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Current distributions of thermal switching in extremely underdamped Josephson junctions
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The first measurements of the switching current distribution of an extremely underdamped
Josephson junction are presented at various temperatures. Careful fitting of the data provides an
experimental verification of the thermal activation theory in the very low damping limit. More-
over, the fitting allows us to obtain the “effective” resistance of a Josephson tunnel junction, thus
providing an important indication as to the proper junction resistance to be used in the resistively
shunted junction model. These values of junction resistance show the temperature dependence of
a subgap resistance, i.e., exp(A/kzT), due to activation of quasiparticles over the superconductor

energy gap A.

I. INTRODUCTION

The effect of noise, both thermal and quantum, on the
dynamics of a Josephson junction has received consider-
able theoretical! ™" and experimental?®~3? attention in
recent years. Such studies are of intrinsic interest and
also have technological importance in determining the
limits of sensitivity and applicability of devices employ-
ing superconducting weak links.

In this report we describe an experimental investiga-
tion of the effect of thermal noise on the switching
current in an extremely hysteretic Josephson junction
(very low damping case). In fact, measurements of this
kind have already been performed for higher damping in
both the thermal*"?? and quantum limits,?>?® by several
authors. In the very low damping regime, however, the
resistance of the junction should play an important role.
The knowledge of such resistance and its temperature
dependence, would provide an answer to the important
theoretical and practical question of what “effective”
junction resistance has to be put in the resistively shunt-
ed junction (RSJ) model (note that the resistance of a
Josephson junction is not well defined, since the
current-voltage characteristic is highly nonlinear in the
subgap region). For this reason, an experimental investi-
gation of very low damping junctions has additional in-
terest, since, e.g., it would be very useful in experiments
investigating macroscopic quantum tunneling.'’

The thermal activation model has two parameters, the
critical current, I, and the effective noise temperature,
Ty, in addition to the effective junction resistance dis-
cussed above. In principle, Ty should be the bath tem-
perature, T, but externally introduced electrical noise
can simulate higher T values. Since thermally activat-
ed switching causes transitions for a distribution of
I <1, the value of I, is a limiting value whose magni-
tude can only be extrapolated from experimental data
using such a model. Therefore, for greatest generality,
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we first fit the model using three free parameters (T, I,
and the effective resistance, R). Since Ty ~T in this fit,
an equally good fit is obtained by assuming T =T and
leaving the other two parameters free. Similarly, the
values of I, are found to be approximately constant, so
we have also fit for the effective junction resistance
alone, choosing an average I.. In this case the fit was
somewhat poorer.

In the following we first introduce the problem of
thermal induced transitions from the V=0 to the V0
state of a Josephson junction from a theoretical point of
view, indicating in particular, differences between the
two damping regimes in hysteretic junctions. Then we
describe the experimental apparatus and show the data
taken at different temperatures. Particular care has been
taken in fitting the data to theory, e.g., we discuss the
statistical compatibility of experimental points with
theoretical curves, the errors on the fitting parameters,
and their correlations. The temperature dependence of
the effective resistance of the junction will be compared
with the resistances measured on the I-V characteristics.
Finally, the limits of our experimental technique to
determine the effective resistance are discussed.

II. THEORETICAL OUTLINE

As is well known, the electrodynamics of a Josephson
junction is typically described in terms of an equivalent
current-biased circuit consisting of a capacitor C and a
resistor R (the “effective resistance” of the junction,
which is assumed to be constant) in parallel with a su-
perconductor element (RSJ model). Within this model,
the junction equation of motion is a Langevin-like equa-
tion of the form

0+7m6+dU /dO=E(1) , (1a)

41)0)5

(&(1)) =0, (&E(t')) = 8(t—t'), (1b)

1525 ©1988 The American Physical Society



1526

where

U(9)=w}2~(a9+ cosf) .

We introduce the dimensionless ‘“‘temperature” parame-
ter, y=#il_./ekyT, the “friction” parameter, =1/RC,
and the plasma frequency, w; =(2el, /%iC )12, Here 6 is
the phase difference across the junction, a is the bias
current I measured in units of the critical current I, (i.e.,
a=I1/1I,).

The behavior predicted by Eq. (1) is easily understood
in terms of the mechanical analog, i.e., that of a Browni-
an particle performing its motion in a potential energy
U(0), with the damping coefficient n and in the presence
of the random force £(¢) where 6 is the position of the
particle. For a <1, U(6) shows a series of relative mini-
ma (potential wells) separated by a potential energy bar-
rier, U, which is a decreasing function of a:

Uy=wlE, E=—ma+2[asin” la+(1—a®)!’?].

For a=1 the potential barrier U, becomes zero. The
V =0 state of the junction can be visualized as a particle
which is trapped in a well and is performing oscillations
around the potential minimum with a frequency
o=(1—a’)"w ;- The voltage across the junction is re-
lated to the speed of the particle by the Josephson rela-
tion V=(#/2e)6, so that a nonzero average voltage
(V0 state) appears when the particle leaves the well
and starts running down to the potential slope with an
average velocity.

In the absence of noise (T—0 or ¥y — ), the system
would show a deterministic transition from the V=0 to
the V5£0 state at I=1,, when the potential barrier U,
becomes zero. Noise can cause the escape from the po-
tential well even when a barrier is present (a <1), and
such transitions occur at current values I which are
smaller than I,. This process can be described in terms
of a lifetime 7 of the V=0 state which is metastable
against transitions to the V540 state. The problem of
the escape from a metastable state in the presence of
thermal nmse has been treated in a pioneering work by
Kramers,*® and in recent years many theoretical works
have provided extensions of Kramer’s result.’~!! As is
well known, in the Kramer’s theory, the expression for
the lifetime depends on the value of the dimensionless
damping parameter €=17/w;. Even in the case of hys-
teretic junctions (€ <1, underdamped case) we have to
consider two different regimes: one is the intermediate
damping (ID) regime, which is characterized by the life-
time for the ¥ =0 state**

-1

1
o= |5 -[(0/27+(27%)*—9 /2] exp(—yE /2)

(2)

As Kramers pointed out, this formula is only applicable
for intermediate values of ¢, i.e., for €2 (1—a?)'*/ayE
[or n/@2 (myE)~']. However, since myE >>1 in typi-
cal experimental situations, the allowed values for the
ratio 7/@ in Eq. (2) may be much less than 1. For the
case of 11/@ << 1, Eq. (2) reduces to
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D expl 3)

o exp(—yE /2)

TIR=

This is the well-known transition-state-method result
of calculating the lifetime [transition rate (TR) theory].
The previous experimental work on noise effect in hys-
teretic junctions has mostly interpreted the data within
the ID framework, using Eq. (3) to fit the data. Note
that no information on the effective junction resistance
can be obtained, since 7y is independent of R.

However a change of regime is expected to occur in
the Kramer’s theory for an extremely underdamped
junction. For very small values of the damping parame-
ter €, we are in the very low damping (LD) regime in
which the lifetime depends linearly on the effective resis-
tance through the friction parameter, n=(RC)~:

- _ 1 exp(yE/2) exp(yE /2)
D™y yE/2 yE/2

Following Kramers, we can say that Eq. (4) should be
used instead of Eq. (3) if rqp/Tip<!l [ie, 1/®
<(myE)~!]. Note that this final condition also allows
Eq. (4) to be valid for some high damping cases.

Summarizing, in hysteretic junctions (e < 1) the life-
time of the V=0 state is given by Eq. (2) if 7rg > 7y p,
whereas Eq. (4) must be used if 7 5> 7rg. In both cases,
Kramer’s theory assumes Y E /2 >> 1.

In recent years, the Kramer’s theory has been general-
ized®~? to provide bridging between these limits over the
full damping range. In Ref. 8, for instance, thermal ac-
tivation in an extremely underdamped junction is inves-
tigated for a wide range of damping constants, and the
authors obtained an expression for 7 p which describes
the intermediate region [7/@~(myE)~'] very well and
reduces to Kramer’s result for 7/@ <(myE)~!. More-
over, the extremely underdamped case has been recently
studied to provide an expression for 7y which is also
valid for small energy barriers (yE/2~1) and yields
Kramer’s result for yE/2>>1. Such extensions of
Kramer’s theory are necessary to account for some ex-
perimental situations in Josephson junctions.

In our experiments to test these ideas, the bias
current, I, changes as a function of time and switching
events are observed at various current values. The re-
sulting distribution function, P([), is related to the life-
time 7(I). Since the directly measured quantity is P (7)
rather than 7(I), it is useful to write the well-known rela-
tionship between such quantities:’

—1
1 |dl
-1 lz

=RC (4)

dl
dt

-1
P(I)= ! Y I1"dI’

(5a)

Obviously the same process can be described in terms of
the switching time distribution, P (t), as

P(t)=7"lexp [ f r~dt’ ] . (5b)

Let us observe that the bias current appears in T as
a=1/I,. Therefore in the experiments, care is required
to get a good determination of the ratio I/1,.
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III. EXPERIMENT DESCRIPTION

A. Junction fabrication and characterization

The samples used in the experiments were
Nb-Nb, O, -Pb tunnel junctions prepared by a standard
procedure. The base electrode was made by sputtering a
Nb film on a Corning glass substrate. The desired
geometry was obtained by standard photolithography
and chemical etching. A titanium oxide film was depos-
ited between the substrate and the Nb film to avoid etch-
ing the glass substrate and possibly breaking the counter
electrode. After back sputtering for cleaning, a native-
oxide barrier was grown by thermal oxidation in air. A
Pb film as counter electrode was then e-beam evaporated
and the junction was completed by the second electrode
photolithography. The resulting structure was a cross-
type, 100X 50um?, Josephson tunnel junction.

The junctions were of good quality, with a sharp rise
in the quasiparticle tunnel current at the sum of energy
gaps (~2.6 MeV) at T=4.2 K, and a low subgap leak-
age current. A sample with a low critical-current densi-
ty (J, ~2.8 A/cm?) was chosen for measurements in or-
der to have an extremely underdamped junction.

The junction capacitance was measured by the Fiske
step voltages using the sum of the penetration depths of
Pb and Nb determined from the magnetic field
diffraction pattern. A value of C =500x100 pF was ob-
tained. The critical-current density was uniform, as
confirmed by the good diffraction pattern of the critical
current in an external magnetic field, with modulation to
zero at the minima. The normal resistance of the junc-
tion was Ry =8.0 Q. A discussion of the behavior of
the subgap resistance as a function of the temperature
will be given in Sec. IV. We point out that using Ry =8
Q) in the RSJ model yields a very low value of the damp-
ing parameter (€=8.5X 1073 B, ~13500). The higher,
subgap values of resistance yield an even smaller value of
€, so we are clearly in the extremely low damping regime
of the RSJ model for our experiment (see Sec. IV).

B. Experimental apparatus

The simplest and most successful apparatus consisted
of the sample being mounted inside a massive copper
block immersed in liquid helium with connections for
four-terminal resistive measurements. In order to reduce
the external noise, all the connections to the room tem-
perature were made through 500-{) resistors cooled at
helium temperature. Moreover, the amplifiers and the
sweep generator were battery powered. Since the stabili-
ty of the external conditions during the time of a partic-
ular distribution measurement is very important, efforts
were made to reduce small drifts of electronics.

The bath temperature was controlled by the stabiliza-
tion of the helium pressure and by the current through a
heater in the bath which was controlled by a feedback
circuit connected to a germanium thermometer. Since
no variation on the thermometer resistance was observed
during the time of a distribution measurement ( ~3 min)
any occasional temperature drift was less than 1 mK.
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In Fig. 1, a block diagram of the electronics setup is
shown. The current generator biased the junction
through a 100-kQ limiting resistor using a trapezoidal-
shaped waveform (see Fig. 1) at a frequency of about 50
Hz. The current to the junction also passed through a
high precision resistor whose voltage was amplified and
sent to the trigger of a pulse generator. The 20 us width
pulse from this generator was synchronized with the
sharp rise of the current ramp, and provided the trigger
for the multichannel analyzer (NS-570A Tracor North-
ern).

The junction voltage was amplified and sent to the
trigger of a second pulse generator which provided a
pulse at the time of the switching to the V0 state.
This 20 us width pulse was sent to the stop-time input of
the analyzer and a count is therefore assigned in the

channel corresponding to the time . About 10* events
of this kind were measured and recorded, in a period of
about 3 min, to get a distribution of counts versus chan-
nel number, which formed the experimental hystogram
equivalent of P(z). The time resolution was 20 us (width
of one channel) while the maximum number of channels
available in the analyzer was 1016.

The current resolution, as well as the width in chan-
nels of the distribution, depends on the slope of the
linear part of the bias current ramp. This slope (~2
nA/us) was adjusted in order to have a current resolu-
tion of ~40 nA/channel, and distributions 40—-60 chan-
nels wide (tail included). Good statistics for such distri-
butions can be obtained in about 3 min (~700-800
events/channel at the maxima; 5 counts/channel in the
tail). Counting for too long was avoided to reduce the
effect of small drift of the external conditions.

C. Calibration

The described apparatus provides the hystogram
P,(N) of the counts versus the channel number N, which
is equivalent to P(t). For a valid comparison with
theory, a careful calibration has to be made. After the

1
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PULSE
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PULSE
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.ﬂ. ANALYZER ‘n'

START SIGNAL

STOP SIGNAL

FIG. 1. Block sketch of the electronics setup. The filters
are close to the junction in the liquid-helium bath.
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measurement, the current ramp has been visualized on
the analyzer with the same time scale of the distribution
(i.e., the channels scale). This can be obtained by
switching the input of the analyzer to the voltage across
the current resistor. The multichannel analyzer then
measured the number of counts in each channel, Cy,
which are proportional to the bias current at the time
corresponding to N. The coefficients C, and b of the
trapezoidal current ramp, where I=A(C,+bN), can
now be determined with high precision (to better than
+0.1%). The proportionality constant A4 between the
current and the counts (which finally allows the calibra-
tion of the channel number in terms of I), was already
determined (to *1%) by supplying a known current
through the current resistor in the actual measuring set-
up. Therefore, the final expression for the calibration of
the channel number in terms of current is determined to
+1% because of the uncertainty in the determination of
A. However, the ratio of currents in different channels
is known much better since it depends only on C, and b.
For this reason relative values of the dimensionless bias
parameter a=1/I., whose calibration allows the com-
parison with theory, can be determined to better than
+0.1%. Note that while the critical current I, is typi-
cally taken as a free parameter, it is actually the channel
number, N, which is determined.

Performing the fittings in terms of P(?), instead of 7,
has the advantage that the statistical error on the data is
well known, being given by Poisson statistics. Moreover,
some other possible sources of errors have been checked.
For the total time (~3 h) of the distribution set mea-
surements, the waveform of the bias current generator
was never changed. However, the calibration was made
after each distribution record in order to estimate even
small drift of the electronics setup. No variations of b
were observed whereas a systematic decrease of C, was
observed, indicating a small current drift ( 15 nA/min)
or 1% per hour. The smearing, which comes from such
a drift, is unimportant in our measurements of the distri-
butions since it corresponds to only one channel drift in
our 3-min runs.

Finally, in order to calibrate the time resolution of our
apparatus, a second, synchronized 20 us width pulse
with a fixed delay time was applied to the input. Instead
of a single channel populated, we found a Gaussian-like
distribution with half width o ~1.5 channels. The re-
sulting small error on the time axis has been taken into
account in performing the fittings of the experimental
distributions, although it produces only small variations
on the X? tests.

IV. ANALYSIS

Figures 2(a) and 2(b) show the data taken at various
temperatures, plotted as P(a) versus a; the theoretical

curves are calculated using the refined treatment of”

Kramer’s low damping theory discussed in Ref. 9, which
provides a complete description of extremely under-
damped junctions. As a general consideration we notice
that all the distributions have a characteristic asym-
metry with an almost exponential tail at low current and
a more abrupt cutoff at high I.

The best fittings are made by X? tests, i.e., we have
looked for the free-parameter values in the theory which
minimize the X? variable defined as

X2= 2 (Pi_‘Ptheor )2/0;'2 ’

I

where P; and P, are, respectively, the experimental
and the theoretical distributions and o; is statistical er-
ror on P;. For X* minimization we used the multivari-
ables minimization program which provides the best
fitting parameters, the best X2 value and the covariance
matrix. As is well known, the X2 value provides a good
test to check the statistical compatibility of experiments
with theory. The free parameters in the theory are the
critical current I, (actually the corresponding channel
N_, as above described), the effective resistance in the
RSJ model, and an effective noise temperature T which
induces thermal as well as external electrical noise. Al-
though considerations similar to those of Ref. 26 en-
sured that neither low-frequency noise [which would
smear out P(J) to approach a Gaussian distribution], nor
external transients (distributions independent of I at low
I) influenced the switching, we made a first series of
fittings taking the temperature as a free parameter to ex-
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FIG. 2. Experimental distributions (solid circles) taken at
indicated temperatures plotted as P, vs a. The solid lines are
the theoretical curves calculated using Ref. 9 and from the
two-parameter fit reported in Table 1.
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TABLE 1. Results of the analysis based on three X2 tests. For each test we report the values of the free parameters determined
by minimizing X2. The accumulated X2 values divided by the degrees of freedom, N, are shown in the last columns.

Three parameters

Two parameters One parameter

Ty=T Ty=T, I.=165.00 uA
T(K) Ty (K I, (WA R (Q) X*/N I (uA) R (Q) X*/N R (Q) X2/N
2.03 1980 164962  21.81  37.9/35 165.123 1425  39.6/36 24.82 43.4/37
1.83 1.810 165130  15.84  37.4/41 165.290 13.86  38.1/42 39.56 55.7/43
1.75 1.743 164.923 582 45.7/42 164.886 7212  46.7/43 40.10 49.2/44
1.63 1.623 165.011  211.0 52.0/46 165.016  216.6 52.3/47 230.4 52.4/48
1.50 1.539 164960  318.5 31.0/39 164.840  460.6 31.5/40 211.4 42.7/41
1.27 1273 164928  810.1 61.0/38 164.886  993.0 61.4/39 548.0 71.9/40
4.2 4197  144.69 1.087  30.0/55 144.69 1.113  30.1/56

perimentally verify that no external noise (which would
produce actual fit temperature higher than the bath tem-
perature) affected our experiments. The results of three
different fittings are summarized in Table I.

In a first series of fittings we left free the three param-
eters T, I,, and R. We notice that the X? values show
statistical compatibility between theoretical and experi-
mental distributions. Moreover, the fit temperatures are
fluctuating around the actual measured temperatures
with very small deviations (the maximum deviation is
0.05 K) showing good agreement of the noise tempera-
ture with the bath temperature.

For a further investigation of this important point, we
made a second series of fits fixing the temperature to the
bath temperature and leaving free I, and R. We notice
that the quality of fits is no worse; this means that the
temperature is not really a free parameter, and thus pro-
vides proof that no external noise is present.

The fit resistances R show a clear temperature depen-
dence as shown in Fig. 3. The error bars for R have
been estimated by analyzing the fluctuations of R which
do not produce substantial changes in the quality of the
fits within statistically allowed fluctuations of the other
parameters. In fact, we observe correlations between the
fit parameters. These correlations do not greatly affect
the determination of I, and Ty, but they lead to a some-
what poorer determination of R. Examples of the fluc-
tuations of R with small variations of Ty and I, are
represented by the three series of fittings reported in
Table I; the error bars in Fig. 3 include these fluctua-
tions. We notice, however, that in spite of these fluctua-
tions the temperature dependence of R is well character-
ized.*

The semilogarithmic plot of R versus T ~' emphasizes
the exponential behavior which is typical of a subgap
junction resistance, Raexp(A/kgT), corresponding to
the thermal activation of quasiparticles over the super-
conductor energy gap A. A comparison with two
subgap resistances measured on the I-V characteristics
at voltages of 300 and 30 pV is also shown. We notice
for the fit resistance almost the same slope of the 30 and
300 uV resistances before they saturate. However, the
effective resistance value is lower than the lowest quasi-
particle resistance measured on the I-V characteristic
close to the origin (down to 5 uV). We have no model

to explain such a difference; additional theoretical and
experimental work is needed to understand this result.

Devoret et al.?® have established that the effective
damping resistance should be evaluated at the plasma
frequency, @, and that in this range of frequencies
(~GHz), external elements to the junction can affect R.
Our blocking resistors were metal-film type and connect-
ed to the junction with a short (several cm long) 0.007-
in.-diam Cu wire. Although frequency dependent losses
in this “transmission line” could account for some of the
temperature variation of R, it is unlikely to explain the
three orders of magnitude change in R with tempera-
ture, when @ changes by only a factor of about 2 over
the same range of T.

Note also that the drop of I, to ~145 uA at 4.2 K is
reasonably consistent with experimental determinations®’
of I_.(T) made on other superconductors.

1 04 06

T—‘(K~l) 0%8

FIG. 3. Some typical junction resistances plotted vs 7T~
Curves are the dynamical subgap resistances taken at V=300
pV and V=30 uV, respectively; the solid squares are the
effective junction resistance values obtained by the three-
parameter fit to the data (see Table I). The effective junction
resistance follows R =R, exp(A/kpT) with Rg=5.75X 1072 Q
and A=1.1 meV.
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Finally, we notice that, in agreement with the theoret-
ical I, versus T dependence, the fit values of I, are found
to be approximately constant at low temperatures
(T <2.03 K), with fluctuations of about +0.1% around
a common value. Therefore, we have also fit with the
effective junction resistance the only free parameter, by
also fixing I, to the average value obtained in the previ-
ous series of fittings (i.e., 165.00 pA). In this case the
fits were somewhat poorer, indicating how sensitive the
fits are to small variations of I,. At first sight this seems
wrong, since physically I. must have at most a very
small and monotonic variation with T. However, this
result can be understood by realizing that the I, used in
the fit must be allowed to seek its most suitable value
which is consistent with the uncertainty (~0.1%) in the
current calibration through C, and b. Thus more pre-
cise R values cannot be obtained by fixing /. unless a

more precise calibration procedure for currents can be
implemented.

We want to point out that in the light of these fittings
the assumption of the extremely low damping frame-
work for our experiment is verified. In fact the ratio
Trr/TLp is significantly less than one (10~'-1073) for all
the experimental distributions except that at T=4.2 K,
which is actually very close to the crossover point be-
tween the region of validity of the transition rate theory
and the very low damping theory (7pg ~71p).

Anyway, we made an attempt to fit the distributions
within the transition rate theory picture. As expected,
the T=4.2 K distribution can be fit in this framework
as well as in that of the very low damping theory, result-
ing in Ty =4.2 K, as the fit temperature. However, at
lower temperature and increasing resistance, the transi-
tion rate theory starts failing and no statistical compati-
bility between data and theory can be obtained, except
for some qualitative agreement due to the typical ex-
ponential behavior of 7(7) in all the theories.
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V. CONCLUSION

Switching-current-distribution measurements in an ex-
tremely hysteretic Josephson junction at various temper-
atures are presented. A careful fitting of the data pro-
vides an experimental check of the thermal activation
theory in the very low damping limit. Moreover, the
fittings show that no external noise affects our measure-
ments and allow us to obtain as a fit parameter the
effective resistance of a Josephson tunnel junction in the
RSJ model.

Although the correlation between the fit parameters
does not allow us to get a very precise determination of
R at each temperature, R shows a well-defined behavior
as a function of the temperature. In fact R has the typi-
cal temperature dependence of a subgap resistance,
R « exp(A/kgT), but it is lower than the dc resistance
measured on the I-V curve at low voltage (down to 5
uV).

Moreover, we have shown in this work that very care-
ful fittings have to be performed on switching distribu-
tion measurements in order to get useful information.
Indeed a qualitative agreement between experiments and
theory is often obtained very easily because of the typi-
cal, almost exponential behavior of 7(I) in all the damp-
ing regimes.
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