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The spin-Aip scattering of an electron by a pair of adjacent magnetic impurities is calculated in

the presence of a magnetic field. In the limit of zero field the pair scattering yields a sharp drop in

the low-temperature resistivity whose strength is inversely proportional to T. This process pro-

vides an explanation for the anomalous drop in resistivity below T& 100 K for UPt3 and many

other heavy-fermion alloys. An external magnetic field is shown to quench this spin-Rip contribu-

tion, resulting in a positive magnetoresistance for UPt3 at low temperatures. In conjunction with

the single-impurity Kondo scattering, the pair process yields an interesting field dependence for
the magnetoresistance at various temperatures and may cause a change of sign in the magne-

toresistance as well as in the Hall eFect.

I. HVTRODUCTION

The "heavy-fermion" alloys are notable for extremely
large magnetic susceptibilities and a sharp increase in
the speci6c heat at low temperature. If one extrapolated
the speci5c heat to zero temperature and invokes a con-
ventional free-electron energy z=p /2trt', then a value
of m'-200m, is needed to describe the data D. espite
the evident inadequacy of the free-electron model for
these materials, the heavy-fermion nomenclature has
persisted.

The discovery of superconductivity in CeCu2Si2 by
Steglich et al. ' challenged the foundations of
condensed-matter physics, since this heavy-fermion com-
pound is characterized by highly localized 4f electrons
which would normally favor magnetism. Furthermore,
their find of an enormous speci5c-heat discontinuity and
a bulk Meissner efFect indicated that the "heavy" elec-
trons are indeed the ones that are superconducting.
Since then, other heavy-fermion superconductors have
been found, while many examples of magnetic corn. -

pounds have also been formed. It is noteworthy that
most of the heavy-fermi systems include rare-earth
atoms whose localized electrons may tend to create a
magnetic moment. This situation can result in the spin-
Aip scattering of conduction electrons and consequently
may yield a strong temperature variation to the resistivi-
ty as we shall see below. Generally, the presence of
magnetic moments tends to have a destructive inhuence
on superconductivity, and thus the discovery of hcavy-
fermion superconductors has stimulated interest in spin-
fiuctuation mechanisms for novel f'orms of superconduc-
tivity.

A comprehensive review of experimental data on
heavy-fermion compounds has been compiled by
Stewart. The magnetic-susceptibility measurements re-
veal a Curie-%eiss law, indicating strong magnetic rno-
ments and occasional magnetic ordering at low tempera-
tures.

A strong temperature variation of the resistivity origi-
nally motivated theories to examine a Kondo lattice of
magnetic impurities since a variation of the resistivity,

pz-lnT, was observed in many cases in the range
50' T~300 K. Since magnetic impurity interactions
suppress the Kondo effect at relatively low concentra-
tions, say x&0.5 at. %, in CuMn„and other convention-
al Kondo dilute alloys the observation of a lnT variation
in the rare-earth alloys, such as Uae», is surprising.
Furthermore, in virtually all of the heavy-fermion a11oys
studied so far, there is an anomalous drop in the resis-
tivity below T-100 K, which is quite difFerent from the
conventional saturation of the Kondo scattering at zero
temperature. One proposed explanation for the anoma-
lous drop to nearly zero resistivity at low T is the con-
cept of a coherent state envisioned by Nozicres and dis-
cussed at length elsewhere. The coherent state evolves
for a system of independent, i.e., uncoupled, magnetic
impurities and is expected to occur at very low tempera-
ture, T~1 K.

At intermediate temperatures, 1g T~ 100 K, we have
found a strong temperature variation caused by the
spin-flip scattering of an electron by a pair of magnetic
impurities which are coupled by an interaction I whose
origin is likely to be the indirect-exchange or
Ruderman-Kittel-Kasuya- Yosida (RKKY) mechanism.
Together with the Kondo scattering, the RKKY term
can create a resistivity maximum whose position is
determined by the concentration of impurities, as in the
case of Ce„La, „CuzSiz, for example.

The physical origin of the unusual temperature varia-
tion of the Kondo, as well as the RKKY, scattering is in
the elastic nature of the spin Hip of an electron by an im-
purity spin. Hence a perturbation-theory analysis will
yield vanishing energy denominators whose sums con-
tribute divergent cross sections at 1ow temperature. For
an electron coupled to the impurity by an exchange in-
teraction J, the first divergence from a single impurity
occurs in terms of order J and gives the Kondo resis-
tivity

p~ ———xA lnT,

where x is the impurity concentration and 3 ~J is also
dependent on the impurity spin and the electron density
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FIG. 1. Resistivity of Upt3 as a function of temperature,
with the data of Ref. 9 shown by the dots. The impurity-pair
spin-Aip scattering term R„KK& yields a good fit to t'he data
when a small phonon contribution DT is included. Kondo
scattering by single impurities would elevate the curve at low
temperatures as shown by the dashed curve.

of states at the Fermi energy. Higher-order contribu-
tions from a single impurity indicate a breakdown of the
perturbation analysis and novel methods have been used
to overcome this difhculty to achieve exact solutions at
zero temperature which are in accord with the observed
saturation in ps (T=O) in classic cases like CuMn„.

However, heavy-fermion alloys often display a resis-
tivity maximum near T -50 K, and a sharp drop in p
at lower temperatures, in contrast to Kondo behavior.
We have shown that the drop in p and the associated
maximum near T can be attributed to the consecutive
spin-Rip scattering of an electron by two adjacent impur-
ities coupled via the RKKY interaction: The resulting
resistivity is of the form

x 8(I,S)
PRKKY T

where the coe5cient 8 depends on the rare-earth con-
centration x, the impurity spin S, and the electron densi-
ty of states. The RKKY coupling I is highly sensitive to
electronic structure and accordingly this resistivity con-
tribution is strongly influenced by alloying, pressure, and
sample quality. The RKKY contribution, together with
the Kondo term, yields a good 6t to the resistivity data
of various heavy-fermion alloys.

The purpose of the present work is to examine the
inhuence of an external magnetic Seld on the impurity
pair contribution to the electron scattering. SuSciently
high fields should inhibit the spin-Aip dynamics and
therefore yield a positiUe magnetoresistance at low tem-
perature where the term pRKK& may dominate the resis-
tivity. An example of this situation is the resistivity of
Upt3, which is shown in Fig. 1. Unlike many other
heavy-fermton cases, p(T) for UPt3 does not show a lnT
variation on a resistivity maximum. Instead, the data
demonstrate a rapid drop in p(T) below 100 K. The
impurity-pair contribution p„KK& yields a good 5t to the
data shown by the solid curve in Fig. 1 even when the
Kondo scattering is neglected (a small phonon contribu-

tion DT is included in the fit). The Kondo scattering
elevates the resistivity as shown by the dashed curve. At
the lowest temperatures, the perturbation analysis be-
comes invalid and a deviation from the experiment is
evident near T-5 K. Hence the UPt3 system, as well as
UBe» and others, provides a convenient challenge for
the magnetoresistance and Hall-effect calculations con-
sidered here.

Spin-flip scattering from a lattice of magnetic impuri-
ties has been invoked to explain the very origin of
heavy-fermion phenomena, and the reported deviations
from the dilute impurity Kondo behavior have been ex-
amined by means of several elegant theoretical ap-
proaches. At the heart of these approaches is the corn-
pensation of the impurity spin by the polarization of the
conduction electrons in the zero-temperature limit. In
the case of an isolated magnetic impurity, the low-
temperature divergence in the electron cross section
leads to a resonance at the so-called Kondo temperature
T&, and it has been suggested that this resonance
occurs at the Fermi energy EF with a very narrow width
of order Tz. " Such a resonance would yield a sharp
peak in the electron density of states at Ez and therefore
provides a tempting explanation for the anomalous low-
temperature rise in the speci6c heat of heavy-fermion
compounds.

An elegant theory of coherent electronic behavior in
the limit of zero temperature has been proposed by
Nozieres. " He begins with the one impurity case in the
T~O limit, such that the electron spins are strongly po-
larized to compensate the impurity spin because of the
extraordinary strong renormalization of the exchange in-
teraction J. By means of a Fermi-liquid expansion,
Nozieres derives the specific heat, magnetic susceptibili-
ty, and the resistivity in the low-temperature regime.
His result for the conductivity, cr(T)=rro+nT, has
been sometimes invoked in connection with the heavy-
fermion data, and subsequently the extreme low-T be-
havior T( &0.5 K) of the observed resistivity has been
attributed to "coherence" effects. These refer to the
spatial extent of the conduction-electron-spin polariza-

0
tion which may range to 10000 A and therefore require
sophisticated many-body treatments. Previous efforts to
explain the resistivity of heavy fermions have neglected
the RKKY coupling between impurities, and thus our
work poses a further dilemma in the study of coherence
at the lowest temperatures. If, in fact, the RKKY cou-
pling is responsible for the precipitous drop in the resis-
tivity below the maximum p region, then low-
temperature treatment would seem to require the calcu-
lation of the electron-spin polarization caused by a pair
of strongly interacting magnetic impurities. Thus this is-
sue presents a central problem in the heavy-fermion sys-
tems and also poses an interesting challenge for the
Bethe-ansatz methods which have been remarkably suc-
cessful in achieving exact solutions of the single-impurity
Kondo problem.

Before turning to the formalism and our calculations,
it seems appropriate to Inention certain diSculties in
determining the temperature regimes which may be ap-
propriate to coherence, Kondo, and RKKY influences.
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Looking at the resistivity of UPt3 in Fig. 1 for guidance,
we may infer that the Kondo temperature Tz is low, but
it is diScult to be more precise because the low-
temperature behavior of p(T) is so difFerent from the
conventional dilute Kondo systems. On the other hand,
magnetic susceptibility data are often compared to the
Curie-Weiss law X=C/(T+8), and sometimes the pa-
rameter 0 has been attributed to the Kondo effect and
thereby chosen to estimate Tz-e. The latter pro-
cedure should be applied with caution, however, since
the Curie-Weiss parameter 8 may be influenced by
many corrections, ' including the RKKY coupling. Un-
fortunately, conclusive evidence on the value of T& is
lacking and we proceed to treat the Kondo scattering
and the RKKY coupling on an equal footing, with a
view toward learning about their relative strength from a
comparison of our work to experimental data.

The magnetic field dependence of the Kondo scatter-
ing is also examined in the present work, following the
earlier derivations of Kondo, Abrikosov, ' and Beal-
Monod and %einer, but emphasizing the novel feature
of consecutive Hip of an electron spin by an impurity
pair.

The magnetoresistancc and Hall-effect contributions
considered here originate from two sources: (a) the field
and temperature dependence of the electron-scattering
amplitudes, and (b) freezing out of the impurity-spin de-
grees of freedom by the external field as well as thc mean
field of nearby impurity spins.

The formalism based on the pseudofcrmion method is
developed in Sec. II, and the key results for the magne-
toresistance and other transport properties are presented
in Sec. III. In Sec. IV we make a comparison to experi-
ments on UBe» and predict the field variation of UPt3
on the basis of our calculations. Finally, in Sec. V we
note some conclusions and promising directions for fu-
ture research.

II. FORMALISM

%c begin with a gas of electrons interacting with an
array of magnetic impurity spins distributed over a lat-
tice. The Hamiltonian of the system is taken as

0 =Ho+H),
where the unperturbed system conists of a frce-electron
energy Ek —k /2m and the part of the irnpurity-
irnpurity interaction that conserves spin, namely

spin-flip scattering of electrons by the impurities since
the spin-conserved processes are analogous to ordinary
potential scattering. Here we write the interaction Ham-
lltonian as

H, = 2Jo—(r) QSJ5(r —Rj)——g (S;+S, +S; SJ+) „

J Is J

where J is the exchange coupling of the conduction-
electron-spin density rr(r) to the impurity spin, and
S—+=S" iS~ denotes the standard raising and lowering
operators for the impurity spin. For a perturbation ex-
pansion it is convenient to rewrite the interaction Hamil-
tonian in terms of the Fourier transform of the spin den-

sity, which leads to

»= —~ X X[(Ck, CI, Ck, —Ck, —)S)'—
k, k' j

+Ck ~Ck ~S +Ck ~Ci, ~S ]

X exp[ i (k——k').R ]

——g (SJ+S( +S~ SI~ ) .
j, l
j~l

This interaction Hamiltonian provides the basis for the
Kondo effect when I=O, and now we can proceed fur-
ther to calculate the impurity-pair contribution to the
electron scattering,

A stumbling block in the problem arises because the
angular-momentum commutation relations of the spin
operators are not fermion or boson in character. Thus

the usual diagram rules cannot be applied to make a sys-
tematic perturbation scheme. To overcome this
difhculty, Abrikosov developed the pseudofermion
method' by introducing virtual fermion field operators
b and b which represent the impurity spin via the
definition

S,=gb, b, S
m, m'

where S ~ are the spin matrix elements with indices
spanning the 2S + 1 spin projections
—S, —S+1, . . . , S —1,S. These field operators obey
normal ferrnion anticommutation rules:

Ho ——g EkCk Ck I g S S;, —
k, a

(4) [b, , bi ]+=5,;5

[b, bi ]~=[b, bi l+ =o
(8a)

where Ck is the creation operator for an electmn in
momentum state k and spin ~, Ck is the analogous de-
struction operator, and the impurity spin at site R is
denoted by S . The heavy-fermion systems are noted for
very localized, spin states corresponding to the rare-earth
atoms and therefore it is reasonable to expect the cou-
pling I between impurities to be dominated by the
RKKY indirect-exchange mechanisms mediated by the
conduction electrons. The perturbation of interest is the

where 51j is the Kronecker 6 symbol. These operators
allow the application of conventional diagram techniques
with an important constraint. The physical meaning of
the operator b is that it creates an impurity state with
spin projection I at site R, and, therefore, a mechanism
is needed to exclude unphysical states where the number
of states at, a given impurity site is artificially at odds
with the single-impurity value. This diSculty is avoided
by assigning each impurity an energy k~~T, normaliz-
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ing the computed results by a factor exp(A, /T)/(2$+1)
and then taking the limit A, going to infinity. ' We shall
demonstrate this procedure below.

Now the perturbation expansion is conveniently ex-
pressed in terms of the Green's function for the localized
impurity state

D(co)= .
1

le —A,

and the electron propagator

G(k, co)= .
1

i a) —Ek
(10)

In the absence of an external field, the scattering re-
laxation time r has been calculated previously to various
orders of J. The lowest order gives the Born-
approximation result

1 =irJ N(0)$($+1),

and the leading divergent term found by Kondo is

1
=4m J N (0)S(S+1)ln(T/D), (12)

+RKKY

where the transport average over impurity sites f' is
determined by the distribution of impurity spins. For
the example of CeCu2Si2 we found

2 sin(x /2)
X

for the electron momentum k perpendicular to the
square lattice of impurities, where x =2kra is the prod-
uct of the Fermi momentum kz and the lattice spacing
a. By comparison, for k parallel to the impurity lattice.

f» (x ) =sin(x /2) [x +2x cos(x /2 )

where S denotes the impurity spin, N(0) is the electron
density of states at the Fermi level, and D is an energy-
cutoff parameter which is required to compensate for as-
suming J to be independent of momentum. Higher-
order terms in J which also diverge as powers of lnT
lead to a resonance below the Kondo temperature Tz,
and this resonance at the Fermi energy has been invoked
as an explanation for the heavy character of the fermion
specific heat. Using that approach as a guide, Tx & 10 K
in many heavy-fermion alloys, whereas the region of in-
terest for the present calculation is 10 & T & 100 K.

Impurity-pair contributions to the electron-scattering
rate give a strong temperature variation from the spin-
fiip process even at a low order of J, or equivalently
IJz. The result is generally anisotropic and given by

1 2mIJ N(0)[S(S+1)]f'
9T

III. MAGNET@RESISTANCE
AND THE HALL EFFECT

In the presence of a magnetic Aeld the conduction
electrons experience a Zeeman energy sI' which includes
the external field —,'g, sp~H in addition to the mean Geld

of the polarized impurities J(S). Hence the electron
Green's function becomes

G, (k, a))= .
1

l co —Ek —$P
(15)

P ~p&H+ JS, (17b)

and then check the computed results using the Brillouin

(
I

/
I

/

+

where the spin index refers to s =+1 or —1, and g,
denotes the electron g factor with p,s the Bohr magne-
ton. The Zeeman energy of the impurity is likewise
influenced by the appropriate impurity g factor g;, plus
the mean field of the conduction electrons J(a), and
the neighboring impurity field I($ ). Writing their total
as Q, we express the impurity Green's function as

D (co)= .
1

Eco —A, +piQ

The diagrams corresponding to the field-induced
corrections are shown in Fig. 2. In principle, the equa-
tions for the field-dependent response of the coupled
electron-impurity system could be solved self-
consistently. However, a lower-order approximation will
suffice to exhibit a strong field and temperature variation
of the electron-scattering rate. Hence we write

P =paH +xJSBs(Q/T)

where Bz is the Brillouin function. At low temperatures
we may use

—2sin(x/2)]/x2 . (14b)

Higher-order processes will become signi6cant as T~O,
and the treatment of these corrections in conjunction
with the comparable Kondo terms is a challenging prob-
lem beyond the scope of the present work.

FIG. 2. Diagrams representing the electron propagator
(solid line) and the impurity Green's function (dashed line). A
cross represents an external 6eld 0 and the dot refers to the
exchange interaction J. The wavy line gives the RKKY cou-
pling I. These graphs indicate the enective field contributions.
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function as well. For convenience we consider the mean
6eld of z nearest-neighbor impurities, and write

Q ~g, H [1+JN (0)]+zIS .

%@thin the pseudofermion method, it is important to use
the renormalization exp(A, /T)/Z, where

S
Z = g exp(mg/T),

4)~

QP+ &s'il-~-p
7

4J)

s
rn, s

I ~ms m's'
I

g T g G, ,(P, co+co, coI )—

where the limit A, ~ao is taken in evaluating the dia-
grams.

As a first step we compute the 6eld-dependent version
of the Born approximation shown in Fig. 3(a). The self-
energy is

exp(A, /T)
X11 Cgl = —11III

+co Z

4l
l GU~

s(
C T

4)p

~KONDO

(b)

Gu~

4)i hap

XD (~~)D„(~I),
FIG. 3. Self-energy diagrams for (a) the lowest-order Born

approximation and (b) the Kondo scattering.

where the spin-interaction matrix element is

I...., =&ms ~2~ S~ms&

=ms5, , 5

+[S(S+1) m(m +—s)]'~ 5, , 5 +,

(21)

Performing the indicated sums and integrations, we ob-
tain

1 = —2 Im XI1 (0)
rs(H)

=~J'N(O)[&m'&+2&s(s+1)

—m (m +s) )nF( sH)], —

where nz denotes the Fermi function. The H=O limit
reduced to Eq. (11) and the limit H /T ~ oo gives
rs '( oo ) =2m J N(0)S, which demonstrates that the

Born approximation gives a negative magnetoresistance
with a mean temperature variation originating from the
thermal spin averages in Eq. (22).

A. Kondo scattering

The Kondo effect in the presence of a magnetic field
has been considered by Kondo, Abrikosov, ' and Beal-
Monod and Weiner. '" However, an analytic solution for
all magnetic fields has not been achieved previously.
Since we wish to compare the Kondo with the RKKY
contribution, we reexamine the Kondo self-energy shown
in Figs. 3(b) and 3(c) to derive a useful approximate form
for the magnetoresistance. The details of the computa-
tion are given by Sheng. '

If the spin of the electron is conserved in the Kondo
processes of Figs. 3(b) and 3(c), the two diagrams give
canceling contributions, thus eliminating terms which
may be temperature or field dependent. Just as in the
zero-6eld case, however, the spin-Nip dynamics yield a
logarithmic T divergence which is suppressed by a mag-
netic field. Performing the spin and frequency summa-
tions, we obtain the spin-Hip terms

Sn J'N'(0) (—[S(S+1) m(m +s)](—m +s)( —s))+nF( sH) f dE( E) —'n~( E—sH)— —

+([S(S+1)—m(m+s)]ms) n, ( —sH) f dE( E+sH) 'n, ( E—+sH)-—

+ —,
' f dE( E) 'n~( E —sH)— —
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Now the divergent integral can be expressed as

J dE( E—) 'nF( E——sH)=ln —+y(sH/T),—D D

(24)

may be useful in future analysis of experimental data.
The "slanting" approximation for the Fermi function re-
places [exp(z)+1] '

by the following: nF ——1 for
E ~ —T, nF ——0 for E ~ T, and n~=0. 5 —E/2T in the
interval —T ~E ~ T. Vhth this approximation we ob-
tain

where

y(x) -=f dy ln ~y ~
exp(y —x)[exp(y —x)+1]

y(x)=0.5(l —x)ln
i

1 —x
i
+0.5(1+x)ln

i
1+x

i

(26)

(25)

where the limit D/T~oo is presumed as usual. We
have evaluated the integral numerically but also found
an analytic expression of' reasonable accuracy, which

I

which overestimates y(x) by roughly 20% over a wide
range of x in comparison to the numerical solution. '

Nevertheless, this form yields the sefniquantitative repre-
sentation of the Kondo magnetoresistance by the result

=8~J'~'(0)(S(S+»»
[
T/D )+[S(S+»—&m'&]r{»

err (H)

+s[1—exp(x}][1+exp(x)][(m )ln
~

T/D
~
+[(m ) —(S +S —1}(m )]y(x)) }, (27)

where x =sH/T.
In the H~0 limit, Eq. (27} reduces to the standard

Kondo result of Eq. (12). In the high-field limit
H/T &~l we have (m ) =S, (m ) =S, (m3) =S, and
an analytic expression of y{x) gives

2 Z- =-Sn J N (0)S 1 — — +ln H
rx(H ))T) H D

and -triplet impurity states, ' but these yield a smooth
temperature variation and are not considered here.

The self-energy diagram corresponding to the consecu-
tive spin-flip term is shown in Fig. 5. Following the
rules of the pseudofermion techmque we derive

X„i~„„=IJlim [exp(A, /T)/Z]2

x g I2 gdl(exp[i'(lt —p) (Ri —R2)]),
m, n' p

Thus a strong magnetic field eliminates the lnT diver-
gence by disallowing spin-flip processes. A similar effect
occurs when the mean field of nearest-neighbor magnetic
impurities inhibits the spin dynamics and usuaBy
suppresses the Kondo divergence at very low impurity
concentrations, say x &0.5 at. % for AgMn„. By com-
parison, the persistence of a Kondo lnT contribution to
the resistivity of many heavy-fermion alloys is mysteri-
ous in view of the large rare-earth content.

The temperature variation of the Kondo resistivity is
shown in Fig. 4 at different values of the external field.
At the lower temperatures, where the lnT behavior is
dominant, a negative magneto resistance is found,
whereas only small variations in ~z are evident at higher
temperatures.

and

Iz = (mn's
~

2cr.S2
~

mns')

X&mns ~S~+S;+S;S~+ ~m n s'&

y &
m'n's'

~

2o S,
~

mn's ),

dl —T Q 6 (p f03)D (co, )D (~+co, co3)—

XD„(co2)D„(co2+co3 —~),

(29a)

(29b)

(29c)

B. Impurity-pair processes

Physically, the process of interest here is the spin Aip
of an electron in a state (k, o ) to an intermediate state
(q, —o ) by the first impurity and a second spin flip by
another impurity to the original state. At low tempera-
tures this process yields a 1/T divergence in the low-
order IJ of the perturbation analysis, ' and its origin
can be traced to the elastic nature of the spin-Hip pro-
cess.

Other nondivergent terms involving the RKKY
interaction J include the distribution of spin-singlet

where m and n are spin quantum numbers for the first
and second impurities situated at R, and 8 z, respective-
ly. The spin matrix I2 reduces to the thermal average
(S(S+ 1)—m (m +s)), and the limit A, ~ oo yields

RKKY IJ I2T X2 1

im3 —F. —sH
P, Q)3

1 —ns (sH)
( l co3 —cd —SH)

X ( exp[i (k —p)-{R, —R2)] ) . (30)
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FIG. 4. Kondo magnetoresistance as a function of tempera-
ture, showing the conventional lnT behavior at zero field. A
magnetic field 0 suppresses the spin-Sip process and thus
causes a negative magnetoresistance as shown for various 0
values, at low temperatures.

It is interesting to distinguish the elastic and inelastic
contributions since only the elastic terms survive in the
0=0 case. For the elastic case, m3

——co, the momentum
sum is performed by taking the average over the impuri-
ty sites R, . Thus we obtain

~RKKY{co =co3)

= 2m IJ N (0)l &f '(2kF8 )ns (sH) T/H

(31)

/

i
I

I

I
I

I

-JO. S2

--' I S 82 I 2

/
I

)

I

~a& ~s
I

t

I
1

/ k, cut

-JCr 52

where ns is the Bose-Einstein function and the spatial
function f'(2k~R) is given in Eqs. (14a) and (14b). &n

the zero-6eld limit, the elastic-scattering term reduces to
the previous results given in Eq. (13), because

0 I

to
T(K)

20

FIG. 6. Magnetoresistance of the impurity-pair contribution
as a function of temperatures showing the suppression of the
1/T behavior at finite fields. As T~O the analysis becomes in-

valid due to neglect of higher-order contributions, but never-
theless the trend of a positive rnagnetoresistance seen here may
be relevant to UPt3 and other alloys.

Hence the freezing of the spin degrees of freedom elimi-
nates the spin-Rip transitions which are responsible for
the 1/T behavior, and a similar restraint is imposed by
the mean field of other impurities at sufFiciently low T.

Inelastic terms in the spin-flip scattering have co@coi,
and vanish in the H=O case. Mathematically, some
complexity arises in the sum

1 1I=T
lCtli —E —SH (i@)i—Qj —sH)

3

(33)

The details may be obtained from Ref. 15, and the re-
sulting scattering rate becomes

+RKKY{co~cu3 )

=2nIJ N(0)1 f'

X t T 'exp(x) n~~(x)T/H—

+ T '[nF(x)/n~(x)] exp(x) I, (34)

ns (sH)TH reduces to 1/T As expe. cted, the limit of
very large fields, H/T »1, eliminates the 1/T diver-
gence and yields

=2nIJ N(0)4S f'T/H . (32)
&atty. v ~=~» H && T

FIG. 5. Self-energy diagram for the spin-Aip scattering of an
electron by a pair of adjacent magnetic impurities with spin Sl
and S2. The RKKY interaction is represented by a wavy line
and the dots show the exchange coupling.

where x:—sH/T. As H~O the inelastic term vanishes
as expected. Furthermore, for H ~~T the inelastic con-
tribution precisely cancels the elastic contribution of Eq.
(32).

Adding elastic and inelastic contributions derived in
Eqs. (31) and (34) gives the final result
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=2nIJ E(0)f'($(S+1)—m (m +&))

X T '[1+nF(x)ln~(x)]exp(x) . (35)

This scattering rate is shown as a function of tempera-
ture for various H values in Fig. 6. It is interesting to
note how the Beld produces a positive magnetoresistance
at low temperatures by eliminating the strong negative
contribution of the RKKY scattering amplitude in this
case. The sign of the impurity-pair resistivity is deter-
mined by the sign of the RKKY coupling I as well as
the phase factor 2kFR which enters in the de6nition of
f'. A comparison to experiment requires the combined
effect of the Kondo and impurity-pair scattering, which
may lead to surprising variations in the resistivity, as we
show in the next section.
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FIG. 8. Resistivity of UPt3 as a function of temperature.
The zero-field data points are from Ref. 9, and the solid curve
is the fit using the impurity scattering plus a small phonon
term DT, neglecting Kondo scattering. At finite magnetic
fields H, a positive magnetoresistance is predicted as shown by
the dotted-dashed curves.

The resistivity is related to the electron relaxation
times by the Einstein formula

T

fPl I 1P=
2

— +
+E +RKKY

(36)

where n is the conduction-electron density and C
represents other nonspin contributions, such as potential
and phonon scattering. An important point to notice is
that the effective mass m ' becomes heavy in the sense of
representing a giant heat-capacity intercept which
occurs only at the lowest temperatures T g Tz, '

whereas our calculation is valid in higher-T range, say
10 & T ~100 K; thus we are compelled to use the free-
electron mass for m ' in estimating the parameters.

In the zero-6eld limit, the combined Kondo and
RKKY terms in Eq. (36) give a good fit to the resistivity
of various heavy-fermion alloys and they provide a sim-

ple explanation for the resistivity maximum arising from
these competing contributions with difterent sign and
temperature variations.

A magnetic field provides a good test of these ideas
because it will suppress the Kondo and the RKKY
scattering at different rates. The case of Uae» demon-
strates a shift in the resistivity maximum at a field H=8
T as shown in Fig. 7 in comparison to the experimental
data of Ref. 17. At higher temperatures T-20 K the
calculated curves fall below the data, probably because
of phonon scattering. However, in the region near the

3QQ — ~ (+KONDO

T= 4K

190—

l40—

I
I e

0

-200
0 8 l2

H (T)
FIG. 7. Resistivity of UBel3 as a function of temperature is

shown by dots for H=0 and triangles for H= 8 T using the ex-
perimental data of Ref. 17. A good fit to the zero-field data is
achieved using the Kondo and impurity-pair scattering terms
of Eqs. (27) and (35), respectively, and reasonable parameters
given in the text. At finite H=8 I the same parameters give
an excellent fit to the low-temperature region with an internal
field JXI,'0) =0.5.

FIG. 9. Magnetic field variation of the spin-Hip scattering is
shown at a low temperature T=4 K. Both the Kondo and the
impurity-pair scattering are suppressed by the field, but their
relative decreases depend strongly on the temperature. Here
the calculated curves presume a dominant Kondo contribution
and, therefore, a negative magnetoresistance, in contrast to the
case shown in Fig. 8.
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maximum at T-4 K a surprisingly good fit is achieved
using 3=100pQcm and 8=560 pQcrn. Using a free-
electron mass and S =—,

' gives a reasonable estimate for
J=0.1 eV and the RKKY coupling I=0.001 eV. How-
ever, the estimation should be regarded as crude and the
values are "effective" coupling parameters which
represent a more complete expression derived by Coqb-
lin and Schrleffer. ' Nevertheless, 1t ls gratifying that
our effective parameter estimates are in line with their
estimates for Ce aBoys. ' A significant feature of our
analysis for Ube' is an estimate of the internal mean-
field correction JN(0) = —0.5 which reduces the field at
the impurity site by 50% in comparison to the external
field H. Thus, at the low temperature considered here,
the analysis indicates a considerable spin polarization of
the conduction electrons by the exchange coupling.

Another interesting case is UPt3 ~hose resistivity does
not show a Kondo behavior, but nevertheless exhibits a
sharp drop at low temperatures as seen in Fig. l. Our
analysis predicts a positive magnetoresistanee in this
heavy-fermion alloy as shown in Fig. 8. It should be
noted that the low-temperature resistivity is particularly
sensitive to the magnetic field because of its spin-Qip ori-
gin, and this feature may allow a separation of the
RKKY-induced scattering from the Fermi-liquid model
of the coherent state.

A sampling of experimental data for UPt3 shows a
positive enhancement of the resistivity near T-6 K for
H=5 T, and 3 times that enhancement for H=S T, ' in
qualitative agreement with our calculated curves in Fig.
8, which did not include internal mean-field corrections.
More complete magnetoresistance studies of UPt3 and
various alloys such as Pd substituted for Pt (Ref. 20)
should pinpoint the relative inliuence of the RKKY in-
teractions in these alloys.

The magnetoresistance data on Kondo lattices such as
CeA13 and CeCu2Siz and similar alloys exhibit a change
in sign at various temperatures ' and has been used to
investigate the onset of the expected Fermi-liquid behav-
ior at very low temperatures. However, the competition
between Kondo and RKKY scattering may provide an
alternate explanation as illustrated in Fig. 9. In this case
the Kondo scattering was presumed to be dominant at
T=4 K, giving the negative magnetoresistance shown at
various fields. However, at lower temperatures, the
impurity-pair contribution may overcome the Kondo
term (as seen in the extreme example of UPt&), and then
a positive magnetoresistance is expected.

The Hall effect may also be strongly influenced by the
field and temperature variation of the spin-Hip scattering
rates, and a change in the sign of the Hall constant is
possible. However, a direct comparison of our results to
experiments is not yet feasible because of a lack of infor-
mation concerning the Fermi-surface topology. Thus we
note that the expressions for the relaxation rates ~z and
v Ry.Ky given above may be useful in future studies.

Another complicating feature of the Hall-effect mea-
surements is the strong inhuence of skew-scattering
mechanisms which also yield a strong temperature
variation of the Hall constant of mixed-valence systems.

V. CONCLUSIONS

Spin fIuctuations are a key feature of heavy-fermion

compounds, and our results suggest the relative impor-
tance of RKKY interactions between impurities may
have a strong inAuence on the transport properties. Pre-
viously, many studies disregarded RKKY coupling
terms in part because the Kondo model of independent
impurities was supported by a lnT term in the resistivity,
and also because it provided an elegant description of
the low-temperature specific-heat anomaly in terms of a
narrow resonance whose origin is attributed to the spin-
exchange interaction of a conduction electron scattering
from isolated impurities. Extensions to Kondo-lattice
models and the interesting concept of a coherent Fermi-
liquid state at the lowest temperatures also avoided com-
plexities relating to RKKY coupling. Nevertheless, esti-
mates of the RKKY coupling strength in these materials
are sparse, and the presumed weakness of such interac-
tions remain mysterious.

The clear deviations of the heavy-fermion resistivity
from conventional Kondo behavior at low temperatures
provides a good testing ground for the RKKY processes
considered here. The case of UPt3 is particularly unusu-
al, since it does not exhibit any hint of a lnT variation,
whereas the sharp drop in its resistivity (Fig. 1) is similar
in form to many other systems such as UBe», CeCu2Su2,
CeA1&, etc. We have shown that this anomalous drop in
the resistivity follows readily from the consecutive spin
fiip of a conduction electron by two nearby impurities.
Furthermore, the estimated magnitude of the RKKY
coupling required to fit the drop is small, but neverthe-
less the 1/T variation of this scattering process allows it
to overwhelm the Kondo resistivity at low temperatures.
In the case of UPt3, our results suggest that the RKKY
scattering dominates the Kondo lnT term over the entire
measured temperature range, but the analysis allows a
weak Kondo effect to be present nevertheless. However,
this example is particularly challenging since the heavy-
fermion behavior of the specific heat should require a
more complete analysis including the inhuence of
RKKY coupling on the Kondo-Abrikosov-Suhl reso-
nance, which is widely considered as the basis for the
heavy character of the electron response at very low
temperatures.

Magnetic fields suppress the spin-Hip dynamics, which
is necessary for both the Kondo and the RKKY-induced
impurity-pair scattering. Thus our calculated results
provide an independent means of determining the rela-
tive importance of the contributions. Of particular in-
terest is the shift of the resistivity maximum in UBe» at
a field of 8 T, which follows directly in our calculations
using the same exchange J and RKKY parameters used
in the zero-field case. Furthermore, the good description
of the rnagnetoresistance over a wide temperature range
is gratifying.

In view of the competition between Kondo processes
that give a negative magnetoresistance and the
impurity-pair scattering, which generally contributes a
positive magnetoresistance, the total resistivity may in-
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crease with magnetic field at low temperatures, but re-
vert to a negative magnetoresistance at high tempera-
tures, T-100 K. Similarly, changes in the sign of the
Hall e6ect are anticipated at different temperatures since
the Hall constant is particularly sensitive to the electron
relaxation time.

At the lowest temperatures our perturbation analysis
breaks down and we are faced with higher-order contri-
butions in league with the Kondo scattering. Innovative
exact treatments, such as the Bethe ansatz, which has
been successful in the single-impurity problem, may pro-
vide some insight into the pair-scattering terms as we11.
On the other hand, it would be worthwhile to extend the
concepts of a Fermi-liquid coherent state to the Kondo
lattice with weak interactions between impurities. In

particular, the inhuence of a magnetic 6eld on the pro-
posed coherent state may indicate the realms of tempera-
ture and impurity concentrations where the RKKY in-
teractions may be expected to provide a substantial
inhuence.
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