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Finite-temperature contributions to the specific heat of the electron-phonon system
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We calculate the T>InT contribution to the specific heat of metals due to the electron-phonon
interaction and show that it may be regarded either as a Bose contribution or as a Fermi one. We
find that the magnitude of the coefficient of the T°InT term is 12 times larger than that calculated
by previous authors and demonstrate that the difference between the results is due to our inclusion
of the temperature dependence of the quasiparticle spectrum. We discuss renormalization effects
due to the electron-phonon interaction and, by using experimentally determined values of the
relevant parameters in our expressions, show that for ordinary metals one would not expect to be
able to isolate this T°InT contribution in measurements of the specific heat.

I. INTRODUCTION

The low-temperature specific heat of normal metals
has the form

C=yT+TTInT+B*T*. (n

The leading contribution at low temperature is the linear
term, which is enhanced by the electron-phonon interac-
tion, as was shown by Buckingham! and Buckingham
and Schafroth.? It may be written as

Y=vo(1+1), )

where A is a measure of the strength of the electron-
phonon coupling, and ¥ is the value of ¥ in the absence
of the electron-phonon interactions. The T3InT contri-
butions come from electron-electron interactions, both
those induced by phonons and those due to the Coulomb
interaction between electrons. Buckingham and
Schafroth first showed, using perturbation theory to cal-
culate the free energy, that there is a T>InT contribution
to the specific heat due to phonon induced electron-
electron interactions. The presence of this T°In7 contri-
bution was confirmed by Eliashberg® and by Nakajima
and Watabe* who started from an expression for the
thermodynamic potential in terms of Green’s functions.
The coefficient of this T3InT contribution is negative and
it therefore gives a positive contribution to the specific
heat at low temperatures.” The cubic term in Eq. (1)
contains the leading-order contribution to the specific
heat due to thermal excitation of phonons, as well as
contributions from the electron-phonon interaction.

The T>InT contribution from the Coulomb interaction
is analogous to that found in normal liquid *He. It is
generally small, and it can be large only when the metal
is almost unstable to small deformations of the Fermi
surface. Under such circumstances, I' is positive, and
thus the T>InT term reduces the specific heat at low
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temperatures. It is particularly large if the system is al-
most ferromagnetic, since one then finds large contribu-
tions to ' from spin fluctuations.® The large temper-
ature-dependent contributions to the specific heat ob-
served in heavy-fermion compounds’ ~'* have been inter-
preted in terms of such a model.'"!

In the case of normal Fermi liquids it has been shown
that the T°InT contribution to the specific heat may be
regarded as a consequence of the interaction between
quasiparticles being a nonanalytic function of the mo-
menta of the two quasiparticles for small momentum
differences.!> In this paper we show that the 7 InT term
due to the electron-phonon interaction may be regarded
as having a similar origin, and that the results for a Fer-
mi liquid and for metals may be cast in similar forms.
We also show that this 7°In7T term may be rewritten in a
form similar to that suggested by Danino and
Overhauser,'* which has a natural interpretation as a
contribution due to the damping of phonons. This es-
tablishes that these two contributions are one and the
same.

Another topic we consider is the magnitude of I'. We
find this to have a larger numerical coefficient than that
given in most previous calculations. This difference may
be traced to the fact that earlier the temperature depen-
dence of the quasiparticle energy was generally neglect-
ed. We also explore the effects of vertex renormaliza-
tion, and show that these are not significant for the
long-wavelength phonons that give rise to the T°InT
terms.

This paper is organized as follows. In Sec. II we in-
troduce a simple model which describes the T3InT term
in the specific heat and we show that the T°InT term
may be considered to be either a Fermi or a Bose contri-
bution to the specific heat. In Sec. III we discuss renor-
malization of the T°InT terms by Coulomb interactions.
Renormalization effects due to vertex corrections to the
electron-phonon coupling are investigated in Sec. IV
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where we also make numerical estimates of the size of
the T3InT term. In Sec. V we briefly discuss our con-
clusions.

II. SIMPLE MODEL

In order to avoid inessential complications, we first
describe a simple illustrative example. Consider elec-
trons interacting with acoustic phonons in a model con-
taining a single species of ion: the contribution to the
thermodynamic potential , is given to second order in
the electron- phonon matrix element, W(q), by

AQ= f°° —mmz | W(q)|?
X {ImX(q,»)ReD(q,w)

+ReX(q,0)ImD(q,w)} ,
(3)

n;

= ” @‘ . 2 2
AQ= M, f_w - ng(a))}q:[q &(q,a)? | W(q)|

where
—n
X(q,w)_zz Rd
(e p—€ptq)
and
4’ [§-t(g.0)]
D(q0)=——13592

M; o»*—w(q,a)’

is the longitudinal part of the bare phonon propagator,
np(w) is the Bose-Einstein distribution function, and n,
is the Fermi-Dirac distribution function. e is the elec-
tron energy, §(q,a) and w(q,a) are the polarization vec-
tor and angular frequency of the phonon with wave vec-
tor q and polarization a, M; is the mass of an ion, and
n; is the number of ions per unit volume. Equation (3)
may be written as

2 2
q°ImX(q,w) q°m
X |P ReX(q,0)[8(w—w(q,a))+8( (qa)] |, 4)
o —otga) | 20(a,q) eX(q,0)[8(w—w(q,a))+8(w+w(q ]
I
where P denotes a principal value integral. The second n | W|?
term in the large parentheses gives 7° terms and since AS=-— M

here we consider only terms up to T3InT we shall ignore
it. For later purposes we note that the remaining term
in Eq. (4) may be rewritten as

AQ_—zn (1—np,g)| W(q)]zReD(q, —€piq) - )

We shall use the Debye model, in which the solid is
treated as isotropic, and shall sum over all wave num-
bers within the Debye sphere, whose radius is g,. Only
low frequencies are important at the temperatures which
are of interest here so that we may use the long-
wavelength form of X(q,®),

Im(q,w):ImX(s)=‘;LN°se(1— Is|), 6)
where N®=mp,/m*#® is the bare density of electron
states at the Fermi surface, s=a)qv,9, and O is the unit
step function. Here pp is the Fermi momentum,
v2=pp/m is the Fermi velocity, and m is the electron
mass. We shall also replace the matrix element, W(q),
by a constant W. With these approximations Eq. (5) be-
comes

n |W|?

i w do
a=—r—p [ Tng((o)EImX(S)—q—)z :

7N

where w(q)=c;q and ¢; is the speed of longitudinal
sound, and the contribution to the entropy is

X(q,) is a slowly varying function of temperature, and
therefore in Eq. (8) we have ignored its derivative with
respect to temperature. The integrand in Eq. (8) can be
expanded in powers of (w/g), and the contribution from
the leading power, (w/9q), is

anB(a)) w @
ASV= do———\—06 |1—
Zf 7T T g qup
2 2 2
T qp T T
O 7 R B [ B Ly B
neks = 19 s s |79 , 9

where A°=N°| W |2n;/2M;c} is the electron-phonon
coupling constant, n, =p2/3m*#> is the number density
of electrons, and TP =p?/2m is the bare Fermi energy.
From Eq. (9) one sees that the enhancement of the
effective mass, A, Eq. (2), due to the electron-phonon in-
teraction is A%gp /2pr)*. The rest of the contribution to
order T3InT is

2

- ong(w)
ASP=_ [“do——\0F -2 2
0 oT T 9r o’—(cpq)
- 2 T 3
— 0
=~ T, k3 o | |73 =T (10)
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The T3InT contribution to the specific heat is found by
differentiating AS'?, and is equal to

4 00 1? 3

Acz—%nekgx° °F InT . (11)

I
0
F

‘L

This result may be obtained from the quasiparticle
spectrum, as we now show. Equation (7) may be rewrit-
ten as

AQ=13 n(1 LALAk 7
=1%n (1—n .
2 E P p+q Mi (ep+q_ep)2_(ch)2

(12)

The change in the thermodynamic potential due to the
electron-phonon interaction, Eq. (12), at fixed electron
chemical potential is the same as the change in the ener-
gy of the system at fixed electron number density since
we consider only contributions of lowest order in the

electron-phonon coupling:
AUu)=AE(n) . (13)

Consequently, we may determine the contribution to the
quasiparticle spectrum, Ae,, and the effective interaction
between quasiparticles, f, .., in the usual manner by
functional differentiation, and we find:

Aepzas—if—
=13 (1=2n,, ) Lk g
q M; (ep—ep+q)2—(ch)2
(14)
and
fopram bnsgiE _ I};’ |2 ( q22 .
%" p+q i ep—epiq) —(cLq)

(15)

Note that f ;o is nonanalytic for ep—epq—0, just as
it is in a normal Fermi liquid with two-body fermion-
fermion interactions. We can now calculate the entropy
from the quasiparticle spectrum. We are interested in
the T3InT terms in the specific heat which come from
the (e, —e, 4)?/(c.q)* term in the effective interaction
and we therefore evaluate Eq. (14) keeping just this
dependence. We find

t 2

Ae. — — (p ~pp)[vp°2(P —pr)?

n, | W
’ Mc}
+7H kg T )In|p —pp | .

(16)

One sees from the brackets of Eq. (16) that there is a
contribution to the T>InT term in the entropy from the
temperature dependence of the quasiparticle spectrum.
The T3InT terms in the entropy are given by

AS=S Ae Op
_Ep: °»ar
4 UO 2 3
_ o _ 2 | JF l
= —ATonk} - s (L+LinT (7
2
4 UO T 3
=0T ik || | = :
zone B CL TPQ lnT

In the second of these equations, the + comes from the
(p —pr)® term in Eq. (16) and the 1 from the (p —pp)T?
term. Neglect of the temperature dependence of the
quasiparticle spectrum results in a coefficient of the
T3InT terms which is % the actual one. Previous au-
thors have underestimated the size of the T°InT contri-
bution in this manner.

Danino and Overhauser! have considered the contri-
bution of phonons to the specific heat of metals and they
discovered a T’InT contribution due to the w2 depen-
dence in the phonon spectral density, which they sug-
gested might be additional to the one found earlier.
However, this T3InT contribution is the same as that
discussed above since the part of Eq. (7) which leads to
the logarithmic terms may be rewritten in the form

o dw
AQ= fo —np(@)oF (o), (18)
where

Flo)= n |W|? ImX(q,w) q°
wr= 7 2 2 2
2Mic; 7] ® w°—(c,q)

(19)

which for small w is proportional to w’lnw. Equation
(18) is of the same form as Eq. (24) of Ref. 14, so the
T3InT contributions to the specific heat due to the
electron-phonon interaction may be regarded as either a
Fermi or a Bose contribution. This point was also made
previously'® for the T3InT contributions to the specific
heat of normal liquid *He from spin fluctuations. Note
that Eq. (18) has the appearance of a contribution due to
damping of phonons, which is proportional to ImX(q, ).
We now consider the effect of other interactions on the
T3InT term in the specific heat.

III. ELECTRON-ELECTRON INTERACTIONS
AND BAND STRUCTURE

In metals it is important to take into account screen-
ing by electrons when determining the phonon-phonon
interaction and the effective electron-phonon matrix ele-
ment, as explained in Refs. 16 and 17. In addition,
band-structure effects alter the quasiparticle effective
mass. Calculations of the T°InT term due to the
electron-phonon interaction may be carried out taking
these effects into account, but since the calculations are
a straightforward extension of earlier work, we shall not
describe them in detail here. If one assumes that the
Fermi surface is spherical to a good approximation when
the effects of band structure are included, one finds
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T

AC= To , (20

‘L

which is the same as Eq. (11), apart from the fact that A,
vr, and T are now renormalized by the Coulomb in-
teraction and band structure, as is indicated by the
superfix C. In addition, the sound speed ¢; must include
these renormalization effects. T is a cutoff temperature.
With the inclusion of all vertex corrections, the long-
wavelength electron-phonon matrix element that occurs
in A€ is given by

W= z_vz? ,
where Z is the valence of the ion, N€ is the density of
states renormalized by the Coulomb interaction and

band structure,!” and the electron-phonon coupling pa-
rameter is given by

AC=NC| WC|2n, /2(M,c}) . (22)

21

In making these calculations, we have neglected effects
of order ¢} /v} compared with the terms we include.

The coefficient of the T>InT terms depends only on
the properties of long-wavelength phonons, while T, de-
pends on finite-wavelength properties. In the Debye
model one finds

To=mngpcr » (23)

where

x“Inxe*

ey R R
e —

15 re
n=¢€exp —«;--——;; fO dx

IV. RENORMALIZATION AND
QUANTITATIVE ESTIMATES

In our previous considerations we have neglected the
effects of renormalization of quantities by the electron-
phonon interaction. These come in two distinct classes:
the first is due to the change in the quasiparticle effective
mass and renormalization factor, a, which gives the
spectral weight at the quasiparticle pole, and the second
is due to modification of the electron-phonon vertex.
The first of these is taken into account by multiplying
the electron-phonon matrix element by the renormaliza-
tion factor a, due to electron-phonon interaction, and by
using a density of states and quasiparticle effective mass
which include the phonon contribution.'®*=2 The ap-
propriately renormalized electron-phonon coupling pa-
rameter is thus

d

AAMg,0)= — f

FIG. 1. The vertex correction, AA(q,®) [Eq. (25)], due to
the electron-phonon interaction.

2pr® C|2
A=W e, 25)
2M;c;

where we have used the result that the density of elec-
tron states, N*, in the presence of the electron-phonon
interaction is N€/a."¥=?° Since the TInT contribution
to the specific heat varies as A /vy [see Eq. (20)], this is
unchanged by these renormalization effects, because
m*a=m}, where m* is the effective mass calculated in-
cluding band structure, electron-electron and electron-
phonon interactions and m} is the effective mass due
solely to the electron-electron Coulomb interaction and
band structure.

The second source of renormalization effects is the ex-
plicit renormalization of the electron-phonon interac-
tion, by processes such as that shown in Fig. 1. Mig-
dal*! found that under most circumstances such vertex
corrections are of order (m /M;)!/? and therefore negligi-
ble. However the analysis which leads to this result
breaks down for ¢ <wp /er and @ <wp, as has been dis-
cussed by Leggett."® The T3InT terms we are studying
come from just such frequencies and wavenumbers.
Leggett calculated the renormalization of the electron-
phonon coupling, AA due to the vertex correction shown
in Fig. 1 and found

AMg,0)= 3 G(p'—q/2,€ —w/2)
!

XG(p'+q/2,€ +w/2)| W(g)|?
XD(p—p',e—€') . (26)

In what follows we drop the dependence of AA on p and
€ and assume that the electronic momenta and energies
are equal to about p; and €. For w <<wp one finds

Q
p N*a’ll(q,0) | W(q)|*D(pp,Ae <<wp)

+ | W(q)|*{a’N*D (pp,Ae <<wp)—a2N,D(pp,Ae >>0p)] , 27
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and for w >>wp

AMgo)=— [ %NcaczlW(q)}z{D(pF,Ae>>wD)] ,

(28)

where a typical momentum is of order py in the phonon
propagator and the energies involved, Ae=€e—¢€’, are ei-
ther very much larger than wj, or very much smaller. a,
is the renormalization constant associated with quasipar-
ticles which are not renormalized by the electron-
phonon interaction because their energies are higher
than the characteristic phonon energies. One notes that
for both w <<wp and for o >>wp there is no renormal-
ization due to vertex corrections. This point has also
been demonstrated by Prange and Kadanoff,'° Heine,
Nozieres, and Wilkins,!” and Prange and Sachs.”’ How-
ever for finite frequencies there is a renormalization of
the electron-phonon coupling, whose contribution to
second order in w /quf is
)

4
qufr

2
AMg,0)=N*a? | W(q)|*D(pg,0) . (29)

This (w/g)* contribution to the electron-phonon vertex
leads to an enhancement of the T>InT terms in the
specific heat. However, its coefficient is smaller by a fac-
tor (c; /vg)* than the T’InT term found in the simple
model of Sec. II. We also note that the sound speed is
unaffected by the electron-phonon interaction, and thus
to the order to which we are working the renormaliza-
tion effects due to electron-phonon vertex corrections
may be ignored. Hence, all electron-phonon renormal-
ization effects on the T°InT term in the specific heat
vanish, and we can now use the expression derived ear-
lier to compare its magnitude with the linear and cubic
terms in Eq. (1).

The low-temperature specific heat is

C=yT+TT*n —7? BT, (30)
0
where
2 2 n
T e T e
‘)/-— 3 kBN 20 Tl_g B
C 2
__ 3¢ cy-3 | P
'=-— 20 }\, nekB(Tp) ‘L s

and
124 -3
Bph——?n n;kg®p° .

Assuming that the valence of each ion is Z, one finds
from charge neutrality that g, =(2/Z)""?p; and so for
the purposes of a rough comparison we shall take
q9p=pr. We shall also assume ®p =c;pp. In order to
compare the T3InT term with the sum of the linear and
cubic terms we will use values of the parameters for
lithium taken from Tables 2.1, 3.1, and 11.1 of Ref. 22.
These are T=55500 K, ®=350 K, and A=0.4. One
finds that T, is approximately 59 K so that beyond this
temperature the T°InT term from the electron-phonon

interaction no longer enhances the specific heat appreci-
ably and that for lower temperatures the magnitude of
the T>InT term is less than 0.2% of the sum of the linear
and cubic terms. We also consider the case of mercury,
whose superconducting transition temperature is 4 K
and for which Ty, ®p, and A are 83300 K, 84 K, and
1.6 respectively. With these values T, is approximately
14 K and the T°InT term is much smaller than the cubic
term even for very low temperatures. In general the
T3InT contribution from the electron-phonon interaction
is smaller than the cubic term, Bph, by a factor of order
(®p /Tg). The other factors in the ratio between the two
terms, including the InT term, do not change this result
by an order of magnitude. Looking at Tables 2.1 and
3.1 of Ref. 22 one sees that (@), /T}) is of order 10~* for
metallic elements. Previously it has been suggested'#?}
that measurements of the specific heat of indium?*?° and
of the heat of magnetization of mercury?® show evidence
for the TInT term due to the electron-phonon interac-
tion. The above estimates indicate that it is unlikely
that the features seen in the thermodynamic properties
of these materials, which are of order 10% of Bph at tem-
peratures of about 3 K, are associated with this contri-
bution.

V. CONCLUSION

In this paper we have shown that the T°InT contribu-
tions to the specific heat due to the electron-phonon in-
teraction may be regarded as having the same source as
in Fermi liquids; namely the nonanalyticity of the
effective interaction, f P.p+a? for small g. Also this con-
tribution may be cast in the form of a Fermi contribu-
tion or of a Bose contribution to the specific heat. We
found that the coefficient of this T°InT term is 2 times
larger than that found by previous authors and that this
difference is due to the neglect in earlier calculations of
the temperature dependence of the electron self energy.
Although Migdal’s theorem breaks down for the fre-
quencies and wave numbers which give rise to the T°InT
terms, the renormalization of the T>InT due to electron-
phonon interaction corrections to the electron-phonon
coupling vertex are negligible. We have compared the
T3InT term calculated here with the linear term and the
cubic term arising from the excitation of thermal pho-
nons. The T3InT term is smaller by a factor of order
(®p /Tp)In(Ty/T), which for temperatures above the su-
perconducting transition temperature is negligible for or-
dinary metals because of the smallness of ®, compared
to Tr. This result may be slightly sensitive to the calcu-
lation of T, which depends on the model used for finite
wave-number properties of the electrons and phonons.
However, a more detailed model for finite wave-number
effects is unlikely to change this result qualitatively.
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