p P
K@ |7 |a? ,
° T[P+(x,t;ﬁ)+p‘(x,t;3)]
0
(2.5)
and
p"(x,t;B)ng+"‘T‘1;\(t)e<§x/Ma)
3 pUx,t;8) =1, B=(M1,E)] . (2.6

a=1%,0

Here note that K" contains a symbol B [=(A(¢),£)]
showing the coupling between the walker and the envi-
ronment, while K 32’ is constant as seen in (2.6), where
a-1 takes 1 and —1 as a=+ and —, respectively. The
quantities w, p% p§, and A(t) are continuous functions
corresponding to W, P%, P§, and Ay, respectively.

To get a fundamental Green’s function for (2.4), we
express w and ¢ as follows:

w(x, ) =KPw(x,t),

T=KPt [KF =(a/ty))pd +p5)]. .7
The FP equation (2.4) then becomes
____8&)2;,?) = — %c“’(x,?;ﬂ)w +%5%w ,
cVix, ;8 =KNx,7/KF;B/KE . (2.8)
We consider following conditions:
o(x,0)0=KP8(x —x,) ,
(2.9)

W(te,f)=0.

Specifically, for the Uhlenbeck-Ornstein (UQ) processes
in which ¢ is linearized as c¢'V(x,7;8)=—cox
(co=const), the Green’s function G, is exactly expressed
in the form

172
Golx | x0;AF) = %o
V] ’ - — -
m(1—e %)
colx —xge 02 10
xXexp | — 1 e-ZCoM (2.10)

2

(2.11)
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A =027AD)?, B=(A0),£),

=%(x+xn_]) ’

and here we have adopted the midpoint rule in the evaluation of the function c'!(x,7;8). Finally, the path-integral

representation for a solution of the FP equation is given by

w(x,t)=~lzl—(5 fdxoG(x | x0;8)K Pw(x,,0)
0

and
dx,

(2.12)

G(x | xgt)= li —%f#--- [ 5hetx 1% 8D glx, [ x387)

n—

— lim L h dx, 1 i dxy  -Stxt] xgl0)]

A4

, —S[x(1) 0)
= [ dx(n)e SO IXOT
10,0

where
S[x(t)|x0(0)]=f0'L(x,x)dz x=%], (2.14)
2 (1)
. x . K .
L(x,x) ZKE)Z)—JC—IE?‘)‘*V(X,I,B), (2.15)
KP [ a5 [gW Kkm)?

Ulx,t;B)(=—V)= T XD + KD .

(2.16)

V is a potential for the trajectory. We call function
U (=—V) a “field” for G, since U characterizes behav-
iors of G. For a general case that K {*’ becomes K ‘*(x),
we get an expression corresponding to (2.13); see the Ap-
pendix and Ref. 10.

III. SPECIALIZED CASES

As mentioned in Sec. II, we consider the processes in
which the functional form for p“® is an exponential form
with respect to site x (=ma); see (2.6). The function
K and the constant K’ then become

KV, t:8) =K +J(x,t;8) (B=(A(1),£)), (3.1

KV =2(pg —pg ) J(x,t;8)=-LMpes/ M (32
) to
2

K{f’:—t—(pg +p5 ). (3.3)
0

The Lagrangian L (x,x ) reads

2 K"+

X
2K§)2)_x kP t7

(K(”—\‘-J)z
8J+ 0

Lix,%)= 9
(x,x) i KD

(3.4)

(2.13)

[

from (2.15) and (2.16). The Euler-Lagrangian (EL) equa-
tion results in

d

dt

oL

ox

Ly

O (3.5)

and it gives deterministic paths; that is, extremum paths.
Substitution of (3.4) into (3.5) leads to

" 2
K}) - Kli)n % - Klg)z) (KBU‘*”J)%—%%:O :
(3.6)
Here note that
K" =const . (3.7

A special case that K{!’=0 means that an end-to-end
distance for the walker’s path is estimated by simple ran-
dom walks having equal jumping probabilities pg =pg
in both directions. The difference between p® and p§
[Eq. (2.6)] [or p® and p§ in (2.3)] disappears when
Al1)=0.

In what follows, we consider two specialized cases for

J(x,t;B)[B=(A(1),8)],

a X
.g)— £x 3.
J(x,t;B) tok(r) H_Ma (3.8
and

J(x,t;B)-—-—ta A(t)es*/Ma) 3.9

0

The A(z) is a very small function of ¢. A positivity of
1/Ma in the definition of p%(x,t;B) [see (2.6)], that is,
0<p%x,t;B) <1, restricts a range of the function A(z),

[ A(2) | e/ MD . 2(1—p&) . (3.10)

For the first case, (3.8), the local coupling parameter £ is
so small that p%(x,t;B) in (2.6) is approximated by the
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linearization

exp(éx /Ma)=1+§&x /Ma .

The walker’s motions are expressed by a ‘“harmonic
field,” U(x,t;8) [=—V(x,1;B)],

2
Al2)

2

Alt)
K&Z)

a
)

U(x,t;B)=

2
1_§x_
[+Ma

I3
Mz,
(3.11)

For the second case, (3.9), the local coupling parameter
£ is not small, that is, a strong coupling. The walker’s

motions are expressed by an ‘“exponential field,”
Ux,t;8) [=—V(x,t;B8)]
2
Ae) £ AMt) | a
U 5 B)=—— éx/Ma AL B &x /Ma
(x,1:B) 2 ¢ Mz, kP |1 €
(3.12)
u(=-v)
3
—— 3 (@)
I
_Mo Y X
3
(@)
U-Vv)

2

S 3 i)+ )

[¢]

X

(b)
FIG. 1. Fields U(x,t;8) [=—V(x,t;B)] described by (3.11)
and (3.12). The field specifies a behavior of G, while ¥ is a po-
tential for a trajectory determined by the extremum path.

Figure 1 shows behaviors of a field for G; that is, a po-
tential for trajectory, V(x,t;8) [=—U(x,t;B)], given by
(3.11) and (3.12).

IV. FLUCTUATION OF PATH

In the first case specialized by (3.11), we expect fluc-
tuations of path in the field (or potential). The Lagrang-
ian has a form

. x? X o (1 ()
L(x,x)=w_ XD [e™(t)+e (t)x ]+ (2)
+f D +fPAex? @.1)
where e ™(¢) (n =0,1) and f"(¢) (n =0,1,2), are
e O(n=K{" +A0)L, e V()=A1) |—§— 21,
to Ma to
FOUD=1e )+ =L [e @),
2K §
4.2)
1 1
f W)= eeVar) ,
K§)2)

1
f(Z)(t)=——[e(”(t)]2 .
2K

To study the fluctuations, we introduce a new variable,

x()=x(t)+n(2), 4.3)
instead of x, where 7(0)=7(nAt)=0. The extremum
path denoted by X is a special solution of the EL equa-
tion given by

. (1)  (0)
X (2) é (1) é (1) (gy_
KD~ [2f O+ K@ X kP —f (=0

(4.4)

Here we consider a case that boundary conditions
x(0)=0 and x(¢)=x are set. We denote the
S[x(2)|x(0)] by S[x(¢)]. The Taylor expansion of
S[x+m] in (2.13) around X yields S[%]+(1/21)82%S,

where
2 ! 62L .2 82L
5=

L ,
+2 ;
! T axax K

K dx?

dt . (4.5)

The definition of the extremum path makes the first
derivative of S zero. After substituting (4.1) into (4.5),
the t integration for n(¢)7(¢t) (=(d/dt)[n*(t)/2]) be-
comes zero from the boundary condition; n(0)=n(nAt)
=0. Finally, we have

G(x | 0;t)=e ~SEEWIG (0| 0;1) , (4.6)
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1

2K§)2)At(77i—77i—1)2+Atff(i)177¢2—1 ] }

4.7)

A superscript “T” on 7[ =(79,,7,,. . >Ny —1)] signifies a transposed form of a column vector 7. A symbol Q is an

(n —1)X(n —1) matrix of elements given by

(2)
2 —1 0 fi

Q= kar

In getting the matrix form of (4.7), we have used the
boundary condition for n;=n(iAt), 9y=7,=0. With
the aid of an unitary matrix reducing Q@ to a diagonal
form, we can express the G as follows:

L 12
|

1
AtQRKP AN Q| ’
(]Q| =detQ) .

Setting (2K{’At)"~'|Q| =F, _,
F, _, by its co-factor, we have

Fo=21+KP At PV, | —F, _, (k=2,3,...,n—1),

G(0]0;t)=

1
n-—>c0

(4.9)

and decomposing

(4.10)
F=2(1+KP At* ¥, @.11)
Fo=1. 4.12)

The continuum limit Az —O0 in (4.10) yields a corre-
sponding differential equation for F(¢) ( =Alim0 AtF,),
t—

2
d—dF;—i—tl_—,ngz’f(z’(t)F(t) (=[e V(O TF (1)
and the conditions (4.11) and (4.12) are expressed as its
initial conditions for F(¢),

(4.13)

F(0) (= lim AtF,)=0, (4.14)
At—0
dF (1)
—_— =1. 4.
a |, 1 (4.15)

With the aid of the solution F(z) and (4.9), we rewrite

the G in (4.6) as follows:
G(x |0;t)=[2aKPF(1)]"?exp{ —S[x()]} , (4.16)

where F(t) represents fluctuations of the extremum
path. A constant A, for A(¢) in (4.2) yields

£
Ma

a

to

1
(2) (12 (n
o =3 £)2)(e0 )* |eg =Ag 4.17)

(2)
2

fe (4.8)

(2)
n—1

In this case, a solution of (4.13) satisfying the conditions
(4.14) and (4.15) becomes

sinh(e},”t)
F(t)= —m (4.18)
€p
and the expression (4.16) results,
e(()]) 172
G(x |0;0)= ETBRWINET e SEWT 419
27Ky~ sinh(ey 't)
Specifically, a case that
K&+ [ti Ao=0 (4.20)
0
results in
s —p5 =Xy . (4.21)

In this case e©(¢) and f"(t) (n =0,1) vanish in (4.2).
Since the difference between pf and p; arises from an
inhomogeneity of the environment, we may contact the
difference with the constant A, representing the global
coupling with the environment.

An action S[x(t)] for the case specified by (4.20) or
(4.21) is easily evaluated by

172
eé)l) f

27K ¥ sinh(e{t)

G(x |0;t)=

x2e(l)

0
X exp —W[coth(ef)”t)—l] (4.22)

This form has a behavior similar to the density matrix
for a oscillator in the harmonic potential.!* Figure 2
shows the behaviors of (4.20).

An initial distribution concentrated around X(0) loses
its original shape due to the diffusion effect in a ‘“har-
monic” field U (= —V), Figs. 2(a)-2(c): The behaviors
of G are characterized by the field U. The path fluctua-
tion around the extremum path X(¢) is specified by F(z),
see (4.16). The present method is applicable to diffusion
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processes in a bistable potential.'

The second case specialized by (3.9) or (3.12) denotes
processes influenced strongly by the field U: The cou-
pling parameter § is not so small. The EL equation giv-
ing an extremum path becomes

X K(l) dK(l) leK(l)
K(02)~K§)2) dx ‘2 dx2 _0! (4.23)
that is,
2 K§,2’ a 2
= [Ag L | yerri— lxo—— yle?*=0, (4.24)
to 2 to

where y =§/Ma.
In this case we have obtained path bifurcations.!”

V. FLUCTUATIONS IN A TWO-DIMENSIONAL CASE

For the dynamical processes in higher dimensions, we
have to restart with a recursion relation for the GRW’s
in a d-dimensional space. For simplicity, we consider
the processes in a two-dimensional (2D) case and study
fluctuations of path corresponding to that in Sec. III.

The recursion relation for the 2D space [—L,,L,]
X[—L,,L,] reads

Wim;,m,,N)=3' P{(m;,m,|m —a-1,m,,N—1,0y_)W(m,—a-1,m;,N—1)

a=1%

+ 3 Pim,my|m;,my—a-1,N—-1,05_)W(m,m,—a-1,N—1)

a=1

\ U(=-v)

o (5he)

(b) (C)

FIG. 2. (a) Behaviors of a propagator G given by (4.20). (b)
Behaviors of a particle in an inverse “harmonic” potential. (c)
A harmonic field for G.

(mlE[le,Ll],MZE[—Lz,LZ]). (5.1)

Note that a prime in summation indicates the case a=0
is excluded; the symbol a-1 takes 1 and —1 as a=+
and —, respectively (Fig. 3).

Jumping probabilities between sites, P{ and P73,
denote transition rates satisfying the normalization con-
dition;

' Pi(m;+a-l,m;|m;,m, N;Oy)
a=%
+ 3 Pim,m,+a-l |m,m,,N;Oy)=1,
a==

Oy=(Ay,£1E) . (52)

The symbols £; and Ay, etc. have the same meanings as
those in the 1D case. Suppose that the jumping proba-
bilities are expressed by

[P‘{‘(m,,mz |m,—a-1,m,,N;Oy)

P$(m;,m; |m;,m,—a-1,N,By)
P,

a
2,0

§ymy /M,
a1 e
+—Ay

) (5.3)

eﬁz"‘z/Mz
Here we approximate (Ay,§,,6,) in P by (Ay,&;).
With the aid of continuum variables defined by
x'=m;a; and t=Nt, ,
we get a FP equation for the 2D case,
_Qw(x{;+2;t)_= -,él %K}“(x Lx2,t:8, w
2_ 8

2
¢ ——
+ 2 ,'g] 40 ox‘ox’

w, (5.5)
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Site 2
}

m ., mp*t

i
‘\"5
2 / pi
T Ca— site |
m, -1, m, [\m,,m; m+i,m,

+
2

p
l m, Myt
|

(a)

Site2

[

24
Py pr
s 2 - Site |

(b)

FIG. 3. Jumping probabilities between sites in two dimensions; the probabilities shown in (a) satisfy the normalization condition

of (5.2), see (b).

after taking the continuum limit (a; -0, t,—0, while
a?/t, remains fixed) of the recursion relation (5.1),
where

a;
KV(x'x%t;B,; )=—"[p"(x LxtB)
0

—p (x\,x%t;B)], (5.6)
a?
Ki§ = ;<pf75+p.-5> [B,=(Ae)ENT, (5.7)
and
p,~“(x‘,xz,t;B,~)=p,~‘,‘0+aT'17L(t)e€‘xi/Miai . (5.8)

The small letters w,p® represent continuous functions
corresponding to discrete ones, W,P° respectively.
Note that the K!!’s contain the components of the cou-
pling denoted by B; between the walker and the environ-
ment, while K{3”s are constant. The FP equation (5.5)
does not have cross terms K ‘2)(32 /0x'dx7) in the present
specification for the j z|umpmg probablhtles
We express the K!’ functions by

KV(x\x2%t;:8)=K{ +J,(x,x%t;B8;) , (5.9)
where
a;
K= 7, Pib—Pi) (5.10)
1.2 a4 &x'/Mg;
Jilx ', x%t;:8,)=—-e . (5.11)
0

Following a procedure given in the Appendix, we get a
Lagrangian for 2D,

2 X 2 Kip+J;
Lix'x%x! x? 2 -3 X —T
= i=1
2 |3 (K0T )2
+1 2 P (2) ’
i=1 ox K
('=dx'/dt). (5.12)

With the aid of (5.12), we study diffusive motions of a
polymer chain trapped in a fictitious tube, see Fig. 4, in
which we apply conditions specified by

K} =const [cf. (4.20) or (4.21)], (5.13)

J(xLx%t;B )——-—Mt) l+§—'~ (5.14)
M;a

This represents a situation similar to the one-

dimensional case. Namely, the first condition (5.13)
states that an end-to-end distance for a polymer chain is
estimated by simple random walks having unequal jump-
ing probabilities in the x and y axes, respectively.!® The
second condition—that is, a linearization of field—
specifies diffusive motions of a single polymer chain
trapped in the tube.!’

After somé calculations similar to the 1D case, we get
an expression showing fluctuations around an extremum
path described by exp{ —S[x'(¢),x%(1)]},

FIG. 4. A polymer chain trapped in a fictitious tube. A
dotted concave curve denotes a field for a hatched monomer.
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G(x',x2]0,0,t)=e ~SIF'®:F*11G (0,0 0,0,1)

where the F;(¢)’s characterize the fluctuations.
Specifically, for a case that A(z)=A, constant, we can

“H {[27K }F ()] % ‘s[fi("l] , get
= 1 . Aob;
Fi(t)=5——-—sinh | | = I¢|; (5.16)
(5.15) T Mok /Mt M,
J
Aok /Mt iz
G(x',x%|0,0,t)= : —s[xin] '
* | ill,,z 27K 3 sinh[(Aof; /M;1y)t] (5.17)
r
For a simpler case, similar to the 1D case, the factor ACKNOWLEDGMENTS

exp{ —S[x(#)]] can be evaluated explicitly, cf. (4.20).

VI. CONCLUDING REMARKS AND DISCUSSION

From a quite general point of view, we studied behav-
iors of a walker (‘“element”) which is influenced by a
“field” (or potential) in dynamical systems. Simple mod-
el processes showing fluctuation and bifurcation of the
path were proposed. In one dimension, stochastic
motions of particle in a “linearized field” yield a path
fluctuation. In a strong field representing a sink or
source, random motions became path bifurcations as
studied in Ref. 10. For two dimensions the former mod-
el processes were applied to specify diffusive motions of
a single polymeric chain dissolved in a solvent and
trapped in a fictitious tube. Trajectories of the diffusive
motion were expressed by the path-integral representa-
tion to a Fokker-Planck equation derived from general-
ized random walks: The continuum limit of the recur-
sion relation of the GRW’s gave us the corresponding
FP equation, to which a formal solution is expressed by
the path-integral representation.

Actual calculations were performed by taking the
simplified cases, where we set

K =2 (pd —p5)=const |=hy> 6.1)
ty to
for a 1D case and
Kl = —’<p.~,% —p;o)=const 6.2)

for a 2D case, respectively.

When A’s =0 in (3.7) and (3.8) for one dimension and
in (5.14) for two dimensions, these conditions mean that
an end-to-end distance for the walker’s path is estimated
by simple usual random walks having equal jumping
probabilities when Ay=0.

For a weak field (potential) in one or two dimensions,
in which £ or §; is very small, the diffusive processes are
specified by fluctuation around the extremum path. For
a strong field in which £ is not so small, the exponential
form of p%x,t;€) is specified by (2.6). A function
A(t) (<0) denotes a field with a sink and A(z) (>0)
denotes a field with a source. The diffusing particles are
strongly influenced by the field. The processes yield bi-
furcations of path, as we have studied in Ref. 10.
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APPENDIX: A LAGRANGIAN
IN d-DIMENSIONAL SPACE

To get a Lagrangian in d-dimensional space, we start
with a Fokker-Planck equation, derived from the
GRW’s analogously to (5.5), for the d-dimensional (dD)
space,

Qw(x,t) d 3

_ (n
a .21 ox* i K (WD
115 & g
P& axiaxt "
[x=(x'x%..,x)]. (A]
where
a;
K,»(”(x,t)=T[pﬁ(x,t)-—p,»’(x,t)] ,
0
(2) aa; -
K; (x,t)::—t—*[p,- (x,t)+p,(x,1)],
0
d
3> 3 pix,t)=1 (A2)
i=1 a=*

and we have dropped a symbol B; [=(A,§;)] in the
above expressions for simplicity of notation. By choos-
ing a set of suitable forms for pf(x,t), we can set

KP(x,t)=D;K'?(x), where D; is constant. The FP
equation (A1) is then rewritten into

2
%?_—:-I: e 221),, S, (A
w(x,7)=K P (xw(x,t), F=K*x)t, (A4)
c-“’(x,?)=M (A5)
! KMx)
cf. (2.8).

Specifically, when we take “Uhlenbeck-Ornstein (UO)”
processes expressed by ¢/(x,t)=—¢;x" (c; =const), and
consider the boundary conditions
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w(x,0)=K¥(x)8(x—x,)

and W(x,t)—0 as x—* o, a fundamental Green’s func-
tion [cf. (2.10)] to (A2) is exactly expressed by

1

where | o | is the determinant of the diagonal matrix,

Dir’ —2c, A1

Uii=2_o(1_e ). (A7)

Golx | XAl )=——7—F>~
0 | 0 (217.):1/2 | o | 172
v i —eat 2 When Af is very small so that o is approximated by
Xexp |[—3 ¥ 05 (x'—xge ] » (A6)  D,Af and —c;x' is replaced by c;"(x,z) again, the
i Green’s function G, becomes
|
~ 1
Go(x | x5;Af)= — 1 x —x i AT m( 0)2
(x| %o GmaniA[p |12 |72 |D|A~[ ¢ x0]
1
= (x| xg; AF) (A8)
(2manyi2|p 1281 %0
where A;; is a cofactor of D; [cf. D;=11in (2.11)]. The solution of (A2) is expressed by
w(x,t)= W [ dx4G (x| x50 K Pxg)w(x,,0) (A9)
and
dx, _ dx -
G(x|xpt)= lim —~— - f L f—:—lg(xlx,,_l;At)g(x,,_l[x,,_Z;A?)-'-g(xlixo;Af), (A10)
e 4y A4y Ay
where
Ay=Q2mAT)Y? | D |12, AT=K¥(x)At (A11)
Here we adopt the “midpoint rule,” X'=(x'+x/_,)/2, and expand the c¢'" around X’. Note that
(x'—x)_)Nx?—x2_,) vanishes and the (x' —x,, _1)? (i =1,2) become DAf /A, in the integrations of g(x | x, _;;Af).

Considerations of these facts lead us to an expression for (A8) in two dimensions,

2
“C(ll)(fc",)‘c‘z,t,,_,)] ]

L e o ATA, | x'=x)! |
Gix',x*|x,_,,x}_,;Af)=exp ~2D | n;
wexp | — AFA,, | x2—x
2|D | Al
i acy
xexp —2_ ax! + ox?

2
1 _
—ci(x l,xz't,,wl) } }

] . (A12)

To see that the expression (A9) with (A10) and (A11) satisfies the FP equation (A1) for (A3), we consider an expres-

sion given by

-~ -~ dxn——l ~ ~
B(x,F+AD = [ —2—g(x|x,_;ADD(X, _1,D) (A13)
d
corresponding to (A9).
By introducing a new vector y [ =x—x, _,—A7¢'"(x,¢)], and expanding @(x, _;,7) around X, we have

_ ~ o d . - - 9 . -

w(x,,_,,t)[:-Km(x,,~,)w(x,,~1,l)]=w(x,t)—y-—a—x—w(x,t)—Atc‘”wé;w(x,t)
+3yy: o (x,7)+Afye'": & @(x,7)+O0(AF?) (A14)

277" 9xdx ’ " 9x0x ’



37 FLUCTUATION AND BIFURCATION OF THE PATH . .. 485

and the Jacobian of a transformation becomes

~ac§l)
=_1+£ !

dy’ 2 ax!

i
dx, _,

+O0(ATY) .

(A15)

In (A14), . and : are inner and tensor products, 4-B=3, 4,;B, and A:B=3,; 3; 4;;B;;.

By substituting (A 12), (A14), and (A15) into (A13), we get

(n
dc;

AT 3l Bey)
- +
ax!  ox?

2

AT
- 2

w(x,f)=exp Py

|

D(x,7—AF)+ 2L

2
X

~ d
1—Afe!V. —
¢ ox

*
2 Digxax DiBE—AD),

(n
ac;

ax?

|

(Al6)

where D is a 2X2 matrix; | D | =D,;D,, and we have used the integrals

2
[ aviay?expl—L(4,p'y '+ Apy¥y?)]= z

I [dv'dy¥yiyiexpl — 1A, p'y '+ dypyy?)]=

VA,Ay
o 172 Aii -
(A, 4,)

) (A17)

(A18)

From (A 16), we can derive the FP equation (A2) in the limit A7 —0.

From (A10), we can define an action S[x(#) | x,(¢)] by

. 1 dx, _, dx, _;
G(x|xgt)= lim — — —
xgo=lim = [ —= ==

= x'tdx (t)e ~ S| xO]
X0

where

S[xm|xo(m]:fO’L(x‘,xZ,x‘,x2>dt )

dx,
4,

—S[x(1) [ x,(0)]
e

(A19)

(A20)

After replacing A7 in g(x | x, _;;t) by AtK ‘?(x), we obtain the Lagrangian expressed by

Lxx)==—g——
ZK( IDI i=1 i=1
K“)

K(Z)

K 2
+"2— 2

a

ax’ i

i=1

2 2 (1)
i . 1
28X = Akt |

(A21)

This expression is reduced to the expression (2.15) with (2.16) for the 1D case and K ?(x)=K{?). For general cases,

we can check the above expressions.!>!®

“Permanent address: Department of Physics, Korea Military
Academy, Seoul, 130-09 Korea.

IE. W. Montroll and G. H. Weiss, J. Math. Phys. 6, 321 (1965);
D. Bedeaux, K. Lakatos-Lindenberg, and K. E. Schuler, J.
Math. Phys. 12, 2116 (1971); A. Robledo and L. E. Farquar,
Physica (Utrecht) 84A, 435 (1976); J. W. Haus and K. W.
Kehr, Solid State Commun. 26, 753 (1976).

2S. Fujita, Y. Okamura, and J. T. Chen, J. Chem. Phys. 72,
3993 (1980); A. Szabo, G. Lamm, and G. W. Weiss, J. Stat.
Phys. 34, 255 (1984).

3L. S. Langer, Ann. Phys. (N.Y.) 41, 108 (1967).

4N. G. Van Kampen, Adv. Chem. Phys. 34, 245 (1976); M.
Suzuki, Prog. Theor. Phys. 56, 77 (1976); 56, 477 (1976); 57,
380 (1977).

5B. C. Eu, Physica 90A, 288 (1978).

6Y. Hamada, Progr. Theor. Phys. 64, 1127 (1980); T. Morita

and H. Hara, Physica 127A, 113 (1984).

’G. Nicolis and M. Malek-Mansour, Suppl. Progr. Theor.
Phys. 64, 249 (1978); M. Frankowicz and G. Nicolis, J. Stat.
Phys. 33, 595 (1983); E. Knobloch and K. A. Wiesenfeld,
ibid. 33, 611 (1983).

8H. Hara, Phys. Rev. B 20, 4062 (1979).

9H. Hara, Z. Phys. B 45, 159 (1981).

10H. Hara and T. Obata, Phys. Rev. B 28, 4403 (1983).

Y. Hara, Phys. Rev. B 31, 4612 (1985).

121.. Onsager and S. Machlup, Phys. Rev. 91, 1505 (1953); S.
Machlup and L. Onsager, ibid. 91, 1512 (1953); L. Schul-
mann, Techniques and Applications of Path Integration (Wi-
ley, New York, 1981).

13H. Hara, in Proceedings of the International Conference on
Stochastic Processes, Field Theory and Statistical Mechan-
ics, Kyoto, 1983 (unpublished).



486 HIROAKI HARA, TSUNCHIRO OBATA, AND SEUNG JOO LEE

37
14K . Husimi, Proc. Phys. Math. Soc. Jpn. 22, 264 (1940). the constant diffusion coefficient after a transformation of
15Morita and H. Hara, Physica 125A, 607 (1984). coordinates, see H. Risken, The Fokker-Planck Equation,
16M. M. Smirnov, in Second-Order Partial Differential Equa- Methods of Solution and Applications (Springer, New York,

tions, edited by S. Chomet (Noordhoff, Groningen, 1966), p. 1984), p. 97.

28. Also note that without loss of generality we can treat 17H. Hara, Z. Phys. B 43, 321 (1981).



