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The main properties of a metal surface in the jellium model are analyzed in the weighted-density
approximation (ADA). It is found that the choice of the electron-electron pair function used in
the theory is crucial to the evaluated properties. The image-potential form of the exchange and
correlation potential may be recovered only with a very artiScial correlation hole, which leads to
unphysical results for both the location of the image plane and the surface energy. The self-
consistent version of the %DA developed in the previous paper which does not need any external
input is also used to evaluate the surface energy, with results close to the local-density approxima-
tion.

I. INTRODUCTIQN

The density-functional formalism (DFF} of Hohen-
berg, Kohn, and Sham, ' provides a useful tool for the
study of systems with inhomogeneous electron density
like a metal surface. The simplest theory within this ap-
proach, the local-density approximation (LDA), has been
used to evaluate most of the properties of these systems
with remarkable success. 3 However, in the last few
years the interest in the study of metal surfaces has been
shifted towards problems like tunneling4'5 behavior and
the presence of surface image states which are beyond
the capability of the LDA. This has increased the
search for improvements in the density-functional mod-
els used to describe the exchange and correlation (XC)
energy, Exc[n], and in particular for a correct descrip-
tion of the image potential far outside the metal. The
weighted-density approximation (WDA) originally
developed by Gunnarsson, Jonson, and Lundqvist has
become a very popular candidate for this task, especially
since Gunnarsson and Joness provided an empirical form
for the XC hole to be used in the WDA in order to re-
cover the image potential. This version of the WDA has
been used to evaluate the properties of many sys-
tems, ' including the position of the image plane in
the je11ium model for a metal surface. ' However, there
has been no careful study of the possible imphcations
that the choice of the XC hole may have in the studied
properties. Results for the surface energy with this
empirical correlation hole had not been reported until
now; they cast very serious doubts on the model. More-
over, we have shown that the position of the image plane
given by the %DA, with the empirical XC hole of Gun-
narsson and Jones, is unphysical and arti6cia11y fixed.
In our previous paper' (hereafter referred to as paper I),
we proposed a self-consistent way to obtain the XC ener-
gy and the pair distribution function within the %DA.
The theory, which we called the self-consistent
weighted-density approximation (SC-WDA), does not re-

quire any external input, so it should be regarded as a
good candidate to check the accuracy of the whole
scheme. This paper is divided into two parts; in the first
one we analyze the capability of the WDA in reproduc-
ing the image potential, and in the second part we com-
pare the results for the surface energy given by the
diN'erent versions of the %DA and the SC-WDA. The
results are also corn ared with the LDA and other re-
cent calculations' ' with a difFerent approach outside
the DFF.

II. THE IMAGE POTENTIAL IN THE %'DA

A charged particle close to a metal is attracted to-
wards the metal surface by the classical image poten-
tial, "

V(z) = —'
I

4(z —zo )
(2.1)

&Exc[n (r}]
xc( )= (2 2)

The idea is that Vxc(r) describes the potential acting on
an electron at r due to the correlation hole crested by all
the other electrons. For an electron located far from the
metal the efFect should be equivalent to that of a test
charge described in (2.1), so that the large-z hmit of (2.2}
should approach (2.1). This is a very tough test for any
density-functional model used to describe Exc[n], be-
cause it requires an accurate treatment of the electron-
electron correlations in a strongly inhomogeneous sys-
tem. Simple models like the local-density approximation
(LDA) fail to reproduce this behavior, giving exponential

where the z axis is normal to the surface with the bulk
metal at z g0 and zo is the position of the image plane.
Atomic units m, =e =%=1 are used throughout the pa-
per. In principle, the image potential should be
recovered from the DFF as the limit for very large z of
the exchange and correlation (XC) potential, defined as
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decay for Vxc(z) instead of the 1/z form of (2.1). The
weighted-density approximation (WDA) developed by
Gunnarsson et al. seems to be a better candidate to
reproduce this efFect. It starts with the XC energy writ-
ten as

I

Exc[n]=—,
' f dr fdr', 6(

~

r —r'~, n(r)),
f
r —r'

f

(2.3)

where 6(r, n) is the XC hole in a homogeneous system
of density n, integrated along a path {from y=0 to 1)
which depends on the Coulomb interactions (see I for
details)

16(r, n)= dy[g{r,n, y) —1] . (2.4)

The averaged density, n (r), at which 6 (r, n) is evalu-
ated in (2.3), is ffxed by the normalization of the hole

r'n r' 6 r —r', n r = —1. (2.S)

1 +(faster decaying terms) .
2z

(2.10)

Thus the %'DA with a short-ranged XC hole gives the
correct power law for the image potential but with a
coefficient wrong by a factor of 2. This was the result
obtained in the original work by Gunnarsson et al. and
it will also be the case if the SC-%DA result of our pre-
vious work (paper I) is used. However, the coefficient in
(2.10) changes if the function 6 (r, n) has a power-law de-
cay for large r. In this case the center of gravity of
n (r')6(

~

r —r' ~, n(r)) does not remain in the surface re-
gion and the expression

tion to the integral comes from points r'~gr and we
may approximate 1/[r —r'

~
by 1/z. The result is, using

(2.S), that for z~ ao the XC potential in the WDA ap-
proaches

V ( )
/ f d ( )

6 (
~
r —r '

~, n ( r ) )xcz —
2

rn r

The XC potential given by the functional derivative of
(2.3) is

v —3
Vxc(z) =—

2(v —1)z
(2.11)

Vxc(r)= —,
' fdr', 6(

~
r —r' ~, n(r)}n (r')

+ —,
' f dr', 6( /r —r'/, n(r')}n (r'}

fr —r'/

+ f dr'n (r')6(
~

r —r' ~, n(r'))F(r'),

where

(2.6)
G(r, n) =C(n)8 [r2kz(n)/A(n)], (2.12)

with the usual definition of the Fermi wave vector kz
and

may be easily obtaind for large z, where v is the decay
power of 6 ( r, n ). The correct coefficient of the image
plane is obtained for v=S, and on this basis Gunnarsson
and Jones proposed a very simple ansatz

F(r)=
f n (r') dG{

~
r —r' ~, n(r) }

~

r —r'
I dn(r)

2 f dr'n r'
dn (r)

(2.7)

For a homogeneous system of density no, F(r) becomes

C(y)=1 —exp( —1/y ), (2.13)

where C(n) and A,(n} are determined to satisfy the nor-
malization requirement (2.S) and a given XC energy per
electron in a homogeneous system through (2.3). The
two conditions may, in general, be expressed as

F(r) =F(no) = —exc(no)+noexc(no) . (2.8) A(n) =(9n /4)'
A, r, exc

(2.14)

The factor n(r'}6( ~r —r'~, n(r')} in the last two
terms of (1.6) is very small unless r' is inside the metal,
so that for points far outside the metal surface we have
(see Appendix D of Ref. 7)

and

Sk~(n)
C(n)=32

nX(n)
(2.1S)

lim Vxc(z)= n f dzin(zi) f dR 6{R,n(z))
Z~ oo 00 Z Z I

+en, f dz, f. " dR 6(R, no)

—2mnoF (no )

where the constants A& and A2 are de6ned as

(2.16}

X f dzi f dR RG(R, no) . (29)

If the XC hole, 6(r,n), cays faster than any inverse
power for large r, it is easy to see that the last two terms
in (2.9) are also short ranged. The normalization re-
quirement (2.S) for very large z may only be fulfflled if
the function 6(r, n(r)) extends up to distances of order
z, and this requires very small values of n (z), because the
main dependence of 6(r, n) is through the scaled vari-
able rn '~ . In the first term of (2.6) the largest contribu-

1/Az ———f dye(
i yi ) . (2.17)

The WDA with the XC hole defined in (2.12) and (2.13)
has been used previously to evaluate the properties of
metal surfaces, including the position of the image
plane. ' However, it may be shown that ihe correct
coemcient of the image potential is obtained by this
model only in a very arti6cial way, leading to unphysical
results for the position of the irn. age plane. If we assume
that the XC energy used in (2.14) has the correct low-
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density limit, exc(n)~1/r, as r, ~oo, then both C(n)
and A(n, ) go to a constant value for small n and the nor-
malization condition (2.5) becomes

where IC( n)=2k F( n)/A, ( n). The decay law for n(z) at
large z may be easily obtained from this equation by
making use of the following result. Given any function
of z, like the electronic density in a metal surface n(z),
which goes to a bulk value no as z~ao and to zera as
z ~0, we have that

n (r')

/

r —r'/

2'F50 1

(m —2}(rn —3) z~ —s

2&+ )
(2.19)

for m ~ 3, and with the only condition the existence of
the 6rst moment,

P)= ZZ Pf Z —710 Z (2.20)

e(z) is the Heaviside step function, and the origin of the
z axis is fixed to get a vanishing zero-order moment,
which in the case of the jellium model of a metal surface
corresponds to the edge of the positive charge back-
ground. With this result and assuming that the scaled
function C(y) in (2.12) varies as

—1= z)n z —z] E n z 2m' dyy y
n(z) z I

(2.18)

terms on the right-hand side of (2.6). The constant
D = —2m 33 z/(6A i } depends only on the form chosen
for the function C(y). The position of the image plane,
zo, in (2.1) is given by the coeScient of z in (2.24), the
result being

+XC("0) n 0&xc("0"
Z0 ——D

[&xc(no) l'
(2.25)

which does not depend on p, or on any other detail of
the electronic density distribution at the surface, being
fixed by the bulk density and the constants A, A „and
Ai set by the choice of the XC hole. In particular, zo is
proportional to the coeScient A for the 1/y tail of
C(y), which was introduced ad hoc without any physical
interpretation. This may be expected because the
correct coeScient in (2.11) is only obtained if the center
of gravity of the correlation hole is driven towards the
bulk metal by the slaw decay of 6(y), so that the surface
structure becomes irrelevant. It has to be pointed out
that the direct evaluation of the image plane from the
numerical evaluation of Vxc(z) in a WDA calculation
may lead to large numerical errors, so that there are
published results for zo which do not agree with this
analytical value. ' However, it has been checked that
far enough from the surface, the results of the asymptot-
ic formula are recovered by a careful numerical evalua-
tion. ' If the function 6(y) were chosen to have a next-
to-leading decay term like 1/r instead of the form (2.21)
taken by Gunnarsson and Jones, the result for Vxc(z)
at large z would be

A 86(y)= + +
y5 @10

(2.21)
I

Vxc(z) = — (1+const Xz i + ),
4z

(2.26)

at large y [as is the case of (2.13)], Eq. (2.18) becomes

n (z)
2m A~n0

and

A

[zE(n (z))) [zE(n (z) )]i z

(2.22)

lim n(z)=Ciz (1+Czz + . ),
2 +CO

(2.23)

where Ci ——no( —2ir 8 A z /[6K(no)] ) and Cz ——18/
5p, . This result may now be introduced in Eq. (2.9) to
extend the analysis of Gunnarssan and Jones up to the
next-to-leading order, to obtain after some algebra

lim Vxc(z)=-
Z~ QO

6P]41+ +
z noz

D 1+ + 0 4

16z' [&xc(no)l

D &xc(no)-no&xc«0)
4z [exc(no)]2 2 +

(2.24}

where the large parentheses correspond to the respective

so that there is not even a we11-defined image plane. Al-
together, it is clear that although the WDA is qualita-
tively better than the LDA in the description of the po-
tential outside a metal surface, it is still not able to give
a full account of the image potential. The reason for
this comes from the use of a spherical XC hole in (2.3)
(correspanding to a system of homogeneous density n),
while the actual XC hole for an electron outside the
metal should flatten in the interfacial region. ' There is
an alternative way to obtain the image plane within the
DFF, through the evaluation of the centroid of the
charge induced by an external field. This route is much
easier to follow and even the simple LDA then gives
well-behaved values of zo, which of course depend on the
surface structure and hence have to be evaluated self-
consistently. A good density-functional model for
Exc[n] should give the same result through the two
routes. It is clear, however, that the %DA is still far
from this task. The ad hoc 1/y decay required to ob-
tain the exact coefficient in the leading term of Vxc(z}
should be regarded as an arti5cial way to correct an in-
trinsic defect at the price of getting clearly unphysical
results like the image plane given by (2.25). The 1/y
decay is also inconsistent with the small q behavior of
the structure factor, S(q), directly related to the Fourier
transform of G(r, n). This limit should be directly given
by the plasmon frequency' and this is only possible if
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TABLE I. Exchange and correlation surface energy, axe (in ergs/cm ), in the in5nite-barrier mod-

el. The results of our SC-%'DA are compared with the "exact" RPA of I%-LP (Refs. 20 and 21), the
original results of the %DA with the RPA hole (Ref. 7), and those obtained with the empirical form
(2.13) E-%'DA (%igner s interpolation formula for the correlation energy was used in this ease). The
dilerent local-density values correspond to the use of the respective functions axe(n).

2.07
4.0
6.0

1459.9
205.7
62.1

LDA

1235.2
180.7
55.4

%DA
RPA

585.0
102.0

Exact
RPA

1388.0
203.0
63.0

LDA
RPA

1241.0
184.0
58.0

E-%'DA
%'igner

—108.9
—14.8
—1.1

LDA
%'igner

1171.7
175.2
55.6

C(y) decays faster than 1/y . We believe that the be-
havior (2.10) has to be accepted as an intrinsic limitation
of the WDA and the correlation hole used within this
functional model should be taken to decay exponentially
rather than by any artificial inverse power law.

III. THE METAL SURFACE ENERGY IN THE WDA

Several versions of the WDA have been apphed to the
study of atoms, bulk metals and semiconductors, '

with fairly good results .However, this approximation
has been scarcely used to get the surface energy of met-
als. In the original paper where the WDA was
developed, Gunnarsson et al. 7 obtained the surface ener-

gy, within the jellium model of a metal, using the
random-phase approximation (RPA) pair correlation
function. The WDA has later been applied to study the
XC potential in metal surfaces, as described in the
precediilg sectloil, llsiilg the colTelatloil hole ploposed by
Gunnarsson and Jones, but no result for the surface en-

ergy had been reported in this case. The XC surface en-

ergy

O'XC= Z 11 Z EXC Z (3.1)

is indeed a diScult quantity to evaluate; 6rst of all be-
cause it is associated with a region of strongly varying
electron density, and also the integration over a semi-
infinite system gives a large effect to any slight misrepre-
sentation. This is the reason that while the atomic ener-
gies evaluated with di8erent descriptions of G{r,n),
within the WDA, always give very close results, the sur-
face energies may depend strongly on the XC hole used.
That makes the evaluation of oxc very interesting as a
test of the different versions of the WDA. In this sec-
tion we compare the results of the original WDA with
diferent descriptions of the correlation hole, and the re-
sults given by the Sc-%'DA we have developed in paper
I. All the calculations refer to the jellium model, where
the positive charge of the ions is replaced by a steplike
background with uniform density in the metal and zero
outside. First of all, because of its numerical simplicity
and in order to compare with the original results of
Gunnarsson et aI. ," we have calculated the surface ener-

gy in the in5nite barrier model. Iri Table I we present
those results for the XC contribution to the surface ener-

gy using the original WDA (Ref. 7) with the RPA bulk
correlation function, the results of the SC-VEDA, and
those of Inglesfield and %'ikborg modi6ed by I.angreth
and Perdew ' (IW-LP), which are often quoted as exact

TABLE II. Surface energy u (in ergs/cm ) obtained in the
variational calculation for the 6nite-barrier model. The results
of our SC-%DA are compared with the local density (LDA)
using the same function axe(n). Vo is the value of the barrier
height which minimizes o in each case. Vo is in units of ihe
Fermi energy.

Vo

1.00
1.00
1.15
1.33
1.64

SC-%'DA

—267.4
261.9
175.4
106.0
66.5

Vo

1.00
1.00
1.23
1.48
1.84

LDA

—276.5
257.9
171.6
102.7
64.3

although they include the correlation energy within the
RPA. The results of the LDA are also included, as
well as those of the %DA using the empirical XC hole
(2.13). Our SC-WDA gives values of crxc very close to
those of IW-LP, both being about 10% above the LDA.
The original calculation with the %DA using the RPA
correlation hole, gives results too low (by a factor of 2),
while the WDA with the empirical XC hole gives com-
pletely unreliable negative ox&. This is due to the 1/y
decay, artificially introduced to obtain the image poten-
tial, which extends the surface efFects too far into the
bulk.

In order to study the inhuence that self-consistency in
the calculation of the density profiles may have in the
evaluation of the total surface energy, cr, we have also
performed the calculation for the density profiles given

by the finite-barrier model+ for several values of the
barrier height, Vo. An approximative variational es-
timation of the minimum surface energy with respect to
Vo gives values of o for the LDA and the SC-WDA
much closer than in the case of the inSnite-barrier model
{Table II). This may be understood because as n (z) be-
comes smoother, the surface energy is more dominated

by the small q behavior of the response function. In Fig.
1 we present the XC contribution to the response func-
tion, Uxc(q, n) [see Eqs. (1.12) and (1.13) in paper I],
from the SC-WDA which is quite Sat for q up to 2kF.
This means that o xc should be close to the value given

by the LDA, which approximates U„c(q,n) by its coil-
stant value at q =0. The very poor results of the WDA
with the empirical XC hole (2.13) may also be under-
stood from the function Uxc(q, n) given by this ap-
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FIG. 1. Comparison between the functions Uxc(q, n) for
r, =5 obtained in the SC-WDA (Ref. 14) (sohd hne) and that
using the ADA vrith the empirical correlation hole (2.13) (dot-
ted 1ine). The functions are normalized to the q =0 value.

proach (see Fig. 1). We have also performed calculations
with the WDA using different forms of the XC hole to
fit [through Eq. (2.15) of paper I] other possible func-
tions Uxc(q, n), like those of Vashista and Singwi and
Utsumi and Ichimaru. oxc depends strongly on the
response function used, confirming the idea that the
small q behavior of Uxc(q, n} is of crucial importance
for the evaluation of the surface energy. There are not,
at the present, exact results for the function Uxc(q, n),
so that it would be difficult to decide-which one to use in
the WDA. We believe that, because of its internal con-
sistency, the SC-WDA provides the best possible choice,
giving probably the most accurate results for crxc within
this scheme.

Recent calculations of the surface energy of the jelli-
um model by Sun et al. z and Krotscheck et a/. ' ' in
the correlated basis function approach have important
differences from the LDA. This approach is quite
different from any application of the DFF. Instead of
attempting a full representation in terms of the density
distribution, it uses a variational approach directly for
the electron-electron correlation. The results confirm
that most of the possible evaluations of the surface ener-

gy give values very close to the LDA, '5 but if the kinetic
energy contribution to the correlation is properly taken
into account at the surface, oxc becomes much larger.
The SC-WDA takes into account the kinetic energy con-
tribution to Exc[n] through the integration of the cou-
pling parameter y in (2.4). For a bulk metal this is
probably done quite accurately, given the excellent re-
sults obtained for exc(n) in the self-consistent calcula-
tion. However, the use of the spherically symmetric
g (1') ill tllc surface lllay neglect possible surface clccts ill
this contribution. As in the study of the image poten-
tial, this fact po1nts towalds the need of using nonspher1-
cal XC holes at the surface in order to achieve a full ac-
curate description of the surface effects within the OFF.

%e have analyzed the capability of the %DA for the
study of the surface properties of metals. Our first con-
clusion is that this density-functional model may only be
used after a careful choice of the electron-electron corre-
lation hole, which is the lnain input necessary in the
original version of the theory. %e have shown that the
empirical form (2.13), introduced to recover the correct
image potential outside the metal, achieves this only in a
very artificial way, leading to unphysical results for the
position of the image plane. Moreover, the surface ener-
gies given by that version of the WDA, which had not
been reported until now, are completely unreasonable.
Thus the existing results for surface properties within
the WDA using this empirical XC hole'i should be re-
garded with caution. %ith respect to the image poten-
tial limit of Vxc(z} outside the metal, it is clear that the
WDA gives an important improvement over simpler
models like the LDA, being able to reproduce the 1/z
decay. Thus it could be used to study some qualitative
aspects which are beyond the LDA. However, it is still
not possible to recover the correct numerical coefficient
of the decaying tail in a natural way, i.e., with a well-
behaved XC hole. This has to be considered as an in-
trinsic limitation of the WDA, associated with the use of
a spherically symmetric correlation hole, which is not
worth improving at the price of an artificial choice of
g(r). The evaluation of the surface energy within the
WDA depends strongly on the correlation hole used.
The SC-WDA, that we have developed in paper I, gives
probably the best possible results within the WDA
scheme, and it gives Oxc very close to the LDA. It is
still not clear whether or not the crude LDA is so close
to the exact values for axe that more sophisticated
theories have to give essentially the same results. How-
ever, it is sure that some versions of the WDA give
values of oxc very far from LDA, while more careful
treatments within the same scheme get very close to it.
Deviations from the LDA results have been reported
from correlated basis function calculations, ' and they
seem to be associated with the surface excess of the ki-
netic energy contribution to the correlation energy. It
may be possible that this effect is missing in the WDA
again because of the use of spherical pair correlation
functions. This is the main feature to be corrected in
any improved density-functional model for Exc[n] along
the lines of the WDA.
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