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Electrical resistivity and transverse magnetoresistance were measured at liquid-helium tempera-
tures in thin Nms of pure bismuth ranging from 101 to 4504 A in magnetic 6elds up to a maximum
of 80 kG. The Nms could be divided into two groups, above and below a thickness of about 250 A.
The resistivity (in zero magnetic Aeld) and the magnetoresistance were found to be drastically
differ'ent„both in magnitude and variation as a function of 6eld strength, for the two groups. Inter-
pretation is given in terms of a transition, due to the quantum size effect, of the charge carriers from
states of three-dimensional motion in the thicker Nms to states of two-dimensional motion in the
thinner 61ms.

I. INTRODUCTION II. EXPERIMENT

Because of the small effective masses and the low Fer-
mi energy of electrons and holes in bismuth, this materi-
al has long been used in the experimental study of quan-
tum effects on the electronic properties of crystals. Thin
films of bismuth of large thickness naturally possess
energy-band structures similar to those of the bulk crys-
tal. However, for thin films of thicknesses up to several
thousand angstroms, the electron localization effect
must be taken into account to explain features like the
anomalous temperature dependence of the resistivity.
Therefore interesting questions are whether bismuth 61ms
preserve bulk band structure for ultrathin films where the
electron localizations are more likely to be realized, and
whether the quantum effects associated with the electron-
ic band structure can still be observed.

Assuming a semimetallic energy-band structure in ul-
trathin bismuth films similar to that in bulk bismuth, sim-

ple calculations regarding the quantum size eftect predict
that there would be either a semimetallic-semiconducting
state transition or a state transition from the three-
dimensional motion of the charge carriers to two-
dimensional motion, for sufFiciently thin 6lms, depending
on the appropriate use of a boundary condition.

This work reports the results of a systematic measure-
ment of electrical resistivity and transverse magnetoresis-
tance in bismuth 61ms as a function of thickness, magnet-
ic field, and temperature for 61m thicknesses from 101 to
4504 A, with magnetic 6elds up to 80 ko, and tempera-
tures from 4.2 to 1.5 K. In addition to studies on the line
shape of the magnetoresistance and the temperature
dependences of the resistivity and magnetoresistance, the
prominent changes in these quantities which are believed
to be the result of a state transition from three-
dimensional to two-dimensional motion of the electrons
and holes wi11 be emphasized. No previous analysis of
this kind has been reported, and no similar experimental
work has been done for such small thicknesses in high
magnetic fields.
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FIG. 1. Schematic diagram for the recording of the magne-
toresistance in thin films of pure bismuth.

Thin films of high-purity (99.9999%) bismuth were fa-
bricated by thermal evaporation onto heated mica sub-
strates at pressure less than 2&(10 Torr throughout the
evaporation process. The evaporation source was a
tungsten dimple boat, and it was found that the evapora-
tion rate did not affect epitaxial growth as long as the
substrate temperature was kept above 370 K. The thick-
ness of the 1-mm-wide films was monitored with a quartz
crystal microbalance with an error generally less than
+1.5 A. After completion, the films were stored in a dry
nitrogen atmosphere and were annealed in vacuum at 425
K for one hour or more.

Electrical measurements were made over a 1 cm length
of the film which was placed in the magnetic center, and
perpendicular to the axis, of a 35.2-mm bore supercon-
ducting solenoid with a 6eld homogeneity greater than
0.1% over the diameter of the bore. Magnetoresistance
was measured at constant current in a bridge
con6guration, as shown in Fig. 1. With the bridge bal-
anced in zero 6eld, the output of the nanovoltmeter is
proportional to the change in the resistance of the sample
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due to the transverse magnetic Seld. Resistivity as a
function of temperature at constant fields was measured
with a digital ohmmeter, and the temperature was mea-
sured with a carbon glass resistance thermometer of
negligible magnetic Seld dependence. Crystallinity of
several randomly selected samples was verified by observ-
ing the hexagonal symmetry in the diffraction pattern
from a transmission electron microscope. This pattern is
a result of the growth of the trigonal crystalline axis per-
pendicular to the plane of the substrate.

III. ENERGY-BAND STRUCTURE IN BISMUTH

A. Energy levels
in a three-dimensionally quantized Slm

The energy-band structure in bismuth consists of three
conduction bands (electrons) and one valence band
(holes). The electron bands are nonparabolic ellipsoids,
while the hole band is parabolic and ellipsoidal. The
three electron ellipsoids are symmetrically located about
the trigonal axis of the crystal and the single hole ellip-
soid has rotational symmetry about the trigonal axis.

By denoting the crystal principal axes {the binary, the
bisectrix, and the trigonal} by the x, y, and z axes, respec-
tively, the effective-mass tensor' of the electron ellipsoid
consists of three diagonal elements m&&, m22, and m33,
and two off diagonal elements mz3 ——m3z. The other two
electron ellipsoids are obtained by rotating the first one
about the trigonal axis through +120'. The hole
effective-mass tensor consists of diagonal elements only:
M „=M„and M33.

The energy levels of the electrons and holes in a
bismuth thin film placed in a transverse magnetic field 8
assume the following forms:

E,(1+E„/Es )=(n +—,
' }i)'t 2—,

'A' +so„Lz
m, c ' m, c

binary-bisectrix-trigonal coordinates, the effective masses
in (1) and (2) can then be given by

m, =(detm/m& )'~, M, =(detM/Mi, )' (3)

where m, and M, are the spin-efkctive-mass tensors.
The direction of the magnetic field relative to the other

two energy ellipsoids of electrons can be obtained by ro-
tating h about the trigonal axis for +120'. Thus
h(a, P, y)~h'(a', P', y'), where

v'3, v'3a'= ——,'a+ p, p'=+ a —
—,'p, y'=y . (7)

Replacing h by h' in Eq. (3)—(6), values of m„M„etc.
for the other two electron bands can be evaluated.

Using numerical data from Ref. 1 for the eff'ective-mass
tensors, we can calculate the effective masses and thus the

TABLE I. Effective masses in pure bismuth (in units of mo,
the free-electron mass) calculated from the effective mass ten-
sors in Ref; 1.

Electrons Holes

where m and M are the orbital-effective-mass tensors of
electrons and holes respectively, and m& and M& are the
longitudinal effective masses, i.e.,

mj, ——h-m-h, MI, ——h-M. h . (4)

The longitudinal effective masses appear also in ao„and
Fop .

eo„=ir A /2m', d, e~„=n R /2M„d

where d is the film thickness. There are similar equations
for the spin effective masses, i.e.,

m, =(detm, /h m, h)'

M, =(detM, /h M, h)'

for electrons, (1)

E~=(N+ —,')i)i +-,'iri +eopLp' for holes,Mc ' Mc

h parallel
m, =0.0140
m, =0.0239
mp ——0.00443

to trigonal axis
M, =0.064
M, =0.033
Mq ——0.69

where Eg is the energy gap between the conduction band
and the valence band directly beneath it; m, and M, are
the orbital cyclotron effective masses; m, and M, the spin
effective masses; co„and co~ are the energy quantizations
due to the size effect; n and N are 0, 1,2, . . . ; I.„and L,

are 1,2, 3, if vanishing wave-function boundary condi-
tions are applied; and I.„and I. are 0, 1,2, . . . if the van-
ishing gradient of the wave function at the boundaries is
applied. The left-hand side of Eq. (1) indicates the non-
parabolic but ellipsoidal energy-momentum relationship
for electrons. The electron energies E„and the hole ener-
gies E~ in Eqs. (1) and (2) are relative to the energy-band
edge of the conduction band and that of the overlapping
valence band, respectively. The energy separation be-
tween the two edges or the energy overlap Eo is assumed
to be constant.

Assuming the direction of the magnetic field (perpen-
dicular to the film plane) is h =ia+ jp+ ky relative to the

h parallel
m, ' =0.0277
m, '=0.0788
m I,

' ——0.00113
m, =0.00211
m, =0.00198
mh ——O. 195

to binary axis
M, =0.21
M, =2.57
Mg ——0.064

h parallel
m, '=0.00183
m, '=0.00172
mp' ——0.26
m, =0.00363
m, =0.00344
mp ——0.0658

to bisectrix axis
M, =0.21
M, =2.57
Mp ——0.064

Single ellipsoid, magnetic 6eld parallel to binary/bisectrix.
"Double ellipsoids, magnetic field making +120' with
binary/bisectrix.
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energy levels in terms of the film thickness and the mag-
netic field intensity for a given orientation (h and h') of
the film. For h along one of the crystallographic axes,
the numerical values of the efFective masses to be used in
Eqs. (1) and (2) are given in Table I.

8. Three-dimensional to two-dimensional transition

As the film thickness is reduced, the quantum size
effect becomes more pronounced and an appropriate
boundary condition is necessary in the determination of
the size-quantized energy levels of the charge carriers. In
reality, the boundary conditions in thin films may be
quite complicated. Paskin and Singh have discussed the
application of the boundary conditions and concluded
that the vanishing wave function may be a better approx-
imation for a perfect metal surface while the vanishing
gradient may be better for rough surfaces. The vanishing
gradient boundary conditions will be assumed in the fol-
lowing discussion.

At absolute zero, energy levels beyond the Fermi level
are unoccupied and the number of occupied levels
L„=0,1,2, . . . and Lz ——0, 1,2, . . . decreases with the
film thickness. When the film is sufficiently thin, it may
occur that L„=0and Lz ——0 are the only occupied longi-
tudinal levels of electrons and holes, respectively. Since
the levels of L„=O and L =0 correspond to zero longitu-
dinal energies, the motion of the charge carriers may be
considered to have become two dimensional. The three-
dimensional to two-dimensional transition can be ob-
tained by setting n =N =0, s =S = —1, and L„=L = 1

in Eqs. (1) and (2), and using E„+A =ED (the energy
overlap).

In zero magnetic field [8 =0 in Eqs. (1) and (2)], the
electron level E„ for L„=1 can be solved from Eq. (1),
while for the hole level, E&

——e, Using F.„+E~=E„the
film thickness d at which the three-dimensional to two-

280

1
E&

——p&8
1 mA+ for holes,

2m, m„d'

where mo is the free-electron mass and p& is the Bohr
magneton and the numerical values of the efFective
masses are given in Table I. It was shown in the previous
paragraph that the crossover of these two energy levels
would occur at d =255 A in zero magnetic field. For
d p 255 A, both levels remain within the Fermi level and
the electrons and holes have three-dimensional motion.
For d ~ 255 A, however, the charge carriers would move
two dimensionally in zero magnetic field (and at low tem-
peratures) since the hole level would be lower than the
electron level, taking the conduction-band bottom as
reference, and both levels would be unoccupied at zero
temperature. As a magnetic field is applied to the films,
the hole level would move upward relative to the electron
level and would overtake the electron level at certain field
intensity„at which the charge carriers would resume
three-dimensional motion. Figure 2 shows a transition

TABLE Ii. Resistivity and magnetoresistance for various
film thicknesses.

dimensional transition takes place can be evaluated. The
numerical results for films perpendicular to the three
crystallographic axes are d =2.55&10 A, film perpen-
dicular to trigonal axis; d =1.37& 10 A, film perpendic-
ular to binary axis; and d =1.34' 10 A, film perpendic-
ular to bisectrix axis.

%'hen a magnetic field 8 is applied along the trigonal
axis perpendicular to the film, the lowest energy levels

corresponding to L„=L~=1 in Eqs. (1) and (2) are

1 1E„=—— + +E p&8
2 4 g m, m,

1/2

for electrons,

200—

160—
Q

120—

80—

212 220 228 236 244 252

d (A)

FIG. 2. The predicted transition from two-dimensional to
three-dimensional motion in bismuth thin films perpendicular to
the trigonal axis.

Thickness
(A)

101
125
151
200
235
239
245
247
250
254
332
352
399
499
750

1002
1502
4504

Resistivity
in zero field
(10 0 cm)

0.417 53
0.395 71
0.375 43
0.447 86
0.692 25
0.551 84
0.56609
0.61341
O.S95 12
0.546 91
0.759 62
0.626 22
0.669 60
0.675 12
0.618 73
0.567 13
O.S49 63
1.393 36

Magnetoresistance
at 8 =78 kG

0.069 71
0.131 12
0.13493
0.213 65
0.210 11
0.22646
0.263 43
0.240 33
0.261 54
0.300 14
0.381 38
0.543 54
0.440 60
0.945 91
2.232 40
3.313 11
4.99040
7.089 12
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FIG. 3. Electrical resistivity in bismuth thin films at 4.2 K
(zero magnetic field).
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curve in the 8-d plane. To the right of the curve is the
region for the three-dimensional motion and to the left
the two-dimensional motion. For fields parallel to the
binary or bisectrix axis, similar transition curves can be
obtained.

IV. RESULTS AND MSCUSSION

Both the electric resistivity in zero magnetic field and
the magnetoresistance in a field of 78 kG for films of vari-
ous thicknesses (r=4.2 K and film planes perpendicular
to the trigonal axis) are presented in Table II These. data
are also plotted in Figs. 3 and 4. The magnetoresistances
as a function of the (transverse) magnetic field for several
of the film thicknesses are shown in Figs. 5 and 6.

Figure 3 shows the electrical resistivity as a function of
the 61m thickness. The decrease in resistivity with thick-
ness from 4504 to 1502 A is generally consistent with a
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FIG. 4. Magnetoresistance in bismuth thin alms at 4.2 K.

FIG. 5. Magnetoresistance vs magnetic field at 4.2 K. Curve
a, film of thickness 4504 A.; curve b, 1052 A; curve c,i 750 A;
curve d, 499 A; and curve e, 101 A.

previous report and is not shown in the 6gure. Below
1502 A the resistivity 6rst increases and exhibits some os-
cillatory variations before it drops down appreciably with
(decreasing) thickness, in contrast to the result in Ref. 3,
in which a monotonic decrease of the resistivity was re-
ported. The magnitudes of the resistivities in the two
works seem to be reasonably close and the overall trend
of our data also shows a decreasing resistivity with
thinner filins. However, in good single crystalline
bismuth films, thickness-dependent oscillations in the
resistivity due to the quantum size efFect ought to be ob-
served. In this work, a large number of good single-
crystal films were made for thicknesses below 1000 A for
the purpose of observing the quantum size efFect. It can
be seen from Fig. 3 and Table II, that (with thickness de-
creasing from 1502 A) the resistivity reaches a maximum
at about 500 A and then oscillates a couple of times be-
fore undergoing another prominent oscillation in the
vicinity of 240 A. These oscillations correspond to the
quantum size efFect at the characteristic thicknesses for
pure bismuth of about 500 and 250 A. According to Sec.
III, the charge carriers may occupy only the lowest of the
size-quantized longitudinal energy levels in films of thick-
ness less than about 250 A, i.e., L„=L =0 only. For
thicknesses above about 500 A, the occupied levels may
include L„=0,1,2 and L =0, 1,2; but for those below
500 A, only L„=0,1 and L& ——0, 1. %henever the num-
ber of occupied levels L„or L sufFers a sudden decrease
with decreasing filrn thickness, the densities of electrons
and holes experience a minimum, marking a peak in the
resistivity. If the 61m could be fabricated exactly perpen-
dicular to the trigonal axis, then there would be a clear
and single peak in the vicinity of' about 500 A. But if the
orientation is not exact, then very likely a doublet or trip-



3904 H. T. CHU, P. N. HENRIKSEN, AND J. ALEXANDER

0.40 9.0

0.14

0.12

0.35

0.30

0.25

2.4

2.2

2.Q

1.S

—s.Q

—7.0

LLl

V 0.10
~g
lO
0) D.QS
C0
I
LL} 0.08
0

0.04

0.10

0.05 CLX 1.0

O.S

—8.0

—5.0

—4.0

0.02
0.8 —3.0

0
0 10 20 30 40 50 80 70

MAGNETIC FIKLO (k6)

FIG. 6. Magnetoresistance versus magnetic field at 4.2 K.
Curve a, fihn thickness 101 A; curve b, 151 A; curve e„332 A;
and curve d, 254 A.

let structure in the peak would be observed since there
are three electron energy ellipsoids symmetrically located
with respect to the trigonal axis. A fairly drastic drop in
resistivity was observed in Nms of 200, 151, 125, snd 101
A, following the resistivity peak at 235 A. This quantum
oscillation is believed to be the result of the transition of
charge carriers from occupying the L„=0,1 and L~ =0, 1

levels to occupying 1.„=0and I. =0 levels only.
In Fig. 4 (also see Table Il), besides certain oscillations

due to quantum size efFects, the general shape of the mag-
netoresistance versus thickness consists of roughly four
regions: that for thicknesses below approximately 250 A
having a slow rate of increase, that between 250 and 500
A having slightly higher rate of increase, that between
500 and 1500 A having a much steeper slope, and that
beyond 1500 A (not shown) having a slower rate of in-
crease indicating the tendency to approach to bulk limit.
This classification of the film thicknesses into several re-
gions is also supported by examining the magnitudes of
the magnetoresistance as given in Table II.

In Figs. 5 and 6, the line shapes of the magnetoresis-
tance as a function of the applied magnetic field are
shown for some of the films. In the group of films thicker
than about 250 A, the field dependence of rnagnetoresis-
tance behaves similarly to that in bulk crystals; first a
generally quadratic increase with the magnetic field in
weak fields, followed by a decrease in slope and a satura-
tion tendency in higher fields. The magnetoresistance in
the film group of thickness less than about 250 A, howev-
er, is significantly different. For weak fields these curves
are concave downward instead of upwards, as can be seen

0.4

0.2 I I I I I I I

10 20 30 40 50 80 70

MAGNKTIC FIEI.O (kG)

2.0
so

FIG. 7. First-order derivative of magnetoresistance vs mag-
netic field (4.2 K). Curve a, film thickness is 499 A; curve b, film

thickness is 125 A; and curve c, film thickness is 254 A.

in Fig. 6. In the field range of 10-20 kG these curves de-
crease in slope and thereafter the magnetoresistance in-
creases almost linearly with the field up to our maximum
field of 80 kG. In Fig. 6, a comparison is also provided of
the two different types of the line shape of rnagnetoresis-
tance.

It was shown in Sec. III that the charge carriers as-
sume three-dimensional motions in the thicker films and
two-dimensional motions in the thinner films. Once the
electrons and holes are confined to the two-dimensional
states, the state transition probabilities of the charge car-
riers during a scattering process decrease significantly,
causing a reduction in the resistivity. In fact, the two-
dirnensional motion must have altered the scattering
mechanism from that of the bulk crystal snd thicker
films, where large magnetoresistances are common. Nu-
merical calculations indicate that the characteristic
thickness for the three-dimensional to two-dimensional
transition is about 250 A for bismuth films perpendicular
to the trigonal axis, and that in filrns in the range of about
250 and 500 A the electrons and holes perform "quasi"
two-dimensional motions, since there is only one occu-
pied longitudinal level (L„=1 or L = 1) in this range for
either electrons or holes in addition to the levels I.„=O
and I.~ =0, respectively. This theoretical prediction ex-
plains the significantly dim'erent line shapes of the magne-
toresistance versus applied field in the two thickness
groups (above and below about 250 A), the significantly
larger slope beyond roughly 500 A in Fig. 4, the prom-
inent quantum oscillations in the resistivity versus thick-
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FIG. 8. Electrical resistivity vs temperature. Curve a, Slm
thickness is 150 A, zero magnetic field; and curve b, 150 A, 20
kG.

ness in the vicinities of 500 and 250 A, and the much
smaller resistivity and magnetoresistance in the ultrathin
films where the charge carriers perform two-dimensional
motions. It should be emphasized that such results are
not due to the electron localization effect in thin films.
The anomalous temperature dependence of the resis-
tance, which serves as a measure of the electron localiza-
tions, was consistently observed for all the films ranging
from 101 to 4504 A. To reinforce this support, the nu-
merical calculations in Sec. III also indicated that a 51m
with carriers performing two-dimensional motion in zero
magnetic field may undergo a transition to performing
three-dimensional motion in a sufficiently high magnetic
field. In this respect, note the line shape of the 254-A
film in Fig. 6, where the low-field behavior resembles that
of the group having two-dimensional motion and the
high-field behavior resembles that of the group of three-
dimensional motion. Figure 7 shows typical Srst-order
derivatives of the magnetoresistance for both the thicker
and the thinner groups. Also shown in Fig. 7 is the in-
teresting result of the Srst-order derivative of the 254-A
film which consists of the feature of the thinner group in

the low-field region and the feature of the thicker group
in the high-Seld region. Again, the fairly good numerical
coincidence between the calculations in Sec. III and our
experimental results indicates not only that the electronic
energy-band structures in bismuth remain somewhat
similar even in 61ms as thin as 100 A, provided that they
preserve good single crystallinity through carefu1 fabrica-
tion, but also that the numerical values of the band pa-
rameters (effective masses) may not undergo appreciable
variations while reducing the thickness of the film.

In the temperature range of 1.5 to 4.2 K, the electric
resistivity in films of thickness greater than 250 A typi-
cally decreases with an increasing temperature. This is
the case either in zero magnetic Seld or in a magnetic
field up to 80 kG. For films of thickness less than 250 A,
the temperature dependence shows a similar anomaly ex-

cept that in zero magnetic field the resistivity minima are
located somewhere between 3 and 4 K. The minima ob-
viously shift to higher temperatures beyond 4.2 K when a
magnetic field is applied. The resistivity versus tempera-
ture for a 150-A film in 0 and 20 kG fields are shown in

Fig. 8. The thermal energy needed to liberate a localized
electron seems to increase slightly when a magnetic field

is applied perpendicular to a thin film.

V. CGNCI. USION

It is concluded, based on the experimental results (Sec.
IV) and the calculations (Sec. III), that bismuth thin films
preserve reasonably well an energy-band structure similar
to that in the .bulk crystal. The band parameters do not
vary appreciably in thin 61ms with the decreasing thick-
ness. An extreme quantum size e6ect can be observed in
films of thickness below 500 A. No semimetallic-
semiconducting state transition has been observed. ' It
is inappropriate, therefore, to apply the boundary condi-
tion of vanishing wave function in the study of the size
quantizations in bismuth thin films. With the application
of the vanishing gradient boundary condition, the quan-
tum size effect makes it possible to divide the bismuth
thin Qms into a "thicker" group in which the charge car-
riers perform three-dimensional motion and a "thinner"
group of two-dimensional motion. Experimental study
has observed the division of the two groups from a thick-
ness of about 250 A.
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