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%e calculate the T lnT contribution to the speci6c heat of metals due to the electron-phonon

interaction and show that it may be regarded either as a Bose contribution or as a Fermi one. %e
find that the magnitude of the coefficient of the T'lnT term is —', times larger than that calculated

by previous authors and demonstrate that the difference between the results is due to our inclusion

of the temperature dependence of the quasiparticle spectrum. %e discuss renormalization effects

due to the electron-phonon interaction and, by using experimentally determined values of the

relevant parameters in our expressions, show that for ordinary metals one would not expect to be

able to isolate this T'lnT contribution in measurements of the specific heat.

I. INTRODUCTION

The low-temperature specific heat of normal metals
has the form

C=yT+I T 1nT+13'T

The leading contribution at low temperature is the linear
term, which is enhanced by the electron-phonon interac-
tion, as was shown by Buckingham' and Buckingham
and Schafroth. It may be written as

y =yo(l+1»
where X is a measure of the strength of the electron-
phonon coupling, and yo is the value of y in the absence
of the electron-phonon interactions. The T lnT contri-
butions come from electron-electron interactions, both
those induced by phonons and those due to the Coulomb
interaction between electrons. Buckingham and
Schafroth first showed, using perturbation theory to cal-
culate the free energy, that there is a T lnT contribution
to the specific heat due to phonon induced electron-
electron interactions. The presence of this T lnT contri-
bution was confirmed by Eliashberg and by Nakajima
and %'atabe who started from an expression for the
thermodynamic potential in terms of Green's functions.
The coeScient of this T lnT contribution is negative and
lt therefore gives a posltlve contllbutlon to the speclfic
heat at low temperatures. The cubic term in Eq. (1)
contains the leading-order contribution to the specific
heat due to thermal excitation of phonons, as well as
contributions from the electron-phonon interaction.

The T lnT contribution from the Coulomb interaction
is analogous to that found in normal liquid 3He. It is
generally small, and it can be large only when the metal
is almost unstable to small deformations of the Fermi
surface. Under such circumstances, I is positive, and
thus the T lnT term reduces the specific heat at low

temperatures. It is particularly large if the system is al-

most ferromagnetic, since one then finds large contribu-
tions to I" from spin Auctuations. The large temper-
ature-dependent contributions to the specific heat ob-
served in heavy-fermion compounds ' have been inter-
preted in terms of such a model. "'

In the case of normal Fermi liquids it has been shown
that the T lnT contribution to the specific heat may be
regarded as a consequence of the interaction between
quasiparticles being a nonanalytic function of the mo-
menta of the two quasiparticles for small momentum
difFerences. ' In this paper we show that the T lnT term
due to the electron-phonon interaction may be regarded
as having a similar origin, and that the results for a Fer-
mi liquid and for metals may be cast in similar forms.
%e also show that this T lnT term may be rewritten in a
form similar to that suggested by Danino and
Overhauser, ' which has a natural interpretation as a
contribution due to the damping of phonons. This es-
tablishes that these two contributions are one and the
same.

Another topic we consider is the magnitude of I . %e
find this to have a larger numerical coefticient than that
given in most previous calculations. This difference may
be traced to the fact that earlier the temperature depen-
dence of the quasiparticle energy was generally neglect-
ed. %e also explore the eff'ects of vertex renormaliza-
tion, and show that these are not significant for the
long-wavelength phonons that give rise to the T lnT
terms.

This paper is organized as follows. In Sec. II we in-
troduce a simple model which describes the T lnT term
in the specific heat and we show that the T 1nT term
may be considered to be either a Fermi or a Bose contri-
bution to the specific heat. In Sec. III we discuss renor-
malization of the T lnT terms by Coulomb interactions.
Renormalization e6'ects due to vertex corrections to the
electron-phonon coupling are investigated in Sec. IV
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where we also make numerical estimates of the size of
the T lnT term. In Sec. V we briefly discuss our con-
clusions.

IL SCAMPI.K MODKI

In order to avoid inessential complications, %'e Srst
describe a simple illustrative example. Consider elec-
trons interacting with acoustic phonons in a model con-
taining a single species of ion: ihe contribution to the
thermodynamic potential Q, is given to second order in
the electron-phonon matrix element, 8'(q), by

Pl@
—Pf p+qX(q, m) =2 y

p
co —(ep —ep+q )

hQ= n& co 8' q

X I ImX(q, co)ReD(q, ro)

+ReX(q, co)lmD(q, ro }I,
(3)

is the longitudinal part of the bare phonon propagator,
ns(co) is the Bose-Einstein distribution function, and n~
is the Fermi-Dirac distribution function. ez is the elec-
tron energy, g(q, a) and co(q, a) are the polarization vec-
tor and angular frequency of the phonon with wave vec-
tor q and polarization a, M,. is the mass of an ion, and
n; is the number of ions per unit volume. Equation (3)
may be written as

Q= f ns(co) g [q g(q, a)]l
~

W(q)
~

l

q

X p l l
' + ReX(qco)[5(co co(q—a))+5(a)+co(qa))]qllmX(q, co) q'n.

co —co (q, a)

where P denotes a principal value integral. The second
term in the large parentheses gives Tl terms and since
here we consider only terms up to T lnT we shall ignore
it. For later purposes we note that the remaining term
in Eq. (4) may be rewritten as

EQ= —,
' g n&(1 n&+z)—~

W(q)
~

ReD(q, e& e+z—) . (5)

We shall use the Debye model, in which the solid is
treated as isotropic, and shall sum over all wave num-
bers within the Debye sphere, whose radius is qD. Only
low frequencies are important at the temperatures which
are of interest here so that we may use the long-
wavelength form of X(q, co),

Im(q, co)=lmX(s)= Ns8(1 —
~

s
~
), —

2

where N =mph/n A is the bare density of electron
states at the Fermi surface, s =~quz, and 6 is the unit
step function. Here p+ is the Fermi momentum,
Ug =palm is the Fermi velocity, and m is the electron
mass. We shall also replace the matrix element, W(q),
by a constant 8'. With these approximations Eq. (5) be-
comes

W 2

lLQ= P f ns(ol) g ImX(s)
1T 67 —CO( g )

hS=- n;i@'/
2M,

gf ol Bns ( co ) 2

X Imps, 8—oD 1T u —co(q)

X(q, co) is a slowly varying function of temperature, and
therefore in Eq. (8) we have ignored its derivative with
respect to temperature. The integrand in Eq. (8) can be
expanded in powers of (co/q), and the contribution from
the leading power, (co/q), is

2

=A, n, ksO 2 7T T
Tp

where A. =N
~

W'
~ , n/M2;c Lis the electron-phonon

coupling constant, n, =p~l/3nlR3 is the number density
of electrons, and T~=p~/2m is the bare Fermi energy.
From Eq. (9) one sees that the enhancement of the
effective mass, X, Eq. (2}, due to the electron-phonon in-
teraction is A, (qD/2pz) . The rest of the contribution to
order T lnT j.s

where aP(q}=cLg slid cL is the speed of longitlldinal
sound, and the contribution to the entropy is

O 2

n, k~A,
m'

2 O

20 ' cI
T

lnT .
Tp
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T '
lnT .

TF

The T lnT contribution to the speci6c heat is found by
difFerentiating 6$' ', and is equal to

~0~C=-",k,'~' '
(11)Pl~ g

bS=Q be

*3

( —,', + —,
' )lnT (17)

This result may be obtained from the quasiparticle
spectruin, as we now show. Equation (7) may be rewrit-
ten as

0

n, k~20
T

lnT .
Tp

The change in the thermodynamic potential due to the
electron-phonon interaction, Eq. (12}, at Sxed electron
chemical potential is the same as the change in the ener-

gy of the system at fixed electron number density since
we consider only contributions of lowest order in the
electron-phonon coupling:

EQ(p)=EE(n) . (13)

Consequently, we msy determine the contribution to the
quasiparticle spectrum, d,e&, and the effective interaction
between quasiparticles, f& &+q in the usual manner by
functional difFerentiation, and we Sind:

5bE
5n„

n;[Wi
EQ=-,' gn (1 n—p~q)

(ez+q —e~ ) (cq q )—

(12)

lLQ= f ne(co)cuF(co),
0 7T

(18)

In the second of these equations, the —,', comes from the
(p —pF) term in Eq. (16) and the —,

' from the (p —pz)Ti
term. Neglect of the temperature dependence of the
quasiparticle spectrum results in a coeScient of the
T lnT terms which is —,', the actual one. Previous au-
thors have underestimated the size of the T lnT contri-
bution in this manner.

Danino and Overhauser' have considered the contri-
bution of phonons to the specific heat of metals and they
discovered a TilnT contribution due to the co2 depen-
dence in the phonon spectral density, which they sug-
gested might be additional to the one found earlier.
However, this T lnT contribution is the same ss that
discussed above since the part of Eq. (7} which leads to
the logarithmic terms msy be rewritten in the form

n;fW/~= —,
' g (1—2np+q)

q l (e~ —e + ) —(cLq)
rmX(q, ~) q'

2M;cL q ~ —(cqq )
2

5AE
i'~+q 5n Snp p+q

n, iWii
M;

2

(e& —e&+q ) —(cL q )

+m (k&T} ]in
~ p pF~—

One sees from the brackets of Eq. (16) that there is a
contribution to the T lnT term in the entropy from the
temperature dependence of the quasipsrticle spectrum.
The T lnT terms in the entropy are given by

Note that f~ &+q is nonanalytic for e~ —e +q~0, just as
it is in a normal Fermi liquid with two-body fermion-
fermion interactions. %e csn now calculate the entropy
from the quasiparticle spectrum. We are interested in
the T lnT terms in the speci6c heat which come from
the (e~ —e~+q) /(crq) term in the effective interaction
and we therefore evaluate Eq. (14) keeping just this
dependence. %e 6nd

n;iW[ 02
(p p~)t UF' (p —pF )'—

Mei L

which for small co is proportional to ~ inca. Equation
(18) is of the same form as Eq. (24) of Ref. 14, so the
T 1nT contributions to the speci6c heat due to the
electron-phonon interaction msy be regarded as either a
Fermi or a Bose contribution. This point was also made
previously' for the T lnT contributions to the speci6c
heat of normal liquid 3He from spin fluctuations. Note
that Eq. (18) has the appearance of a contribution due to
damping of phonons, which is proportional to Imp(q, co).
%e now consider the efFect of other interactions on the
T3lnT term in the speci6c heat.

III. KI KCTRON-ELECTRON INTERACTIONS
AND SAND STRUCTURE

In metals it is important to take into account screen-
ing by electrons when determining the phonon-phonon
interaction and the efFective electron-phonon matrix ele-
ment, as explained in Refs. 16 and 17. In addition,
band-structure efFects alter the quasiparticle efFective
mass. Calculations of the T ln T term due to the
electron-phonon interaction may be carried out taking
these efFects into account, but since the calculations are
s straightforward extension of earlier work, we shall not
describe them in detail here. If one assumes that the
Fermi surface is spherical to a good approximation when
the efFects of band structure are included, one 6nds
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C 2 ~ ~ 3
37T k2~C E T

1
T

g n (20)

~C t (21)

which is the same as Eq. (11), apart from the fact that A, ,
Uz, and TF are now renormalized by the Coulomb in-
teraction and band structure, as is indicated by the
superfix C. In addition, the sound speed eL must include
these renormalization effects. To is a cuto8'temperature.
With the inclusion of all vertex corrections, the long-
wavelength electron-phonon matrix element that occurs
in A, is given by

P+q~~]~
&+ QP/2

pl ~ ~I
siP

g -Q)l2

where Z is the valence of the ion, N is the density of
states renormahzed by the Coulomb interaction and
band structure, '7 and the electron-phonon coupling pa-
rameter is given by

(22)

In making these calculations, we have neglected efFects
of order cL /v~ campared with the terms we include.

The coeScient of the T lnT terms depends only on
the properties of long-wavelength phonons, while To de-

pends on finite-wavelength properties. In the Debye
model one finds

To ='gggcL (23)

15 ~ x lnxe"
'g =exp dx =0. 169 .

4m 0 (e"—1)
(24)

IV. RENORMALIZATION AND
QUANTITATIVE ESTIMATES

In our previous considerations we have neglected the
eifects of renormalization of quantities by the electron-
phonon interaction. These come in two distinct classes:
the Srst is due to the change in the quasiparticle effective
mass and renormahzation factor, a, which gives the
spectral weight at the quasiparticle pole, and the second
is due to modi5cation of the electron-phonon vertex.
The Srst of these is taken into account by multiplying
the electron-phonon matrix element by the renormaliza-
tion factor a, due to electron-phonon interaction, and by
using a density of states and quasiparticle effective mass
which include the phonon contribution. ' The ap-
propriately renormalized electron-phonon coupling pa-
rameter is thus

FIG. 1. The vertex correction, bA(q, co) [Eq. (25)], due to
the electron-phonon interaction.

(25)

where we have used the result that the density of elec-
tron states, N', in the resence of the electron-phonon
interaction is N /a. ' Since the T InT contribution
to the specific heat varies as A, /UF [see Eq. (20)], this is
unchanged by these renormahzation efFects, because
m 'a =m,', where m ' is the eiFective mass calculated in-
cluding band structure, electron-electron and electron-
phonon interactions and m,' is the efFective mass due
solely to the electron-electron Coulomb interaction and
band structure.

The second source of renormalization effects is the ex-
plicit renormalization of the electron-phonon interac-
tion, by pracesses such as that shown in Fig. 1. Mig-
dali' found that under mast circumstances such vertex
corrections are of order (m /M, )'~2 and therefare negligi-
ble. However the analysis which leads to this result
breaks down for q &coD/ez and co &roD, as has been dis-
cussed by Leggett. ' The T lnT terms we are studying
come from just such frequencies and wavenumbers.
I.eggett calculated the renormalization of the electron-
phonon coupling, LLA, due to the vertex correction shown
in Fig. 1 and found

bA(q, co)= g G(p' —q/2, e' —co/2)
p, 6'

&& G(p'+q/2, e'+co/2)
i W(q) i

In what follows we drop the dependence of hA, on p and
and assume that the electronic momenta and energies

are equal to about p+ and eF. For u ««m& one 5nds

I 4
&'a 11(q ~)

~
Wq)

~ D(pr, be&&coD)

(27)
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and for co ~&coo

aA(q, co)= —I &,&,'l ~(q) I'lD(s'~ ~&» D)l
4m

(28)

where a typical momentum is of order pF in the phonon
propagator and the energies involved, he=a —e', are ei-
ther very much larger than coLj or very much smaller. a,
is the renormalization constant associated with quasipar-
ticles which are not renormalized by the electron-
phonon interaction because their energies are higher
than the characteristic phonon energies. One notes that
for both co ggcoz and for ~ ~~sea there is no renormal-
ization due to vertex corrections. This point has also
been demonstrated by Prange and Kadanoff Heine,
Nozieres, and Wilkins, ' and Prange and Sachs. How-
ever for finite frequencies there is a renormahzation of
the electron-phonon coupling, whose contribution to
second order in co/qUJ is

hk(q, ~)=N'a
l
w(q)

l D(p+, 0) .
gUF

(29)

This (co/q) contribution to the electron-phonon vertex
leads to an enhancement of the T lnT terms in the
specific heat. However, its coefBcient is smaller by a fac-
tor (cL/uF) than the T lnT term found in the simple
model of Sec. II. We also note that the sound speed is
unaffected by the electron-phonon interaction, and thus
to the order to which we are working the renormaliza-
tion effects due to electron-phonon vertex corrections
may be ignored. Hence, all electron-phonon renormal-
ization effects on the T lnT term in the specif1c heat
vaniS, and we can now use the expression derived ear-
lier to compare its magnitude with the linear and cubic
terms in Eq. (1).

The low-temperature specific heat is

C =y T+ I"T ln +p»T
Tp

(30)

where
2 7r2 n ey= k~N

2a TF
2

4 UF
nk (T , )

20
~e 8 F

P h
———,m n;ka8D

Assuming that the valence of each ion is Z, one finds
from charge neutrality that qD=(2/Z)' pF and so for
the purposes of a rough comparison we shall take
qa =pF. We shall also assume OD =c~pF. In order to
compare the T lnT term with the sum of the linear and
cubic terms we will use values of the parameters for
lithium taken from Tables 2.1, 3.1, and 11.1 of Ref. 22.
These are TF——55500 K, 8=350 K, and A, =0.4. One
finds that Tp is approximate1y 59 K so that beyond this
temperature the T lnT term from the electron-phonon

interaction no longer enhances the specific heat appreci-
ably and that for lower temperatures the magnitude of
the T lnT term is less than 0.2% of the sum of the linear
and cubic terms. %'e also consider the case of mercury,
whose superconducting transition temperature is 4 K
and for which TF, 8D, and A, are 83300 K, 84 K, and
1.6 respectively. With these values Tp is approximately
14 K and the T lnT term is much smaller than the cubic
term even for very low temperatures. In general the
T lnT contribution from the electron-phonon interaction
is smaller than the cubic term, p „, by a factor of order
(8D/TF) Th.e other factors in the ratio between the two
terms, including the lnT term, do not change this result
by an order of magnitude. Looking at Tables 2.1 and
3.1 of Ref. 22 one sees that (8D/T„) is of order 10 for
metallic elements. Previously it has been suggested' '

that measurements of the specific heat of indium2 ' and
of the heat of magnetization of mercury show evidence
for the T lnT term due to the electron-phonon interac-
tion. The above estimates indicate that it is unlikely
that the features seen in the thermodynamic properties
of these materials, which are of order 10' of p» at tem-
peratures of about 3 K, are associated with this contri-
bution.

V. CONCLUSION

In this paper we have shown that the T lnT contribu-
tions to the specific heat due to the electron-phonon in-
teraction may be regarded as having the same source as
in Fermi liquids; namely the nonanalyticity of the
efFective interaction, f +, for small q. Also this con-
tribution may be cast in the form of a Fermi contribu-
tion or of a Bose contribution to the specific heat. We
found that the coei5cient of this TilnT term is —", times
larger than that found by previous authors and that this
difference is due to the neglect in earlier calculations of
the temperature dependence of the electron self energy.
Although Migdal's theorem breaks down for the fre-
quencies and wave numbers which give rise to the T lnT
terms, the renormalization of the T lnT due to electron-
phonon interaction corrections to the electron-phonon
coupling vertex are negligible. We have compared the
T lnT term calculated here with the linear term and the
cubic term arising from the excitation of thermal pho-
nons. The T lnT term is smaller by a factor of order
(8D/TF)ln(TO/T), which for temperatures above the su-
perconducting transition temperature is negligible for or-
dinary metals because of the smallness of SD compared
to TF. This result may be slightly sensitive to the calcu-
lation of Tp which depends on the model used for finite
wave-number properties of the electrons and phonons.
However, a more detailed model for Snite wave-number
effects is unlikely to change this result qualitatively.
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