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KIFect of disorder on the resonating-valence-bond model of high-temperature
superconductivity: Relationship to experiments
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Nonmagnetic disorder is sho~n to be pair breaking in the resonating-valence-bond model which

has been proposed as a theoretical description of the recently discovered high-temperature super-

conductors. Vfe calculate its eHcct on the supercondgcting transition temperature T, and on the
excitation gap in the superconducting density of states. %e also include a discussion of the large
number of recent experiments investigating suppression of T, and discuss the relevance of the
present calculation to these experiments.
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The recent discovery of high-temperature superconduc-
tors with transition temperatures in the 90 K range (the
Y)Ba2Cu307- series) and also in the 40 K range [the
(Lat-, (Ba,Srf, )qCuOq-„series] has provoked an in-
tense experimental effort to elucidate their properties.
Several theoretical models' have been proposed as start-
ing points for describing the superconductivity in these
materials based on pairing mechanisms that do not in-
clude the conventional electron-phonon coupling of stan-
dard Bardeen-Cooper-Schrieffer (BCS) theory. The need
to consider exotic pairing mechanisms is motivated by the
very high transition temperatures in these materials and

by the very weak isotope effect associated with the oxygen
atoms. In this paper, we will concentrate on several
closely related theoretical models which are based on a
pairing mechanism that is magnetic in origin and can be
loosely described as being mediated by the superexchange
interaction between neighboring electrons.

We use the name resonating valence bond (RVB) mod-
el ' for this group of theoretical models because of the pro-
posal that under certain conditions, i.e., where frustration
might inhibit the establishment of long-range antiferro-
magnetic order, the normal state described by these mod-
els consists of a superposition of singlet bonds resonating
between different sites. '

This group of theoretical models is based on the Hub-
bard Hamiltonian and all lead to superconducting order
parameters which are momentum dependent and some of
which can be anisotropic on the Fermi surface. Therefore,
an obvious issue to explore is the extent to which nonmag-
netic disorder is pair breaking in these models and to ex-
amine the possibility of how this could explain the obser-
vation of T, suppression in the experimental investigations
mentioned above.

This paper examines this issued by examining the na-
ture of pair breaking as a result of nonmagnetic disorder
in the RVB model with a calculation of the effect of disor-
der on T, and on the excitation gap in the superconduct-
ing density of states. Then we present an overview of the
large number of experiments investigating variations in
T,. These experimental studies can be divided into three
groups, those investigating the role of oxygen content on

the superconducting properties, those investigating the
effect of substitutions for Cu on superconductivity, and
the influence of fast neutron irradiation on the materials.
We list the explanations that have been put forward to ac-
count for the results of these experiments and indicate
those features that are relevant to the pair breaking mech-
anism proposed in this paper.

H. THEORY

A. Reviews of the RVS mcxlel

The Hubbard model in the nearly-half-filled limit has
been proposed as a starting point to describe the new

high-T, materials, this choice being motivated by the very
high normal-state resistivities pN of the materials just
above T, indicating that they are close to a metal-
insulator transition.

Stronger motivation for considering a strongly correlat-
ed model follows from a comparison of the experimental
Hall coefllcients and thermogower with expectations from
band-structure calculations. The latter give a half-filled
electron band for La2Cu04 which would give Hall
coeflicients and thermopowers corresponding to negative
carriers; experiment gives positive carriers with vanishing
inverse Hall coefficients at half filling. As there appears
to be no gap opening transition giving this behavior, the
more likely origin is a Mott-Hubbard metal-insulator
transition at half filling.

The Hubbard Hamiltonian is given by

H r(c;)cjs+—H.c.)+U+n; tn; t
Oj,b' i

where r is the intersite hopping matrix element, U is the
intrasite Coulomb repulsion, and c;II creates a charge car-
rier on site i The sum. over (ij) is over nearest neighbors.

The intrasite Coulomb repulsion is believed to be large
in these materials and, therefore, to proceed further with
Eq. (I) the constraint of no double occupancy on site i is
imposed. This is done by performing a canonical transfor-
mation on H yielding an effective Hamiltonian that
operates on the space of nondoubly occupied sites. ' A
new quasiparticle operator is introduced, denoted by f;s,
related to the original c;s by c;s b;~fg where b; is a boson
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operator that enforces the single occupancy constraint via

/sf Py+6;tb; 1. Performing a Hartree-Fock factoriza-
tion'2 yields an effective Hamiltonian that we work with

from now on:

The superconducting order parameter is defined as

Jd r(k) Ag+ A, (4)

H gg(k)fJ@js—Jgr(k)(h f ktf-k)+H.c.) .

Equation (2) describes a system of interacting quasi-
particles fks with normal-state quasiparticle energy g(k)

t'ai—(k) —p where r(k) 2[cos(k„a)+cos(k~a)].
tt is the chemical potential of the system determined by b,
which defines the deviation of each site i in the original
Hubbard model from unity where we are using the mean-
field identification of Ip; 8't. Thus, b is given by
(n;) gq(fJJ;s) 1 —8. The ft,s quasiparticles which ex-
ist in an energy band of width 8tb experience an attractive
interaction J 4t2/U between the time reversed states

f t, ~
and fk~. Thus, the Hamiltonian described by Eq.

(2) has a superconducting instability built into it. It
should be noted that the attractive pairing interaction J
exists over the full bandwidth Stb. A contribution from
pair hopping can also be including in Eq. (2), leading to a
term in the pairing interaction which is dependent on b.
This does not alter the basic conclusions of this calcula-
tion.

Before discussing the superconducting state, the nature
of the normal state particularly at b 0 is worth discuss-
ing. At b 0 the bandwidth shrinks to zero and the sys-
tem is that of a set of localized spins interacting via J.
The detailed nature of the ground state is not completely
clear. On a two-dimensional square lattice the possibility
of long-range antiferromagnetic order exists in the origi-
nal Hubbard modeL" With frustration, however, Ander-
son has proposed a state of singlet bonds resonating be-
tween sites, the resonant valence bond (RVB) state. ' The
excitations of this system would be spin fiuctuations whose
detailed character has not been completely worked out. '

However, it is claimed that they would give rise to a linear
term in the specific-heat capacity which appears to be seen
experimentally.

The density of states of the two-dimensional system in
the normal state described by Eq. (2) is obtained from
N„(s) /kb [a &(k)]—yielding

where A —Jttdgbt and A —Jd/bt denotes the slope of
the order parameter with respect to energy g(k). The en-
ergy dependence of the RVB order parameter produces a
more complex T, equation than the BCS theory and is the
origin of pair breaking due to nonmagnetic disorder. The
chemical potential p is derived from the filling condition
(n;) gk, s(f sfs) which yields

p4t8- y

AN„(g) tanh
C

The RVB theory predicts a nonzero T, J/4 at b 0
where the system should be insulating and should there-
fore display no superconductivity. Fluctuations around
the mean-field solution described above may cause T, to
drop to zero continuously as b approaches zero. A more
sophisticated development of the RVB theory' describes
it in terms of a local U(1) gauge symmetry which, upon
doping away from half filling, may be broken by a super-
conducting transition at a temperature proportional to b.
An alternative hypothesis'~ indicates that at 8 0 antifer-
romagnetic long-range order develops and is favored over
superconductivity driving T, to zero at b 0. Another ap-
proach, 's starting with the RVB Hamiltonian, involves
the use of coherent-potential-approximation (CPA) to
evaluate the particle-particle kernel in the T, equation
and leads to T, which is zero for sufficiently small carrier
density. The key idea of the present calculation of disor-
der effects lies in the g(k) dependence of the order param-
eter and this general feature is not dependent on any par-
ticular resolution of the b 0 issue.

8. KI'eet of disorder oe IIIyerconductivity
in the RVS model

In the presence of disorder, the superconducting order
parameter is defined by the ansatz

N„(s)-, SC(y), (3)
2z Bt

where y 1 —~(s+p)/(4bt)
~

and K(y) is the com-
plete elliptic integral.

Away from the half-filled case we can investigate the
superconductivity indicated by Eq. (2) by diagonalizing
the Hamiltonian to yield

0- g E(k)yf. yk.
e 0 l,k

where

E(k) - [&'(k)+J'b, 'r'(k) 1 't',
and where T, is obtained from

a- Xr(k)(f s)Ik() /4 . -
, k

which provides a consistent way to calculate the effect of
disorder on the order parameter. The quasiparticle fre-
quency m„ is'also renormalized. The effect of disorder is
calculated in the self-consistent Born approximation
where the disorder is modeled by a scattering potential V,
which is assumed constant in momentum space. '

In order to obtain some insight into the effects of pair
breaking, we examine the region away from half SHing
approximately, replacing the normal-state density of
states by its value at the chemical potential and tem-
porarily extending the bandwidth from minus to plus
infinity. More exact numerical results will be presented
shortly. For the moment, this gives a crude idea of the
effects of disorder on the superconducting density of states
N, (t0). The coupled self-consistent equations for co„,
where co„(2n+1)Ttt is the quasiparticle frequency, and
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O OO
Npg

r3„ to„+V N„(tt) d
m, +(2+ (A(+A) 2

and

A A+V N„(tt) dg
t0, +(2+ (A/+A) 2

Equations (7) and (8) can be rewritten as

+ 1 A'
2r& 1+A [tu (1+A )+A ]'~

(9)

where I/2r trV2N„(tt). Thus, in the case of a constant
order parameter (in this case this would mean A 0), the
pair-breaking effect indicated by Eq. (9) is zero as expect-
ed from Anderson's theorem. Note also that as 6 ap-
proaches zero the pair breaking effect in Eq. (9) also
disappears. Finally, it is worth noticing that as b 0,

I

N„(I4) diverges and a full T matrix approach for treating
the scattering due to disorder is required.

In the absence of disorder, the superconducting density
of states is

N, (e2) N„(tt)Re ,&
, (10)

~2 1+A 2 A2 I/2

where A pA. Thus, Eq. (10) imphes an excitation gap
given by As,s [ pA ~/(1+A ) 't in the absence of disor-
der. When disorder is present, Eq. (9) shows that the ex-
citation gap is reduced according to the usual pair break-
ing form familiar from magnetic scattering 's'7 as

1 2/3 3/2
At 1 A1—

2rA (1+A')

Note that as was stated earlier, pair breaking effects in

the density of states vanish as 4 0.
Even though pair breaking effects on N, ( ot) vanish as

0, the T, equation is modified by pair breaking due to
the structure of the equation itself which is given by

llT ~4~&-~ N. (t ) tg2J/at -At /~-g(A/~-S~/at)]
48f -4~b-e 2+ g2

(i2)

As was noted earlier from Eq. (9) at T„m~/A &/A.
Thus, using this fact and replacing to„by to„+I/2r yields
8 Tg qgst1011

where

1 1

t s (m„+I/2r) +$2

which can be summed to give

i(Y- —I'+)
S)

2t gT, a'
(IS)

1 1

t' n to„[(to,+I/2r)2+(2]

which can be summed to give

I/2z(Y+ —Y ) -ig(Y4. +Y )+2i(%'-,'

2t 2~gT, [(l/2r) 2+F2]

where

Y -e[-,'+I/(2~T, )(I/2r —g)]
and where

Y+-~[-,'+I/(2~T, )(I/2r+g)] .

In the small b limit, the term in Eq. (13) that contrib-

i- '„AN„(g)[t 2(S,+SQ2r)4b"
+t4$(2si+S2/2v)+g Si], (13)

I

utes most is

1
2 dg2N„(g)si, (i8)

48
which yields

1 ma
g(Y Y+)—

19
(4,bt) " 2tr

where the density of states N„(g) has been approximated
by I/(8tb). Equation (19) can be examined analytically
in the small scattering limit I2/r«T„a dnalso using

g « T,. Expanding the digamma function yields'

be 1.0+8.85(tb/J) 2

Teo zJ (20)

To go beyond the small 8 limit and for larger values of
I/2r Eq. (13) must be solved numerically in conjunction
with Eq. (5) for p. Disorder can be incorporated into tt
by replacing tanh(g/2T) by (Y+ —Y-)/(vari). However,
this results in negligible changes in the results. T, curves
for J/4 0.2 and 0.3, and I/(2tr) 0, 0.02, 0.1 are shown
in Fig. l. At b close to 0, Eq. (20) is a good approxima-
tion for the effect of disorder for I/2r values, measured in
units of t, even as large as 0.1.

The inclusion of the recently proposed d-wave solution
for the order parameter in the RVB theory' produces
qualitatively similar results with changes in the numerical
coefllcients in Eq. (20), and a less rapid suppression with
increasing b. 's However, the inclusion of pair hopping
reverses the stability of the extended s- and d-wave states
for low b leading us back to the same qualitative con-
clusions discussed above.

A group theoretical classification of possible super-
conducting order parameters in the case of orthorhombic
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observed reductions in the transition temperature which
may be partly explained by a pair-breaking mechanism.
These experiments can be divided into three groups, those
involving substitutions for Cu in both (Lat-„(Sr,Ba), )2-
Cu04 —~ and Y~Ba2Cu307 ~, irradiation by fast neutrons
and variations in oxygen content y.

O.I8

0.06

0.0 03

FIG. 1. T, vs b for several values of J/4 and I/2zt. Curves
A, 8, and C correspond to J/4 0.3 and I/2zt 0.0, 0.02, 0.1,
respectively. Curves D, E, and F correspond to J/4 0.2 aud
1/2zt 0.0, 0.02, 0.1, respectively. In the inset T, is shown as a
function of oxygen content y in Y&8$2Cu307 —y calculated from
Eq. (13) with J/4 0.5 and I/2zpt 1.0, and 1.25 in curves G
and H, respectively.

m. RELATIONSHIP To KXPKRIM& NTS

Several experimental studies examining variations in
superconductivity in the new high-T, materials have also

symmetry concludes that extended s-wave and d-wave
states occur within the same representation of the point
group D2t, for this symmetry. This would result in mixing
between extended s- and d-wave-type order parameters
and, thus, both types of order parameters would need to
be considered in a more complete calculation of pair-
breaking effects.

The calculation has up to now only considered nonmag-
netic disorder. An obvious issue in light of some of the ex-
periments which we will discuss next is the effect of pair-
breaking from magnetic impurities. In the small b limit,
T, is determined mainly by Eq. (18), which, as can be
seen, depends only on ut„+ I/2z. Therefore, the effect of
magnetic pair breaking will be additive in this limit with
1/2z being replaced by I/2z+I/2zm~«, , At larger
values of b the other terms in Eq. (13) make a contribu-
tion in the calculation of T, but the observation that the
magnetic pair breaking adds linearly to 1/2z should be a
good approximation still.

A. Results for T, suppression: Comparison
vviih Co substitution experiments

A quantitative link between reductions in T, and the
predictions of the present theory can be established by us-
ing Eq. (20). As can be seen from Fig. 1, this provides a
good estimate of the extent of T, suppression due to disor-
der over a wide range of values of 1/2z at small b. From
Eq. (20), the transition temperature will be reduced to
half of its original value T,g, when the mean-free path for
scattering from disorder I upz decreases to half the su-
perconducting coherence length (0 vt;/T, o. Estimates
for $0 for Yt Ba2Cu307-~ in particular have been obtained
from an analysis of upper critical-field measurements,
yielding a value of (0 of between 7 and 34 A, 2' for super-
conductivity perpendicular to and parallel to the basal
plane, respectively. For the present discussion, we use the
value 20 A as an approximate guide for fu for both the
(La~ „(Ba,Sr), )2Cu04-„and Y~Ba2Cu307-y supercon-
ductors. Anisotropy of the superconductivity in the basal
plane relative to the c axis of Y~Ba2Cu307 ~ is an in-
teresting complication which we have not yet incorporated
in the present pair-breaking mechanism but which will not
affect the present discussion.

Using a simple Drude expression for the resistivity in
the normal state just above T„pN (3tz/2)h/[(ekt;)2l]
and estimating kt; from k)/3tt2 tt where n is the carrier
concentration, which from Hall coeflicient measurements
has been estimated as approximately 10 ' cm 3, we see
that an increase in p~ due to disorder of 1000 poem
would correspond to a value for I of 10 A approximately.
Therefore, the observation of an increase in pN of 1000
ttocm should coincide with an approximate reduction in
T, from 40 to 20 K in the case of La2-,Sr,Cu04 ~ or
from 90 to 45 K in YtBa2Cu3Q7 —~. Approximate values
for ptv are obtained from estimates of the resistivities just
about T, . This estimate for the suppression of T, is in
reasonable agreement with Cu substitution experiments
on (Lat-, (Ba,Sr), )2Cu04 ~, where in substituting Ni
for Cu, an increase in ptv from approximately 200 to 700
pOcm is accompanied by a decrease in T, from 39.3 to
22.6 K.23 Similarly, in substituting Zn for Cu, an in-
crease of ptv from 200 to 1000 p 0 cm is accompanied by a
decrease in T, from 39.3 to 15 K.23 In substituting Ni for
Cu in Y~Ba2Cu307 „, T, drops from 90 to 50 K with an
accompanying rise in p~ from 1000 to 2000 pAcm ap-
proximately. While the agreement between the present
theory and the experiments is only approximate, it is evi-
dent that a semiquantitative explanation of some of the
observed reductions in T, is within the scope of the
present pair breaking mechanism.

One further indication that a nonmagnetic pair-
breaking mechanism is the source of the observed T,
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reduction arises in the Cu substitution experiments where
nonmagnetic Zn produces a more rapid decline in T, than
Ni which normally does have a magnetic moment. 2

This has been linked to the observation that while
LaqZn04 exists, it does so with a structure different to
La2NiOq, hinting that the source of the T; suppression
has its origin in disorder that may accompany lattice dis-
tortion. It has been observed that lattice distortion does
indeed accompany T, reduction in these experiments, as
measured by a decreasing e/a ratio and changes in unit
cell volume. However, it should be noted that possible
long-range strain fields introduced by strong distortion of
the lattice may not be linear in the impurity concentration
and, thus, may not be realistically treated within the
present simplified model. An orthorhombic-to-tetragonal
lattice transition is also observed when substituting Fe,
Co, Ni, and Ga in the 90 K materials. 2s Substituting both
Zn and Ni for Cu does eventually appear to induce a mag-
netic moment in the samples, as deduced from suscepti-
bility measurements; however, these moments do not ap-
pear to be detectable in the samples until the supercon-
ductivity is almost completely destroyed.

8. KNeei of fast nell@on irradiation on T,

Another group of experiments makes use of irradiation
by fast neutrons to study variations in T,. This should
provide the cleanest method to study the effect of disorder
on T„ in conjunction with the predictions of the present
theory, since other complications such as changes in car-
rier concentration or magnetic moments would not be in-
duced in the samples. In these experiments, it is observed
that T, decreases hnearly with increasing neutron fiux,
and hence increasing disorder, from 90 to 65 K in
HoiBa2Cu307 and from 40 to 0 K in Lag-, Sr Cu04. 27

For irradiation on Y~Ba2Cu307-„at a lower temperature
the reduction in T, is less pronounced, going from 90 to 86
K.2s It would be interesting to accompany irradiation by
neutrons with measurements of p~ in order to test the pro-
posed pair-breaking mechanism further.

C. KSect of oxygen depletioII

and oxggen oI'4Ã&soFdol' on Tg

The influence of variations in oxygen content on the su-
perconducting properties of YiBa2Cu307 —i, and 0-a~ —,-
(Sr,Ba),j2Cu04-„has been the subject of a large number
of experiments. 3 In YiBa2Cu307 „, it is experimen-
tally observed that as y increases from 0 to 1, T, drops
from 90 K to less than 20 K. ' The rate at which T, de-
creases depends on the way in which the oxygen content is
varied, with experiments involving gettering with Zr ob-
serving a saturation of T, at about 60 K for y between 0.2
and 0.4,2 while studies using samples produced by
quenching see a steady decrease. All these studies indi-
cate a lattice structural transition from orthorhombic-to-
tetragonal symmetry at approximately y greater than 0.5,
accompanied by an increase in the Hall coeScient.
Furthermore, as the oxygen content is decreased the resis-
tivity p~ increases in the case of Y~Ba2Cu30q „jumping

from 0.5 mQ cm where T, is 90 K to 9.0 mQ cm when T,
has dropped to about 25 K.29

The removal of oxygen from YiBa2Cu307 ~ creates
randomly distributed oxygen vacancies along the one-
dimensional Cu-Ol chains. In the vicinity of the
orthorhombic-to-tetragonal lattice transition in this ma-
terial, when y increases beyond 0.5, both of the oxygen
sites in the basal plane become equally occupied. The dis-
order introduced by the random configuration of oxygen
vacancies would play a role in suppressing T, via a pair
breaking mechanism of the kind discussed in the present
calculation.

Denoting the scattering rate due to the disorder intro-
duced by each oxygen vacancy by 1/ro, I/r, appearing in

Eq. (13) for T, will be y/ro where y, denoting the degree
of oxygen depletion, is a measure of the number of
scattering centers. The filling parameter b appearing in
the present theory can be related to y by denoting the for-
mal charge state of Cu as 2+6 and equating the net
charge to zero in each unit of Y~Ba2Cu307 ~ via
3+4+3(2+b) -2(7-y) 0. Thus, b (1 —2y)/3.
Substituting this expression for b and the previous
definition of 1/r into Eq. (13), the dependence of T, on y
can be calculated within the present pair-breaking mecha-
nism for various values of J and 1/ro. For J/4 0.5 and
1/ro 1.0 and 1.25 the results are shown in the inset of
Fig. 1. T, decreases monotomcally as y, and hence, 1/z
increases. The rate of suppression of T', increases
markedly as y approaches 0.5. At lower values of y, there
is a competition between the decline in T, with decreasing

y, and hence, increasing b, in the present RVB theory and
the disappearance of pair breaking as y approaches 0.
This leads to the observed saturation near y 0. For a
sufficiently small value of 1/ro, which we have not shown,
T', can have abroad maximum betweeny 0 andy 0.5.
As can be seen from the inset of Fig. 1, the decrease of T',

with increasing y is quite similar to the results of the
quenching experiments.

In analyzing the data on T, suppression with increasing
oxygen depletion, it does not seem possible to use the mea-
sured resistivities above T, as an estimate for the strength
of pair breaking as was done when we discussed the Cu
substitution experiment earlier. The measured increases
in resistivities in the oxygen-depletion experiments prob-
ably refiect intergrain effects with variations in oxygen.
This could explain the relatively small decreases in T,
coinciding with large jumps in the sample resistivities
above T,. Thus, the large and, in some instances, non-
monotonic changes in resistivity with increasing y prob-
ably do not directly refiect intragrain changes and are
thus not directly related to the superconductivity in the
samples.

D. Alteraative explanations of T, sllyyression

Several alternative hypotheses have been put forward to
account for the observed T, reduction in the oxygen-
depletion experiments. These include changes in the car-
rier density, causing the Fermi level to move away from a
peak in the density of states, and decreases in the densi-

ty of states at the Fermi energy due to the removal of en-
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ergy bands from the vicinity of the Fermi energy as oxy-

gen is removed from the one-dimensional Cu-Ol chains.
In conclusion, it is worth remembering that two issues ap-
pear to be operative in the oxygen-depletion experiments,
one concerning the average oxygen content and the other
concerning the degree of disorder of oxygen vacancies in

the basal plane. It is the latter issue which is most
relevant to the T, reduction mechanism being proposed in

this calculation.

K. Summary

To summarize, the experimental investigations of T,
suppression involve introducing disorder into the materi-
als. This can be associated with the random positions of
the oxygen vacancies in the Cu-O chains in the oxygen-
depletion experiments, with lattice distortions and volume
changes in the unit cell on substituting for Cu and 6nally
with neutron irradiation experiments serving as a "pure"
method of introducing disorder. The observed reductions
in T, can be then interpreted both qualitatively and semi-
quantitatively in terms of pair breaking due to this exter-
nally induced nonmagnetic disorder.

IV. CONCLUSION

We have carried out a calculation of the suppression of
T, due to pair breaking by nonmagnetic disorder in the
resonating valence bond model. The origin of the pair
breaking traces itself to the energy dependence of the or-
der parameter over the energy band of width 8tb where

the pairing takes place. Furthermore, we have indicated
how the excitation gap in the density of states N, (ro) is
suppressed. The disorder is modeled by a simple scatter-
ing potential and the suppression of T, calculated within a
self-consistent Born approximation is linear in disorder.

The relationship of the large number of experiments on
T, variation to the present work has also been discussed
and while some of these experiments introduce other com-
plications such as changes in carrier concentration, densi-

ty of states changes and magnetic moments, lattice disor-
der can be invoked as part of the explanation of the re-
sults.

In conclusion, it is possible that the observation of T,
suppression with disorder is a strong indicator that the
new high-temperature superconductors possess an aniso-
tropic and/or energy dependent order parameter and that
these experiments could be interpreted as possible evi-
dence for the RVB model.

ACKNO%'LKIXlMENTS

We would like to acknowledge useful discussions with
C. Jayaprakash and D. Stroud and we thank J. W. Wil-
kins in particular for a conversation concerning the small
b limit. One of us (L.C.) would like to acknowledge sup-
port from the Department of Physics at Ohio State Uni-
versity and General Motors. D.L.C. would like to ac-
knowledge the support of an Ohio State University Seed
Grant in the Department of Physics as well as support
from the United States Department of Energy Grant No.
DE-FG02-87ER45326. AOOO.

'G. Baskaran, Z. Zou, and P. %. Anderson, Solid State Com-
mun. 63, 973 (1987).

A. E. Ruckenstein, P. J. Hirschfeld, and J. Appel, Phys. Rev. B
36, 857 (1987).

S. A. Kivelson, D. S. Rokhsar, and J. P. Sethna, Phys. Rev. B
35, 8865 (1987).

4V. J. Emery, Phys. Rev. Lett. 5$, 2794 (1987).
sJ. E. Hirsch, Phys. Rev. Lett. 59, 228 (1987);Phys. Rev. 8 35,

8726 (1987).
sC. Gros, R. Joynt, and T. M. Rice (unpublished).
~L. C. Bourne, A. Zettl, T. %'. Barbee III, and M. L. Cohen,

Phys. Rev. 8 36, 3990 (1987).
K. J. Leary, H. C. zur Loye, S. %. Keller, T. A. Faltens, W. K.

Ham, J. N. Michaels, and A. M. Stacy, Phys. Rev. Lett. 59,
1236 (1987).

sH. Fukuyama (unpubhshed); for Hall elect data, see N. P.
Ong, Z. Z. %ang, and J.Clayhold, in Novel Superconductivi-
ty, Proceedings of the International Workshop on Novel
Mechanisms of Superconductivity, Berkeley, 1987, edited by
S. A. Wolf and V. Kresin (Plenum, New York, 1987), p.
1061;see, also, Ref. 21.

'OC. Gros, R. Joynt, and T. M. Rice, Phys. Rev. B 36, 381
(1987).

t ~J. E. Hirsch, Phys. Rev. 8 31, 4403 (1985).
t2Z. Zou and P. W. Anderson, Phys. Rev. 8 3'7, 627 (1988).
'3G. Baskaran and P. %'. Anderson, Phys. Rev. B 37, 580

(1988).
' M. Inui, S. Doniach, P. J. Hirschfeld, and A. E. Ruckenstein,

Phys. Rev. 8 37, 2320 (1988).

'5H. Fukuyama, Y, Hasegawa, and K. Yosida, in Hovel Super-
conductivity, Proceedings of the International %orkshop on
Novel Mechanisms of Superconductivity, Berkeley, 1987,
edited by S. A. Wolf and V. Z. Kresin (Plenum, New York,
19&7), p. 407.

See, for example, K. Maki, in Superconductivity, edited by
R. D. Parks (Dekker, New York, 1969),Vol. 2, p. 1035.

t7Equation (11) is the largest value of the frequency to at which
Im[u(to„); „]is nonzero, where u(tg, ) is defined in Eq.
(9). This value of tn is identified as the gap in the density of
states. See, for example, U. Ambegaokar, and A. GriSn,
Phys. Rev. 137, A1151 (1965), Appendix A, p. 1166.

' L. CoN'ey and D. L. Cox, in Ref. 15, p. 577.
'sG. Kotliar, this issue, Phys. Rev. 8 37, 3664 (1988).
~oM. Sigrist and T. M. Rice (unpublished).
2'T. Worthington, %". J. Gallagher, and T. R. Dinger, Phys.

Rev. Lett. 59, 1160 (1987);60, 76(E) (1988).
N. P. Ong, Z. Z. %'ang, J. Clayhold, J. M. Tarascon, L. H.
Greene, and W. R. McKinnon, Phys. Rev. 8 35, 8807 (1987);
and (unpublished).
J. M. Tarascon, L. H. Greene, P. Barboux, %. R. McKinnon,
G. W. Hull, T. P. Orlando, K. A. Delin, S. Foner, and E. J.
McNi8; Jr., Phys. Rev. 8 36, 8393 (1987).

24J. M. Tarascon, P. Barboux, G. Bagely, L. H. Greene, %. R.
McKinnon, and G. W. Hull, in Chemistry of High
Temperature Superconductors, American Chemical Society
Symposium Series No. 351, edited by D. L. Nelson, M. S.
Wittingham, and T. F. George (American Chemical Society,
Washington, DC, 1987), p. 198.



3'7 EFFECT OF DISORDER ON THE RESONATING-VALENCE-. . . 3395

25S. B. Oseroff; D. C. Vier, J. F. Smyth, C. T. Sailing,

S. Schultz, Y. Dahchaogch, 8. %.Lee, M. 8. Maple, Z. Fisk,

J. D. Thompson, J. L. Smith, and E. Zirngiebl, Solid State
Commun. 64, 241 (1987).
Y. Maeno and T. Fujita, in Ref. 15„p. 1073.

27V. I. Vornin, 8. N. Goshchitskii, S. A. Davydov, A. E. Karkin,
V. L. Kozhevnikov, A. V. Mirmeshtein, V. D. Parkhornenko,

and S. M. Cheshnitskii, in Ref. 15, p. 875.
28J. R. Cost, J. O. Willis, J. D. Thompson, and D. E. Peterson,

Phys. Rev. B 37, 1563 (1988).
29R. J. Cava, B. Batlogg, C. H. Chen, E. A. Rietman, S. M.

Zahurak, and D. Werder, Phys. Rev. B 36, 5719 (1987).
30D. C. Johnston, A. J. Jacobsen, J. M. New&sam, J. T. Lewan-

dovrski, D. P. Goshorn, D. Xie, and %. 8. Yelon, in Chemis-
try of High Temp-erature Supereonduetors, edited by D. L
Nelson, M. S. VA'ttinghaxn, and J. F. George, American
Chemical Society Symposium Series No. 351 (American
Chemical Society, Washington, DC, 1987), p. 136.

3'A. J. Panson, A. I. Braginski, J. R. Gavaler, J. K. Hulm, M. A.
Janocko, H. C. Pohl, A. M. Stew&art, J. Talvacchio, and Q. R.
Wagner, Phys. Rev. B 35, 8774 (1987).

3~J. P. Golben, S. I. Lee, S. Y. Lee, Y. Song, J. %. Noh, X. D.
Chen, J. R. Gaines, and R. T. Tettenhorst, Phys. Rev. 8 M,
8705 (1987); S. 1. Lee, J. P. Golben, S. Y. Lee, X. D. Chen,
Y. Song, T. %'. Noh, R. D. McMichael, Y. Cao, J. Testa,
F. Zoo, J. R. Gaines, A. J. Epstein, D. L Cox, J. C. Garland,
T. R. Lemberger, R. Sooryaloimar, 8. R. Patton, and R. T.
Tettenhorst (unpublished).

33J. D. Jorgensen, 8. %. Veal, %. K. Kook, G. %. Crabtree,
A. Umezawa, L. J. Nowicki, and A. P. Paulikas, Phys. Rev. 8
36, 5731 (1987).

3~%'. Kang, G. Collin, M. Ribault, J. Friedel, D. Jerome, J. M.
Bassat, J.P. Coutures, and Ph. Odier (unpublished).

3~F. Herman, R. V. Kasowski, and %'. Y. Hsu, in Ref. 15, p.
521.


