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Characterization of multilayer rough surfaces by use of surface-plasmon spectroscopy
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Earlier attempts to characterize rough surfaces by means of surface-plasmon spectroscopy have
been unsuccessful [H. Raether, Surf. Sci. 125, 624 (1983)]. In the present paper we show that certain
assumptions in the theoretical model were inappropriate. Correcting these assumptions we are able
to obtain excellent agreement between predicted and experimental intensities of both specular and
diffuse scattering from a rough surface.

I. INTRODUCTION

In recent years, increasing attention has been focused
on the search for simple techniques capable of probing
the properties of surfaces. Particular emphasis has been
given to the use of optical methods for in situ and non-
destructive observation of the structure of interfaces and
thin films.

From a comparison of reAectivities of coated and un-
coated substrates, as in reQection spectroscopy, ' one can
obtain information about the thickness and optical pa-
rameters of the film. However, since this technique is
based on a discrimination between reAectivities, the
determination of very thin coating thicknesses in the
angstrom dimension scale can only be achieved with the
use of highly sophisticated diff'erential reflectance tech-
niques. '

Another approach that has been used extensively is e1-

lipsometry, which measures the changes introduced in
the polarization of light undergoing reflection from a
coated substrate. In this way, quantitative information
on the optical constants or thickness of the coating can
be obtained, and the technique is sensitive enough to
measure thicknesses down to angstrom dimensions.
Theoretical and experimental studies have also demon-
strated that ellipsometry can be combined with other
techniques, e.g., reflection spectroscopy, for the charac-
terization of surface roughness.

Although high precision can be achieved with the use
of this technique, the operation of a null ellipsometer usu-

ally requires a large number of manipulations to control
the combination of optical elements that sets the polar-
ization of the incident light to provide a linearly polar-
ized reAection. ' Electronically controlled ellipsometers,
as already in commercial use, overcome these diSculties,
but these instruments can become rather costly for cer-
tain applications.

A very simple optical technique that can accurately
characterize the structure and optiea1 parameters of sur-
faces and thin 61ms is surface-plasmon spectroscopy
(SPS}. It is based on measurements of dispersion and
damping of surface plasmons (SP's), which are elec-
tromagnetic modes that can propagate along the inter-
face between two media, one of which has a negative
dielectric constant. For the visible and infrared portions
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FIG. 1. Experimental configuration illustrating the excitation
of a surface plasmon (SP) (Ref. 6). For incidence angles 0 above
the total internal reflection value, an evanescent wave exists into
the vacuum region. A resonant drop in the reflectivity is ob-
served as the angle 8 is increased above this value. The
minimum in the curve occurs when the phase velocity com-
ponent of the incoming beam parallel to the prism-metal inter-
face plane matches the SP phase velocity in the metal-vacuum
interface.

of the spectrum, metals and some semiconductors exhib-
it a negative permittivity and can support the existence of
these surface modes. The electromagnetic fields associat-
ed with the SP are evanescent along the direction normal
to the interface within both media. The fact that the en-
ergy of the wave is localized at the boundary makes SP's
particularly sensitive to changes either in the geometry or
the dielectric properties of the interface.

The basic principle underlying SPS is shown in Fig. 1.
A plane-polarized laser beam is incident through a prism
having a metal coating of a few hundred angstrotns on its
base. The coupling prism is not required to be hemi-
cylindrica1 as indicated in Fig. 1, and in principle, any tri-
angular shaped prism can be used. For incidence angles
greater than the total internal reAection value for the
prism-to-vacuum interface, a SP can be excited between
the metal and vacuum. Further increase in the incidence
angle leads to a drop in the reflected intensity. The
minimum of this intensity occurs at a particular in-
cidence angle for which the phase velocity of the incom-
ing beam parallel to the prism base matches the SP phase
velocity. The width and depth of the reflected intensity
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as a function of angle measures the damping and strength
of the excitation, respectively. Typically, these
reAectlvlty cuI'ves, as shown in the inset of Flg. 1, and as
referred to in the literature as attenuated-total-reAection
(ATR) curves, can have a very sharp resonance. (e.g., —,

'
full width at half maximum, for a silver film 500 A thick
at A, =5461 A. ) This provides an accurate way to simul-
taneously determine the thickness and complex permit-
tivity of the metal film under study. In addition, the
existence of small disturbances close to the metal surface
can significantly alter the shape and position of the ATR
curve. Measurable changes can be observed, for example,
by the presence of a dielectric coating as thin as 1 A, or
by the existence of roughness of similar size on the sur-
face of the metal film. '

Probably the most important feature that serves to dis-
tinguish SPS from the optical techniques described previ-
ously is its simplicity. In contrast to reAection spectros-
copy, high accuracy is achieved without the use of any
sophisticated detecting electronics, for the measured in-
tensity itself is sensitive to perturbations near the metal
surface. In contrast to ellipsometry, SPS requires a small
number of optical elements for its implementation and
basically the control of a single variable', namely, the in-
cidence angle illustrated in Fig. 1. In addition, an inten-
sity measurement is much simpler than the experimental
determination of light polarization, as in ellipsometry.
Furthermore, the ATR curve depicted in Fig. 1 yields
three parameters at a single wavelength (e.g., film thick-
ness and a complex permittivity), one more than the
number of parameters that can be measured using either
reAection spectroscopy or ellipsometry under the same
conditions.

One should notice that SPS is not limited to the
analysis of metal films or coatings on the surface of these
filfns. Any multilayer system can be characterized by
placing it in close proximity to the metal-vacuum inter-
face in the prism configuration of Fig. 1.

A variety of applications for surface plasmons has been
proposed and demonstrated. Pockrand et aI. demon-
strated the usefulness of the technique for measurements
of thickness and optical constants of organic monolayers,
Their results showed excellent agreement with those ob-
tained by other methods. Flanagan and Pantell' used
the SPS technique to obtain fast determination of anti-
body concentration in biological systems and suggested
the use of this approach for the design of optical immu-
nosensors. Surface plasmons have also been used in the
design of polarizing structures in optical planar
waveguides. ' Due to the high-fieM concentration associ-
ated with SP's, they have been used to enhance nonlinear
surface phenomena' and have played a role in the field-
enhanced Raman efFect of adsorbates on metal surfaces. '

The potential for applications, added to the simplicity
of the SPS technique, has motivated the investigation re-
ported in the following sections. In this paper, we are
concerned with the applicability of SPS to the characteri-
zation of rough surfaces. Although this field has received
considerable attention recently, ' ' ' ' the e8'ect of
roughness on SP properties has not been properly de-
scribed, leading to large discrepancies between theory

and experiment. ' It is the aim of this paper to discuss
the current theoretical models and the approximations
associated with these models. %e will show that certain
assumptions that are part of existing analyses are inap-
propriate, and we will present a corrected version for SPS
that can be used to characterize rough surfaces.

II. THE EFFECT OF ROUGHNESS
ON THE SP RESONANCE

Many of the experiments reported in the literature
have been made on silver films with thicknesses ranging
from 350 to 700 A. ' ' Rough surfaces were obtained
by depositing an underlayer of CaFz, LiF, or Ag (Ref.
13) onto a smooth quartz substrate prior to silver deposi-
tion (Fig. 2). The roughness of CaF2, for example, in-

creases with CaF2 thickness and the average dimensions
of the irregularities (parallel to the plane of the surface)
are in the (100—1000)-A range.

To obtain quantitative information about the rough-
ness parameters of silver films with underlayers of CaF2,
Hornauer' measured the scattering and reAection of
light with SP excitation. Since this article appears to be
one of a few in the literature reporting measurements of
both specular and difFuse scattering in the same sample
with sufficient information about the experimental pa-
rameters needed for a theoretical evaluation, we have
chosen to use these data for the analytical calculations of
the present paper.

The experimental arrangement for measuring specular
reAection' makes use of the ATR technique illustrated
in Fig. 3. A p-polarized laser beam i.e., polarized in the
plane of incidence, of intensity Io is incident on the metal
film through the prism at an angle 8. The light wave-
vector component parallel to the metal surface is given
by21

2%
k = nsin8,

where n is the prism refractive index and k is the optical
wavelength. By increasing the angle t9 above the critical
angle 8, =sin '(1/n), the light beam couples to a SP at
the metal-to-air interface. This condition is observed by
a resonant absorption in the specularly reAected intensi-
ty. The angle 8;„for which the specular light intensity
is a mimmum in the ATR curve determines the SP wave

FIG. 2. Roughness simulation with use of underlayer. Re-
gion A is a glass substrate, region 8 is the underlayer (CaF2,
LiF, MgF2, or Ag} which produces the irregularities on the met-

al surface. The metal is designated as region C.
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UNDERLAYER
METAL FILM

FIG. 3. Experimental arrangement for measuring specular
and diffuse scattering intensities from thin metallic 61ms.

vector ksp. From Eq. (1), we have

2TTPt
ks, — sine,„.

The half-width 8,&2, of the resonance curve, gives infor-
mation about the attenuation of the SP as it propagates.

The scattered difFuse light was measured with the in-
cident light angle fixed at 8;„,and a photomultiplier was
used to record the angular dependence of dI/dQ, the
scattered intensity per unit sohd angle. The observation
planes for both specular and diffuse scattering in Fig. 3
coincided with the incidence plane. The s-polanzed scat-
tered intensity was also measured by Hornauer' in order
to check for the presence of dielectric inhomogeneities in
the metal film, a method proposed by Kroger and
Kretschmann. It was concluded that surface rough-
ness, rather than dielectric inhomogeneity, was the main
mechanism responsible for the scattered intensity.

Optical-quality Hat-glass slides were used as substrates
for the CaFz underlayers (0, 500, 1000, and 2000 A
thick), all of them with a 500-A-thick silver film. Each
multilayer thus prepared was then brought into optical
contact with the prism shown in Fig. 3. Specular and
disuse scattering data could thus be taken and compared
for the different con6gurations. Prism and substrates are
made of quartz whose refractive index is within —1% of
the CaF2 refractive index. Thus, after optical contact,
prism, substrate, and CaF2 underlayers can be con-
sidered, for all practical purposes, to compose a single
optical unit. Two ATR curves obtained at A, =4500 A
are displayed in Fig. 4 corresponding to CaF2 thicknesses

dc,„of0 A (smooth silver film) and 1000 A. (It should

be noted that the data for the rough-surface specular
reflection reported in Ref. 12 are represented by the per-
mittivity aAI and the thickness of the Ag 61m dA, which
were altered to produce the curve for the rough film us-
ing re6ection formulas for a smooth film. %e used these
modi6ed parameters to obtain the rough-61m curve
shown in Fig. 4.) From Fig. 4 for the rough film one no-

h(p)=5 exp( —p /o ), (3)

where p is the distance between two points on the sur-
face. The parameter o is the correlation length, which is
the distance over which h(p) decreases to e ' of its max-
imum value. It gives a measure of the dimension of peaks
and valleys measured parallel to the plane of the surface.
The symbol 5 is the root-mean-square deviation of the
surface from flatness along a direction normal to the sur-
face. The theoretical expressions for the diffusely scat-

tices the displacement of the ATR curve to higher 0
values along with an increase in the linewidth.

In Fig. 5, as extracted from Ref. 12, the angular depen-
dence of the normalized p-polarized scattered intensity
per solid angle element dI/I010 is shown in polar coor-
dinates for diferent dc,„.The p polarization means that

the electric 6eld is parallel to the observation plane and
the latter coincides with ihe incidence plane. As can be
seen from this Sgure, with increasing CaF2 thickness, the
angular distribution of scattered intensity becomes
broader and the peak position, which is sharply de5ned in
the forward direction for the smooth" 61m, turns to the
backward direction. In addition, the maximum of scat-
tered intensity increases with increasing dc,„,indicating' 2'

a larger roughness for thicker CaF2 alms. Since, for a
perfectly smooth metal surface there should be no disuse
scattered light due to the evanescent nature of the wave
extending into the vacuum region shown in Fig. 2, the
curve labeled smooth in Fig. 5 indicates that the Ag film

having no CaF& underlayer also exhibits some degree of
roughness.

Theoretical investigations of the effect of roughness on
the propagation characteristic of SP's have been conduct-
ed using different approaches. The surface current model
developed by Stern and generalized by Kroger and
Kretschmann, replaces the rough interface between two
media by a smooth one with an equivalent surface
current distribution whose strength is, to a first-order ap-
proximation, proportional to the surface height varia-
tions. Maradudin and Mills analyzed the scattering of
light from rough surfaces with a Green's-function tech-
nique, which was further extended by Maradudin and
Zierau to account for the change in the dispersion rela-
tion of SP's due to roughness. Toigo et al. approached
the question of re6ectivity of rough surfaces by solving
the boundary problem by means of the Rayleigh-Fano
method ' which, when restricted to the small rough-
ness limit, gives results in agreement with the ones ob-
tained by the previous approaches. This agreement in-

dicates that the theory can be used to describe the
inhuence of rough surfaces on SP's. Nevertheless, the
model has been applied inappropriately to describe the
experimental situation, as the next paragraphs demon-
strate.

In the theoretical models for predicting the intensity
and angular distribution of difFuse scattering, the rough
surface is described statistically. In this context, one
needs to assume an autocorrelation function h(p) for the
surface, and the one which has been used most extensive-

ly in the literature is a Gaussian,
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FIG. 5. Polar plots of plane-polarized diLse scattered inten-

sity obtained in Ref. 12 for diFerent CaF& thicknesses. Curves
are for d&,F ——500, 1000, and 2000 A, respectively. The dotted

curve is the angular distribution of intensities for a smooth
silver film. In each case, the incidence angle is set on the corre-
sponding value for SP resonance.

we will not consider material inhomogenities in the
analysis discussed in the next paragraphs

A. Assumptions in the existing theory

The procedure used by Raether' to account for the
ATR data in Ag films roughened by underlayers of CaFi
is based on a number of assumptions. First, the estimates
for the shift and broadening of the ATR curves, as re-
ported in Ref. 19, made use of the numerical results ob-
tained by Sari, Cohen, and Scherkoske' for the disper-
sion relation of SP's propagating in a single, rough,
silver-air interface. Consequently, it is assumed in
Raether's estimates that the thickness of the Ag is
infinite, rather than having the finite thickness used in the
experiments. While it is true that for a 500-A-thick film
the phase velocity of the Sp wave is approximately that
of a infinitely thick Nm, the excitation amplitude does de-
pend upon d~ . In turn, this means that the linewidth of
the ATR depends upon d Az.

Furthermore, the theoretical evaluation of the rough-
ness effect on the dispersion relation of SP's in the single
interface, as calculated by Sari and co-workers, was ob-
tained only in an approximate form. This approximation
will be discussed in Sec. IV. Ln the present analysis, the

O.0:
-90 -70 -50 -30 -LO 10 30 50 70 90

Angle (deg)
FIG. 6. Angular dependence of difFuse scattered intensity for

Ag on an underlayer of CaF2 (1000 A). The dotted curve is the
data extracted from Ref. 12. Small circles represent the theoret-
ical prediction for 5=18 A, 0 =850 A, and the modified optical
parameters given in Ref. 12.

approximation used by Sari and co-workers will be re-
moved. The use of this approximation will be shown to
lead to wrong results for the modi6ed dispersion relation
of SP's.

Finally, an additional effect which has been neglected
in the theoretical model' is the roughness of the under-
layer onto which the Ag film is deposited. Electron mi-

crographs of CaFx films reveal structures with height
variations and bump widths on the order of 1000 A. '

The roughness of the underlayer plays a role in the
theoretical analysis and, indeed, the inclusion of this
effect is essential for explaining, consistently, both the
specular and diffuse scattering experiments.

S. Theoretical model

To analyze the influence of roughness on the properties
of SP's we consider the rough boundary shown in Fig. 7,
with the mean height located at the z=ze plane. The
electromagnetic fields on each side of the boundary at
z =g satisfy the conditions

nX EE=O,

n)& AH=0,

where n is a vector normal to the interface and can be
written as

TABLE I. Ag film roughness for diFerent dc,F for cr =850
A obtained in Ref. 12.

dc,F (A)

TABLE II. Specular reflection from a rough silver film.

Theory is calculated from Eq. {A42) with A, =4500 A,
eA, = —6.83—i0.26, 5= 18 A, cr =850A.

0
500

1000
2000

Experiment'

68 (deg) 2

58&&2 (deg) 1.75

'Reference 12.

Sari approximation

0.27
0.05

Theory
[using Eq. (A42)]

0.026
0.028
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n= Bg Bg
Bx By

and /=ax, y) describes the surface height variations of
the boundary around its average plane. In the above, AE
and b,H represent the difference between the electric and
magnetic fields, respectively, above and below the rough
interface. The fields in (4) are developed as power series
in g around z =zo in the form

a p2 Q2
AE(g) =BE(zo)+g b, E +~ b,Eaz, , 2.' azi

with a similar expansion for AH. It has been shown
that, to first order in g, the boundary conditions given by
Eq. (4) can be satisfied by incorporating a current source
term into Maxwell's equation

E
V x H= J5(z —zo }+so

Bt

with J given by

as, BE2
J=eo (s, —1) —(s,—1) g(x,y),

dt dt z =zo

where e, and c2 are the permittivities in regions I and II,
respectively, and 5(z —zo) is the Dirac 5 function. The
source term given by Eq. (7) exists in the region R having
the smooth boundaries illustrated in Fig. 7. The other
source terms given in the literature, both electric and
magnetic, are negligible for wavelengths A, such that the
small roughness condition (2n

~
s, „z~

' (/A, ) &&1 is
satisfied. This inequality is met reasonably mell for the
range of parameters considered in this paper.

The use of the equivalent current approach has the ad-
vantage of replacing rough surfaces with currents located
between smooth surfaces. This allows, with a simple ex-
tension of the method, for the analysis of multilayer
rough surfaces.

It is convenient to express the fields in terms of their
transforms.

with k=(k„,k 0), a two-dimensional wave vector
r=(x,y, 0), and an e'"' time dependence is assumed. The
integration variables in Eq. (8) are defined by
dk=dk dk~ and dr=dx dy. Capitals and small letters
on the left-hand side (lhs} of Eq. (8) represent quantities
in the coordinate and k space, respectively.

%e introduce p- and s-polarized fields according to the
definitions

e~ =e~(k, z }k+e,(0,0, 1),
hq ——hq(k, z)ki,

e, =e, (k,z)ki,

h, =h, (k,z)k+h, (0,0, 1),

(9)

(a) The radiation fields in region R are calculated by
solving the inhomogeneous wave equation resulting from
the presence of the source term given by Eq. (7).

(b} Equation (4) is applied to the smooth boundaries be-
tween regions I and R and between regions II and 8 to
relate the fields in regions I and II to the fields in region
R.

This method leads to Eqs. (10)—(13). For p waves,

1e, (k,zo) —e~2(k, zo) = j,(k,zo),
COE0

hz, (k,zo ) —h&2(k, zo }= —jz (k,zo )

with

jp(k, zo) —= [k„j„(k,zo}+kyj (k, zo)] .=1
X

(10)

For s waves,

where k, =( —k„k„,0). The p waves are polarized in the
plane of incidence and the s waves are normal to this
plane.

Relationships between the transformed fields in regions
I and II (refer to Fig. 7) are obtained by the following
procedure.

A(r, z ) =f f dk a(k, z)exp( ik r), — .

a(k, z)= f f dr A(r, z)exp(ik r),
(2m. )

(8)

with

e„(k,zo) e,2(k, zo—)=0,
h, ((k,zo) —h, 2(k, zo) =j,(k,zo),

j,(k,zo)—: [k„jy(k,zo) —k j„(k,zo)) .1
xy & 0 yx & 0 (13)

((x

)( E

FIG. 7. Definition of the smooth boundaries region (R)
which emcornpasses the rough surface.

The subscripts 1 and 2 refer to the fields in regions I and
II, respectively.

Now, we apply the above procedure to analyze the
multilayer system of Fig. 8, which corresponds to the ex-
perirnental situation. With reference to the experimental
arrangement of Fig. 3, medium I in Fig. 8 represents the
prism with refractive index n; medium II, the metal (Ag)
with dielectric constant e=e, +is,. and thickness d; and
medium III is a vacuum with c,3 ——1. The CaF2-to-Ag
roughness is represented by the surface profile g, (x,y),
and gz(x, y) defines the Ag-to-vacuum interface. The
coordinate system in Fig. 8 is defined such that z =0 and
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z 0 x

e,—(k,z ) = + s;
+—(k)kie

h, (k,z)= [k;k+k (0,0, 1)]e
COP 0

(17)

ipz

2

FIG. 8. Geometry used for the analysis of multilayer rough
surfaces. Referring to the experimental situation, region I
represents the prism + CaF2 medium; region II, the Ag film

surrounded by rough surfaces g, and gz', and region III, vacuum.
Planes z =0 and z =d are placed on the average planes of sur-
faces g, and gq, respectively.

z =d are the mean planes of the functions g, and gz, re-
spectively. Incidence angle in region I is 61 and scattering
angle in region II is 8, .

%'e assume an incident p-wave propagating in the x-z
plane with E and H 6elds de6ned by

E(x,y, z)= [k&k, —(k„)(0,0, 1)]
6)E )Ep

—i{k„x+kiz)Xe

H(x, y, z) =kie
(14)

e(k, z) = [k, k —(k ) (0 0, 1)]
APE ) EO

—i.k'z
Xe ' 5(k —k, ),

(15)

where k, =(k„,0,0), ki=(O, k„,O), and k„,k, are the x,z
components of the light wave vector, with

k, =[(co /c )e, —(k„)]'» . The superscript "0" is used
to designate a wave vector for the incident wave. The
Fourier transformed fields corresponding to Eq. (14) are

where k;=[(c» /c )e; —k )'» for i =1,2, 3. The + su-

perscripts stand for +z propagation, respectively. For
medium I only, the minus sign in Eqs. (16) and (17) is ap-
propriate, and in medium III only, the plus sign applies.
The symbols p,

—+ and s;
+—represent the p- and s-wave am-

plitudes, respectively.
%e are interested in obtaining the reflection coeScient

for p waves and the angular distribution of p-polarized
di8'use scattering intensity going into region III shown in
Fig. 8. This can be obtained by solving the set of four
linear equations which result from the application of the
boundary conditions, given by Eqs. (10) and (12), to the
smooth interfaces located at the planes z =0 and z =d,
shown in Fig. 8. This procedure is presented in some de-
tail in the Appendix, and only the main results are given
in the remainder of this section.

First, we consider a smooth multilayer system in Fig. 8

by setting gl ——g2 ——0. In this case, the coordinate space
p-wave amplitudes are given by

P, (k„)
Pz+(k )

P(k„)= ko
——[Mp(k„)] 'po(ko),

P+ (k,')

(18)

det
i Mp(k„) i i ko k

——0 .
x SP

The reilected p-wave intensity is given by
~
P, (k„)

~

and will display a minimum for an incidence angle
8=8m;„such that the wave-vector component k„equals
ksi [See Eq. (2)].

The SP damping is represented by the imaginary part
of the SP wave-vector ksp. It is related to the half-width

8»2 of the angular dependence of the reQectivity curve
b 19

where po(k„) is a 4X1 column matrix representing the
excitation field and MP(k„)is a 4 X4 matrix. Expressions
for these matrices are given by Eqs. (A7} and (A3) in the
Appendix, respectively, The complex SP wave vector,
k sp =k sp+ PA sp is obtained from the solution of the
determinantal equation

h(k, z)=k e ' 5(k —k, ), k S'P

8~»2= 2(tan8m )

SP

(20)

where 5(k —k, )=5(k„—k„}5(k») is the two-dimensional
Dirac 5 function in k space. %e separate the p and s
components of the reflected and transmitted Fourier
transformed 6elds in regions I, II, and III according to

Now, let us consider the multilayer rough surface
shown in Fig. 8 with g, and (z&0. It is shown in the Ap-
pendix that to second order in g, Eq. (18) should be
modified to

p;
—+(k)

e—(k,z)= [k, kT-k (0,0, 1)]e
6;Eo

h»~(k, z ) =+p; (k)kie

P(k„')=[M,(k„')+6M,(k„')]—'

(2 2

X j "'(k„')+p(k„') (A31)
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where So is the area illuminated by the incident beam and

jo '(k„)and bM~(k„) are 4X1 and 4X4 matrices, re-
spectively. These second-order correction terms are
given by Eqs. (A25) and (A29) of the Appendix, respec-
tively, and contain information on the roughness parame-
ters of the two boundaries.

The efFect of roughness on the SP dispersion relation is
evident from Eq. (A31). The complex SP wave vector
ksp(g~, (2) now depends on g& and gz and is obtained from
the solution of the determinantal equation:

det
i
M (k„)+bM~ (k„)i i „0„,, ——0

x SP ~1'&2
(21)

which differs from the solution obtained from Eq. (19)
due to the presence of the correction term b,M (k„).

The p-polarized scattered radiation in region III, ex-
pressed as a difFerential intensity per solid angle normal-
ized to the incident intensity, for the case of uncorrelated
rough surfaces g, and g2 having Gaussian autocorrelation
functions, is

dI(8, ) (2~)2 1 2~ cos 8, s&n 8,

o ~~ ~o " ~ cosg»n2g

(A33)

where n is the refractive index of the prism,
v„=(2n/A, )sin8„and 8, is the scattering angle in the x-z
plane. The p-wave amplitude @3+(v„)in Eq. (A33) incorp-
orates the change in dispersion relation defined by Eq.
(21) and is obtained from Eq. (A32) of the Appendix.

In Sec. IV, we will use the present formulation to inter-
pret the experimental measurements. In addition, we will
investigate the approximations that have been applied in
the evaluation of ksp(g, ,gz), and show that these approx-
imations are invalid. Gaussian autocorrelation functions
will be assumed for each rough surface in Fig. 8.

IV. RESULTS

In what follows, we will use the analysis developed in
Sec. III to calculate the roughness parameters of the mul-
tilayer system studied in Ref. 12. The approximations in-
corporated into earlier models and the errors they intro-
duce will be considered sequentially.

We shall first analyze the prediction for the
modification in the dispersion relation of SP's for the case
of a single interface and discuss briefly the numerical re-
sults of Sari and coworkers. ' Sari and coworkers used
the approach of Toigo et al. and obtained an expres-
sion similar to Eq. (A42). However, they approximated
the integrand in Eq. (A42) by extending the resonance
condition for SP's for a smooth interface ++mao=0,
where o. and o,'o are the decay constants in the metal and
dielectric regions, respectively, and a is the metal corn-
plex permittivity, to all k-dependent variables which do
not contribute to a pole in the integrand of Eq. (A42).
Thus, the decay constants in each medium, represented
by Eqs. (A43d) and (A43e), are assumed to satisfy the
above relationship leading to the substitution a'= —mao

in the integrand of Eq. (A42).
We calculated hksp from Eq. (A42) for the parameters

68~ yp
= 2( tan8~&& )Im

5ksp

ksp

with hksp given in Eq. (A42), ksp (2n/——A)n sin8, ;„,and
n is the prism refractive index used in Ref. 12. We calcu-
lated n=1.461 at A, =4500 A in order to match the
minimum in the ATR curve for the smooth silver film in
Ref. 12.

The above calculation is based on the determination of
5, o from the scattering measurements of Ref. 12. For
specular scattering, the theory should describe rather
well the experiments for (2@5&

~

e
~

/A, ) &g 1, and this
applies for the value of 5 extracted from Ref. 12. There-
fore, the discrepancies in Table II suggest that those
values of 5 and cr do not correspond to the real situation.
In fact, there is a range of values of 5 and 0 which de-
scribe the difFuse scattering measurements shown in Fig.
6 equally well. Consequently, to characterize the rough-
ness parameters more precisely, one needs to make use of
the data not only from difFuse but also from the specular
scattering experiment.

Another source of error results from representing the
rough surface by a single interface, i.e., assuming the
silver film to have infinite thickness. The reason to con-
sider the finite thickness is the strong dependence of the
SP amplitude on this parameter as illustrated in Fig. 9.
From this figure, whereas the resonance position remains
practically unchanged for the difFerent Ag thicknesses,
the width and depth of the reflection minimum is strong-
ly dependent on this parameter. For large values of the
metal thickness, an incident field couples very weakly
with the SP and a small dip is observed in the reAected
intensity. For small values of metal thickness, on the
other hand, the excited mode loses its characteristics of a
localized surface mode and the rejected intensity does
not display a well-defined resonance. For intermediate
thickness values, the SP is more strongly coupled to the
incident field. In the case of silver at X=6328 A a film
thickness of 500 A gives an optimum coupling. The be-
havior of the ATR curves shown in Fig. 9 indicates that
the amount of loss to other modes due to roughness,
which depends on the strength of the SP amplitude, will
be a function of the metal thickness.

Let us assume, initially, only the presence of the
silver-vacuum roughness, described by the parameters 52

extracted from Ref. 12 for d,„=1000A and we ob-

tained the results shown in the third column of Table II.
Eliminating the Sari approximation results in smaller

changes for d 8 and 60,~2, giving an even greater
discrepancy between theory and experiment. From Table
II it is seen that the approximation is not valid, but there
must be another reason for the disagreement. Sari's ap-
proximation is inappropriate because off-resonance values
of k also contribute to the integral in Eq. (A42).

In Table II, the angular shift 68 and the increase in the
linewidth of the ATR curve 68&&2 are obtained from Eq.
(A42) according to'

5ksp
6 8= (tan8;„)Re

ksp
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FIG. 10. Graphic method for finding multilayer rough sur-
face parameters. %'ithout the inclusion of the CaF&-Ag rough
surface, the locus of silver-vacuum roughness parameters
{52,a.2), yielding a shift 58=2' in the ATR curve, is represented
by curve A. Curve C is the locus of points giving the same max-
imum of difFuse scattered intensity, corresponding to the value
obtained in the experiment. The intersection of these two
curves occurs at point 1. The inclusion of the CaF~-Ag rough
surface results in curves 8 and D, so that the intersection is

a

moved to point 2. The resulting set of parameters is 6« ——39 A,
a a 0

e« ——135 A, 5c,F ——93 A, oc,F ——1000 A, giving the best 6t to'2 ' '2
both dift'use and specular intensity curves. For these calcula-
tions the thickness of the silver 61m is taken to be 500 A.

backward direction, but discrepancies still remain for
positive values of scattering angle. It is interesting to
note that even though the parameters 52 and o~ differ
greatly from the corresponding ones obtained in Ref. 12,
they give a description of the diffuse scattering data
which does not differ significantly from the theoretical
prediction of Ref. 12, as can be seen by comparing the
theoretical curves of Figs. 6 and 12.

To account for the remaining difkrences between
theory and experiment we have included the eft'ect of the
CaF2-Ag interface roughness in our calculations. As can

0, 8

Q. 6.
UI
CC

Q. p

49 50

Angle (deg)

FIG. 11. ATR curves for Ag film with underlayer of CaFz,
~ith the data represented by a solid line. Dots represent the
theoretical prediction with 52 ——40 A, o.

2
——125 A, 5, =0 A, and

for the optical parameters of the smooth Ag film of Ref. 12.

0' L
v f

-90 -70 -50 -30 -40 i0 30 50 ?0 90

Angle (deg)

FIG. 12. Di6'use scattering intensity curves for Ag on CaF2
{1000A). Dotted curve is the data from Ref. 12. Small circles
represent the theoretical prediction for the parameters given in

Fig. 11.

be observed in Fig. 12 the discrepancy between the
theoretical and experimental curves shows up for positive
angles, suggesting that the CaFz-Ag interface roughness
is characterized by correlation lengths which are larger
than the value calculated in Fig. 10 for the Ag-vacuum
roughness. As a result, we have assumed for simplicity
no correlation between the two rough surfaces which
define the boundaries of the silver film. This lack of
correlation was taken into account in our calculations by
neglecting, in the theoretical expressions of Eqs. (A31}
and (A33}, the cross products containing terms of the
form g;(k —k, )g (k, —k), with i,j= 1,2, and i &j

With the CaF2-Ag interface roughness included, de-
scribed by the parameters 5, and cr

„

the curves 3 and C
of Fig. 10 are modified depending on the values of these
parameters. These modifications are shown in Fig. 10 as
curves 8 and D for cr, =1000 A and 5~ ——93 A. The par-
ticular values chosen for 0, and 51 provide the best agree-
ment between theory and experiment. From Fig. 10 the
e6'ect of the CaF2-Ag interface roughness is to move the
intersection from point 1 to point 2, which corresponds
to =6% change in the values of 52 and o2 which were
obtained by assuming a smooth CaF2-Ag interface.

The effect of the CaF2-Ag interface roughness is clearly
demonstrated in the specular and diffuse scattering
curves shown in Figs. 13 and 14, which are calculated for
$) —93 A, ~i —1000 A, $2 —39 A, and (y2 —135 A. An
examination of these curves shows that the experimental
data can be reproduced with excellent accuracy by allow-
ing for roughness at the CaF2-Ag interface. One should
notice that the roughness parameters obtained in the
present calculation for the CaFz-Ag interface are well
within the range observed from electron micrographs of
the surface of CaFz films deposited under similar condi-
tions.

In summary, three inappropriate approximations were
introduced into the theoretical model.

(1) The resonance relationship between the two decay
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FIG. 13. Comparison between theory and experiment for
specular re8ection intensity from Ag on CaF& (1000 A). TheI 0
theory curve is for the parameter values 5&

——93A, o
~

——1000 A,
5z ——39 A, and oz ——135 A, obtained by Stting the model to the
data.

constants in the z direction (into the metal and into the
dielectric) was extended to all k values (i.e., the Sari ap-
proximation. )

(2) The metal film was assumed to have infinite thick-
ness.

(3) A consequence of (2) is the neglect of the rough sur-
face between the CaF2 and the Ag.

Table III presents the experimental data for the specular
measurements, with theoretical calculations illustrating
the effects of the above approximations.

V. CQNCLUSIQNS

We have presented a theoretical analysis for the prob-
lem of scattering and dispersion of SP's excited by the
ATR technique in rough metal films using the surface
current approach. Our results are apphed to the calcula-

3-
~ ~

0' ~

. . . .- Qata
a - Theoretical Fit

2-.

-90
~' T

-70 -50 -30 -i0 i0 30

0

50 70 90

Angie (deg)
FIG. 14. Comparison between theory and experiment for

dlFusc scattered 1ntens1ty from Ag on CaFg {1tXO A). The
theoretical calculations use the parameters given for Fig. 13.

tion of the roughness parameters for a particular experi-
ment where specular and diffuse scattering data on the
same sample were available.

It has been shown that earlier estimates for the change
in the dispersion relation of SP s based on the single in-
terface calculations of Sari and co-workers were not ap-
propriate because the resonance approximation used by
these authors overestimates the shift in the wave vector
and leads to wrong results for the damping of SP"s. %e
performed calculations for the same single-interface
problem with use of the roughness parameters extracted
from the diffuse scattering measurements, as calculated
by Hornauer, ' and showed that these parameters did not
describe the experimental situation. Contrary to previous
treatments, we found that both specular and diffuse
scattering data must be taken into account to obtain con-
sistent roughness parameters.

%e evaluated contributions to the theoretical calcula-
tions by including the effect of the finite Ag film thickness
as used in the experiments. Even though the SP wave
vector is rather insensitive to thickness variations, the
same is not true for the amplitude of the wave. As a re-
sult, for the case of a rough metal 61m, the amount of loss
to other modes, which accounts for much of the increase
in the half-width of the ATR curve, does depend on the
film thickness.

Furthermore, we demonstrated that the presence of the
CaF2-Ag interface roughness plays an important role in
the description of the specular and diffuse scattering data,
mostly to explain the difFuse scattered intensity distribu-
tion in the forward direction and the increase in
linewidth of the ATR curve. The results of our analysis
also demonstrate that the roughness parameters of the
CaF2 Qm, which is hidden under the silver film in the ex-
periments, are also determined from the specular and
difFuse scattering measurements, and hence the technique
can be used to characterize multilayer rough surfaces.

Although the inclusion of the CaF2-Ag interface
roughness gives a remarkably good prediction for the
specular and difFuse scattering curves, it introduces only
a 6% correction in the roughness parameters of the Ag-
vacuum interface calculated with the assumption of the
CaF2-Ag interface being smooth. This suggests that the
Ag-vacuum roughness parameters, for the case where the
difFerent surface structures are resolvable, can be deter-
mined quite accurately by a measurement of the reso-
nance position of the specular and the intensity max-
imum of the difFuse scattering.

In summary, we have shown that the apparent incon-
sistency between theory and experiment as pointed out in
previous works is non existent, and that SPS can, indeed,
be used to characterize not only single layer but also mul-
tilayer rough surfaces.
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APPENDIX: CALCULATION OF SPKCULAR
AND DIFFUSE SCATTERING INTENSITIES
FROM MULTILAYER ROUGH SURFACES

INCLUDING PLASMON EFFECTS

A. Specular re8ection intensity

To solve for the rejected and transmitted p- and s-
wave amplitudes, we combine Eqs. (10) and (12) with Eqs.

Mp(&)p(k) =jp(k)+go(k, )6(k —k, ),

~, (& )s(k) =copy, (k), (A2)

with

(16) and (17) to obtain two sets of four simultaneous equa-
tions which can be written in matrix form as

1 1 —1

k, /e, —kz/ez —kz/ez
—Ik2d lk2d—e e

—Ik3d (A3)

—ikd ~Z ikd ~Z —ikd
2 2 e 3

M, (k)=

I

k, —k2

e
—ik3d

e
(A4)

r

pi (k)

pz+ (k)
p(k )

p3+ (k)

-ik2d
i

ik&d
i

ik31-

s) (k)

sz+ (k)
s(k)=

sq+ (k)

(A5)

j~i(k)
'

j„(k)
j (k)= (k)

J' (k)=
P

j,z(k)

0

j, i(k)

0

j,z(k)

PD{k~)=

1

—k', /c,
(A7)

The next step is to deterinine the source currents in Eq. (A6). From Eq. (6), these are given by

j,(k) =i~e, f dq[(e, —1)e,(q, O) —(ez —l)ez(q, O)]g, (k —q),

jz(k) =icue0 f dq[(sz —1 )ez(q, d ) —(s,—1)es(q, d )]gz(k —q),
(A8)

where q=(q„,q~, O) is a wave vector in the x-y plane, j, is the current source at the interface of regions I and II in Fig.
8, and jz is the current source between regions II and III. From the definitions of jz and j, given by Eqs. (11)and (13),
respectively, we obtain for the source currents of Eq. (A6).

j~(k)=i f dq((k —q) Ai(k, q)+ z Az(q) P(q)+j~a(k) {A9)

r

j(k) ,if=dq z g (k —q)A3(q)p{q)+ j, (k), {A10)
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r

g, (k —q}

0

0

0

gz(k —q)

0

0

0

gz(k —q)

0

—(cz —1)

E2

0

( cz —1);q,g
q 8

E2

0

e~ —1 iq a
q 2p 2

E,p

0

' 1/2

c, —qz, i =1,2, 3 (A12)
C

Az(q)=

A3(q)=

0

0

0

-iq, d
q2e

0

0

(cz —1)

62

0

f28
E,2

0

0
(cz —1)

E2

0

0

0

0

—34)3d
f38

(A13)

(A14)

0
(ez —1) ~q, g

-f38
C3

g) —1

jpo(k) =i g)(k —k, ) 0
0

(A15)

j,o(k) = i—e) —1 k k)k
k

0,
1

g, (k —k, )

The amphtudes of the p and s waves are obtained by the substitution of Eqs. (A9} and (A10) into Eqs. (A1) and (A2)
P

p(k)=M '(k) i f dq g(k —q) A&(k, q)+ z Az(q) p(q) +po(k)5(k —k, )+j~o(k) (A17)

s(k)=cupoM, '(k) i J dq
k„q —k„q„

g (k —q) A, (q)p(q) +j,o(k) . ,

where Q —(g) in Eq (A17) is the inverse matrizt of Q~(g) given by Eq. (A3). The magnitude of the determinant of
M ~ is a minimum when the dispersion relation of the SP for a smooth multi1ayer system in the geometry of Fig. 8 is
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fulfilled. The matrix M, ' in Eq. (A18) is the inverse of M„given by Eq. (A4), and the elements of M, ' do not display
any resonant behavior.

To analyze the effect of the roughness on the p-wave amplitudes to first order in g, we note that the most significant
contribution to the integral on the right-hand side (rhs) of Eq. (A17) occurs when q= k, . Hence, we substitute for P(q)
on the rhs of Eq. (A17) the zero-order solution corresponding to a smooth multilayer system in Fig. 8, and which is ob-
tained from Eq. (A17) by setting g equal to zero. That is,

P(q) =P ' '(q) =M
~ '(q)po(q)5(q —ko) .

The substitution of Eq. (A19) into Eq. (A17) gives the first-order correction.

(A 19')

p '"(k)=M '(k )[j~o(k)+if (k —k, )A i(k, k, )M ~ '(k„)po(k,)] .

For k&k„P' '(k) =0, so that in the nonspecular direction, amplitudes are given by Eq. (A20). In the specular direc-
tion, the first-order modification given by Eq. (A20) yields

p"'(ko)=M '(k„)[ig(0)A, (k„,k„)M~ '(k„)po(k, )+jo(k, )] .

The terms jo(k, ) and g (0) involve the spatial averages ( g, ) and ($2) of the surface profiles, and since we located the
planes z =0 and z =d on the average planes, p '"(k, ) =0. Hence, to first order, the roughness does not modify the p-
wave amplitudes in the specular direction, in agreement with previous results. ' '

To obtain the modification of the specular p-wave amplitudes, we extend the calculations to second order. In this
case, in addition to the p-wave amplitudes given in Eq. (A17) s-wave amplitudes are also present, as given by Eq. (A18).
By using the same procedure that led to Eq. (A10), we obtain a second-order expression for jz(k), including the p- and
s-wave amplitudes:

j (v)= i f dkg (v —k)
Uy ky U~ ky —

Uy k~
A ~(v k)+

2
A2(k ) p(k)+CtPEO 2

Ag(k)$(k) +JpQ(v)
U U

where v=(U„,U&, 0) is a two-component wave vector and

—(e, —1) —(si —1)

A~(k)= —ik2d
(s2 —1}e

ik&d —1k3d—(e2 —1)e ' —(s2 —1)e
(A22)

CO

e, —k
,

C2 ' l =1,2, 3

Substituting Eqs. (A17) and (A18) into Eq. (A21) one obtains, to second order, the current source representing the exci-
tation of a p-wave mode with eave-vector component v in the x-y plane

j (v)=j(')"(v)+j(') (2)v+jp'"( )vj+p' (2)v (A23)

with

j o"(v)=j~o(v), (A24)

where j~o(v } is obtained from Eq. (A15) by making k~v,
T

j 0 '(v) =i f dk g (v —k) A
~
(v, k)+ A 2(k) M '(k )j o(k)+ — A ~(k)M, '(k)j,o(k)

U e' I '

j~ '(v)=if (v —k, )A, (v, ko)M '(ko)po(ko),

(A25}
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j~ '(v)= —f f dkdqg (v —k) Ai(v, k)+, A2(k) M~ '(k)g (k —q) A, (k, q)+ ', A, (q)
U k

co Ux ky —
Uy kx

+ 2 2 A~(k)M, '(k)g (k —q)A&(q) p(q) . (A27)

The term j 0"(v) in Eq. (A23) is the first-order current source for the p waves with wave-vector component v in the
plane x-y, produced by the driving field. The current term j 0 '(v) is the sum of two terms. The first one is the current
source produced by a second-order process which originates with the driving field and has, as an intermediate step, the
generation of a p-wave mode with wavevector component k on the x-y plane. The second term on the rhs of Eq. (A25)
results from a process similar to the previous one, but having, as the intermediate step, the production of an s-wave
mode with wave-vector k in the x-y plane. The term j~"(v), is the first-order current produced by the specular p-wave
amplitudes and those are calculated for the smooth multilayer system in Fig. 8. The term j ' '(v) is the result of all
second-order processes which start at a given p wave with wave-vector component q in the x-y plane and have, as the
intermediate step, the generation of a p-wave and s-wave mode with wave-vector component k in the x-y plane,
represented by the first and second terms on the rhs of Eq. (A27), respectively.

For the source term j ' '(v) we isolate from the q space, contributions to the q integral over a small region around
q-v. Over this region, we make J dq j'(q)-[(2n) /So]j'(v), where So is the illuminated area and j'(v) is the in-

tegrand in Eq. (A27) for q=v. An inspection of Eq. (A27) shows that this contribution will have an effect on the matrix
elements of M (v), whose importance will depend on the size of the elements of M (v). The rest of the integral in q is

of higher order in comparison to the first- and second-order current sources on the rhs of Eq. (A23) and will be neglect-
ed.

With the above considerations, the expression for j (v) reduces to

j (v) =j '"(v)+j '"(v)+j "'(v)—bM (v)p(v)

with

(A28)

m2 2 2

bM~(v) = f dk g (v —k) A, (v, k)M, '(k )g (k —v) A, (k, v) —,', A, (k)M, '(k)g (k —v) A &(v )
0 c' k'

We obtain the p-wave amplitudes to second order by inserting Eq. (A28) into Eq. (Al) which, after rearranging terms,
yields

p(v) =[M~(v )+EM~(v)] '[j 0"(v)+j'"(v)+j 0 '(v)+po(k, )5(v —k, )] . (A30)

For the specular direction we obtain the coordinate-space amplitudes by inverse Fourier transforming Eq. (A30) and

letting v=k, . In this case jo"(k„)and j~"'(k„)=0since, as discussed previously, these involve (g, ) and (gi) which

were chosen to be zero. For the p-polarized magnetic field vector P(k„)e "
(O, k„,0), we have that

Pi (k„)

P(k„)= 0 ——[Mq(k„)+b,Mp(k„)] ' j (') '(k„)+$0(k„)

P+(k„')

(A31)

The reflection coefficient in the specular direction is
~
P, (k„)

~

and can be obtained from Eq. (A31). From Eq. (A31)
we notice that the dispersion relation for SP's is satis6ed by those values of k for which the magnitude of the deter-
minant of [M~(k„)+AM~(k„)]is a minimum. This condition differs from the smooth multilayer system dispersion re-
lation due to the presence of bM (k„).

B. Di8'use re6ection intensity

For v&k„the 5 function 5(v —k, ) does not contribute to P{v),hence

p(v)=[M (U)+6M (v)] '[jo '(v)+j~"{v)+jo '(v)] .

We are interested in using Eq. (A32) to calculate the diffuse scattered radiation in region III of Fig. 9. This occurs for
wave vectors v in the x-y plane such that the z component in medium III,

' 1/2
67

F3—U
2
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(A33}

where So is the illuminated area on the surface, 8, is the observation angle in the x-z plane, and 8 is the inridence angle
(see Fig. 8). It is assumed for Eq. (A33) that medium III is vacuum.

The elements of the matrix products defined previously in this section involve terms of the form 1g;(k —v) 1,where
i = 1 and 2 for each of the rough surfaces. In terms of the autocorrelation h, (p) function for a surface, where

h, (p}= I dr), (r+p)g;(r)
1

is real, which will be the case for U & o(/c (for ei = 1). Since, for these values of v, the matrix M (U ) is nonresonant, the

correction AM~(v) in Eq. (A32) is not significant. Thus, an expression for diffuse scattered radiation calculated from

Eq. (A32) will not incorporate the change in dispersion relation, Eq. (A31}.
To include this effect, we use Eq. (A31) to correct the p-wave amphtudes which serve as inputs for the source j "'(v)

in Eq. (A32). Thus, instead of using Eq. (A26) to obtain Eq. (A32) we use

J,"'(v}=—g (v —I o) A, (v, t o)P(ko), (A26')

where P(k„)is given by Eq. (A31). With this change, the scattered distribution will be larger when the modified disper-
sion relation is satisfied.

The scattered radiation in medium III, expressed as a differential intensity per solid angle normalized to the incident
intensity, for the case in which the observation plane coincides with the incidence plane (p-polarized scattering), is

1 dI(8. ) (2n}~ 1 2m cos 8, sin 8,
Io d0 So n A, cos8sini8

and So——area of integration,

where [ I is the Fourier transform. We shall assume a Gaussian autocorrelation, as given by Eq. (3},which yields

2~2

14 (It}
I

'= ~o
5, a; exp

16m

and Eq. (33) becomes

where 5; and o, are the rms height and correlation length for surface i, respectively.
Equation (A33) can be written in a more standard form if we neglect, in Eq. (A32), the higher-order corrections

b,M~(v ) and j o '(v). In this case, Eq. (A32) assumes the form

JJ(v)=M ~
'(U')[j o '(v)+j~( '(v)], (A32')

(8, ) = 4 g f, (8, )5(o,exp — — (sin8, nsin8) o(—
Io dfl ' (cos8)k'

(A34)

where

1
f((8, ) = ti, (8„I

)t'ai(8,

)cos8, [(e(—1)E(„(z()—(s(+ i
—1)E(~i „(z()]

+ t,2(8„I}ti&(8,)sin8, (s( —1)
FI

1/2

E(,(z() —(e(+ i
—1)

1/2

E(+, , (z()

1s2 —sm 8,
1

(d —z, ) (A35)

r(o is the free-space wave impedance, and E „(z,), E,(z() are the x and z components of the electric field in medium rn,
for an incident magnetic field having unitary amplitude evaluated at the plane z =z&, where zI &

=0 and zI 2 ——d. The
other terms in Eq. (A35) are given by

D(8, )= 1+r,2(8, }rii(8, )exp i (ei —sin 8,—)' d
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and

t J(8„1)=1+rj(8,)exp —i (ez —sin 8, )' zI

for i,j=1,2 and i&j. The r,- s are the single interface reAection coeScients for p-polarized waves. %e write

E;(e —slIL 8~ ) —E.(E; —siii 8~ }

e;(e.—sin 8, )'~ +e, (e, —sin 8, )'

l,j= 1,2, 3; 1+j.
We note in Eq. (A34) that, for correlation lengths small compared to the wavelength, i.e., (cr&/k, 1 &&1, 1=1,2,

(1/Io)(dI /d 0,) varies as A, in agreement with the Rayleigh scattering dependence.
In the small roughness limit, for which the roughness effect on the dispersion relation is negligible, the x components

of E and H fields are approximately continuous across each interface. In this case, it can be shown that f, (8, } in Eq.
(A35) reduces to the expression given by Kretschmann.

C. Modi6catioa of the plasmon dispersion relationship

To compare the results obtained in this section for the change in dispersion relation due to roughness with the results
obtained previously within other approaches, ' we will calculate this modi6cation for the case of a single rough inter-
face between two semi-infinite media, one of them (medium II) being a metal and the other (medium III), a vacuum. We
can reduce our multilayer system of Fig. 8 to a single interface between media II and III by eliminating the first and
second rows and columns of all matrices defined in this section and then making d =0 so that the new coordinate sys-

tem has z =0 on the interface. The p wave amplitudes are obtained from ( + ). With these considerations, we find that
P3

bMii(k„) 0
AMP(kx ) = EM, (ko) 0

with

Z~ ' (ez —1)'
AM„(k„)= f dk

~
gz(k —k, )

~

'
0

1

k2+k3g2
(k k k k„/k +k k k„}+

c k'(kz+k, )

(A36)

(A37}

e —1)
21 x k2+k, c2

(A38)

The matrix hM» in Eq. (A36) modifies the location of the poles of M». The new poles which yield the modified disper-
sion relation are the roots of det[M (k„)+6M(k„)=0, which gives

1+6M, i(k„) 1

det

E

(A39)

From Eq. (A37) we have that

kz+kzez= ez[™zi(kx)+k3™li(kx)1.
The solution for k„from Eq. (A40) gives the dispersion relation for SP s including the roughness effect to second order.
By substituting Eqs. (A37) and (A38} into (A40) one obtains, after a few manipulations,

k&ez+kz ——— (sz —1) f dk
~
g(k —k, )

~

[(kk, +k3kz cosP}(kk„+k,kz cosP)
So k2+k3C2

+k3kz(k +kzkz)sin P], (A41)

where k„=kcosP and k» =k sing. The result given by Eq. (A41) is equivalent to the one presented by Maradudin and

Zierau and also agrees with the expression of Toigo et al. for the change in dispersion relation in the small rough-
ness limit.

For computational purposes„ the double integral in Eq. (A41) can be reduced to a single integral in k if one makes use
of polar coordinates for the two-dimensional k space. ' In addition, we assume that k„=Re(ksp )+hksp is the solution
to Eq. (A41), where Aksi, is a complex wave vector shift whose real part represents the modification in the dispersion
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relation of SP's and the imaginary part is the increase in damping resulting from roughness. To second order in g
T

kspo
'2 2

exp(e„+1)

(a —Eau) Apgf
y f"k dk exp( —k'a'/4) k' (k») ——

o (k+ksp)(k —ksp) 2

j

+aoaaoa' Io(kkspo /2)

—kk sp ( a&a'+ aoa )I
1 + —,'aoak Ii(kk spa 2/2) . ,

(A42)

where e2 =—E =e„+is; and we assumed
i e„i » 1

e;
i
. The meaning of the other terms in Eq. (A42) is the following:

1/2

E, +1
2

1/2
CO

ksp
0Qp=lk 3
=

ksp =ksp++s'p =—
C

(A43b)

1/2
P '2 CO

A=(tk2 = ksp — p
2

C
(A43c)

up=rk3 =

a'=Ek2 =

1/2

k-
e

1/2

k—CO

2

(A43d)

(A43e)

The functions Io, I„andIz on the rhs of Eq. (A42) are modified Bessel functions of zeroth, first, and second order, re-
spectively, and given by

I„(x)=(—1)" f cos(nP)e ""'~dP .2' 0
(A44)
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