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The Harris criterion is generalized to determine the relevance at bulk criticality (in the scaling
theory sense) of a random ordering Seld acting at a surface only. For surface critical behavior of
the three-dimensional Ising model the criterion predicts the random 6eld to be irrelevant for the
ordinary transition, and relevant for the surface-bulk multicritical point. Monte Carlo results for
the ordinary transition verify the prediction. Moreover, surface critical behavior near substrates
chemically altered in part, as used in a series of experiments by Franck and co-workers, is in the
universality class mentioned abave, and the value of P~ found in a random surface experiment
[D. J. Durian and C. Franck, Phys. Rev. Lett. 59, 555 (1987)] agrees with the scahng prediction.

INTRODUCE iON

Magnetic systems in the presence of a random field
have been studied rather extensively in recent years, both
theoretically and experimentally. In this paper we address
a related problem, namely, a three-dimensional Ising
model with a random 6eld acting only at its surface. In
studying this problem we are motivated by a series of re-
cent experiments on wetting and critical adsorption of
binary mixtures on chemically tunable substrates. 'z

In the experiment directly relevant for our discussion,
Durian and Franck consider a binary mixture of a polar
liquid (nitromethane) and a nonpolar liquid (carbon
disulfide) in the two-phase region below the critical mix-
ing temperature. They measured the wetting tempera-
ture of this mixture, using a series of substrates (borosili-
cate glass) with polarities varied chemically (decreasing
with degree of silylation). The phase relatively richer in
the polar component completely wets the clean substrate.
By decreasing the polarity of the surface, and thereby de-
creasing the preference of the wall for the wetting phase,
the wetting temperature is driven up continuously to the
bulk critical-mixing temperature. Close to this tempera-
ture, measurement of the contact angle as a function of
temperature allowed Durian and Franck to obtain an esti-
mate of the critical exponent pt-it, where pt and p are the
exponents of the surface-order parameter (ttt )) and sur-
face tension, respectively. Actually, the exponent P~ in
this experiment describes the surface-order parameter in
the presence of a random-ordering field of vanishing aver-
age strength acting at the surface only. The experimental
estimate of the exponent agrees with experimental and
theoretical values45 for systems in the Ising universality
class without a surface-ordering field, indicating that the
random surface field is irrelevant in the scaling theory
sense. In this paper we address the question of relevance
of the random surface field for the three-dimensional Ising
model. First, a simple argument shows that indeed sur-

face randomness is irrelevant for the case of the ordinary
transition in the three-dimensional Ising model. Second,
Monte Carlo results are presented which support this pre-
diction.

MODKI. AND METHOD

The critical behavior of the binary mixture mentioned
above is in the universality class of the three-dimensional
Ising model. Partial chemical alteration of the substrate
is modeled by a quenched random surface 6eld. We con-
sider a finite system of n xn xttt sites i (x,y,z), where x,
y, and z are integers with 1 ~x ~ n, 1 ~y ~tt, and
l~z~m. There are two surfaces, one at z 1 and the
other at z m. All sites that are not on the surface will be
referred to as bulk sites. The system is chosen to have
periodic boundary conditions in the x and y directions.

The Hamiltonian H in units kT is given by

H K s;sj+K, s;st+hah;s; . (1)
ij) tj) i

Here, the first and second summations are over all
nearest-neighbor pairs of sites (i,j ) such that in the first
sum at least one of the sites is in the bulk and in the
second sum both are on a surface. The third sum is over
single sites at the surface. In Eq. (1) K and K, are the
nearest-neighbor bulk and surface couphng constants.
The random field h; assumes values +h, and -h, un-
correlated from site to site; the field sums to zero on each
surface. All our calculations were performed at K

0.2217, the bulk critical coupling, and K, K/2. The
strength of the random field, h„was varied between zero
and twice the bulk coupling K.

The spin-spin correlation function g(r ) for two spina on
the same surface at distance r is defined as

g(r) -«sts, &
—

&s;&&s,»„,
where ( & indicates a thermal average, and (.
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g(r)-b "'g(r/b), (3)

stands for the average over the random surface field. Ac-
cording to finite-size scaling, at bulk criticality the corre-
lation function satisfies the following scaling relation:

TABLE 1. Surface correlations g(h, ) as a function of ran-

dom field strength (expressed in units of the surface coupling

K, ) for various system sizes n T. he estimated standard errors in

the last digits are given in parentheses.

where b is an arbitrary length rescaling factor, and x, is
the critical dimension of surface magnetization. The ex-
ponent x, is related to Pi, the exponent describing the
spontaneous surface magnetization via Pt x,v. Note
that under rescaling, a nonzero average surface field h, re-
scales to b 'h„, where x,+y, d' for a surface dimen-
sionality d'. In particular, it follows from Eq. (3) that

g(n/2) -n (4)

6
8

10
12
16

g(0)

o.o429(is)
O.Oi384(74)
0.00693(39)
0.0038(8)
o.oo27(3)
0.00117(22)

g(2)

0.02SS(12)
o.oo7o(i 2)
0.0035 (S)
o.oo is(s)
o.ooi 2(4)
0.00063(13)

g(4)

o.oo7s(i4)
0.0017(4)
0.00092 (32)
o.ooos3(is)

4 ~ ~

0.00018(13)

This relation was used (following Ref. 7) in the estimation
of the surface magnetic critical exponent x, from the
Monte Carlo data for the surface correlations at criticality
as a function of system size n In o.ur calculations, pairs of
surface spina separated by a displacement n/2 along the x
axis, the y axis, or diagonally, were included with equal
weights in g(n/2)

When is the exponent x, in Eq. (3) the same as the cor-
responding exponent xrr, for the Ising model with a free
surface'? Following Andelman and Berker ' we derive
how a random field of strength h, rescales under a renor-
malization transformation with a spatial change of scale
b. First, the field, varying randomly over the spina in a
Kadanoff block at the surface, is replaced by a field of
strength b" ~2 uniform on the surface of the block. Then,
relying on the local nature of the renormalization trans-
formation, this field rescales for single blocks as a uniform

surface field with scaling index y~„i.e., by a factor b
For small random fields the net effect of these two changes
is multiplicative, so that we expect the strength h, of the

)aI -~'~2
random field to rescale to b ' h, . As a consequence,
the random field is relevant (i.e., grows under renormal-
ization) if yH, =d'/2, and vv. For the ordinary transition
of the Ising model4 s one has y~, =0.75, so that the ran-
dom surface field is expected to be irrelevant in this case,
as implied by Durian and Franck's experiments and cor-
roborated by our Monte Carlo calculations. We also note
that for the special surface transition (i.e., the surface-
bulk multicritical point), for which yyg, =1.72& d'/2,
the random field is expected to be relevant. A formulation
analogous to the original Harris criterion is to restate the
above result as follows: If yii, the exponent governing the
behavior of the susceptibility of the surface layer associat-
ed with a surface field, is positive, then the random field is
relevant, and vv. This follows immediately, since 7ii
-(2yH, —d') v.

some of the calculations the surface spins were sampled
preferentially, at a rate of ten times the bulk spins. The
average over the random field involved of the order of ten
independent realizations. We extracted critical exponents
from the correlation function data (see Table I) by doing
least-squares fits of log g vs log n. A separate fit was made
for the zero-field case; the data for systems with different,
nonzero random field were fitted with a single exponent.
Depending on system sizes considered, the results and es-
timated standard errors are (1) y~, 0.705+'0.026 andy„0.585+ 0.040 in the range 4 «n = 16; (2) yH,

0.787 ~ 0.026 and y, 0.773+ 0.045 in the range 6 «n
«16; and (3) yH 0.787+'0.048 andy, 0.763~0.074
in the range 8 «n «16. First, these results seem to indi-
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To check the irrelevance of the random surface field we
performed a standard Monte Carlo calculation. Typical-
ly, 100000 fiips per spin were done for systems of n by n

by 2n lattice sites. Following Binder and Landau, in
FIG. 1. Log-log plot of the two-spin correlation function at

half system size ~ith standard errors.
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cate, as illustrated by Fig. 1, that within the statistical er-
ror all our system sizes except n 4 are in the asymptotic
finite-size-scaling regime. Second, within our resolution
the random 6eld is indeed irrelevant as predicted. Finally,
using all our data to estimate yH, y„we Snd

yH 0.78+ 0.02, in the range 6~n~16 in agreement
with a previous Monte Carlo result ylr 0.76+'0.03,
and the e-expansion estimate 0.75+ 0.02.

Note added. The work of Ref. 10, regarding the order
of the wetting transition in the presence of surface ran-
domness, is relevant for the experiment.

One of us (K.K.M.) is grateful for support by the Ad-
vanced Computational Methods Center. Another of us
(M.P.N. ) gratefully acknowledges the hospitality of the
Center for Simulational Physics and support of this work

by the National Science Foundation under Contract No.
DMR-84-06186. It is a pleasure to thank Douglas Duri-
an, Carl Franck, and David Landau for stimulating dis-
cussions. Part of this work was done at the Aspen Center
for Physics.

'J. A. Dixon, M, Schlossman, X.-l. %u, and C. Franck, Phys.
Rev. B 31, 1509 (1985); K. Abeysuriya, X.-L Wu, and
C. Frauck, ibid 35, 67. 71 (1987).

D. J. Durian and C. Franck, Phys. Rev. Lett. 59, 555 (1987).
3L. Sigl and W. Fenzl, Phys. Rev. Lett. 57, 2191 (1986).
4K. Binder and D. P. Landau, Phys. Rev. Lett. N„318(1984).
H. %. Diehl, in Phase Transitions and Critical Phenomena,

edited by C. Domb and J. L Lebowitz (Academic„New
York, 1987), Vol. 10.

sM. George and J. J. Rehr (unpublished); R. B. Pearsou, J. L.
Richardson, and D. Toussaint, as referred to in J. E, Hirsch

aud D. J. Scalapino, Phys. Today 36 (No. 5), 52 (1983); G.
S. Parley, R. H. Swendsen, D. J. Wallace, and
K. G. Wilson, Phys. Rev. B 29, 4030 (1984).
M. P. Nightingale and H. W. J. Blote (unpublished).

sD. Andelman and A. N. Berker, Phys. Rev. B 29, 2631 (1984).
9A. B. Harris, J. Phys. C 7, 1671 (1974); also see A. Aharony,

Phys. Rev. B 12, 103& (1975); W. Kinzel and E. Domany,
ibid 23, 342. 1 (1981).

~06. Forgacs, H. Orland, and M. Schick, Phys. Rev. 8 32, 4683
(1985).


