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The spin splitting of the conduction band due to the inversion asymmetry of the microscopic
crystal potential is predicted to depend linearly on the components of the parallel wave number ki
for small ky in undoped GaAs/AlAs quantum wells. The linear dependence is due to the quanti-
zation of the confinement levels; the bulk spin splitting depends cubically on k. We have calculat-
ed the splitting both numerically and analytically for GaAs/AlAs quantum wells grown along the

[0o01], [110], and [111] directions.

In the linear regime the average spin splitting is shown to be

about a factor of 2 smaller for [110] quantum wells than for [001]- and [111]-grown quantum
wells. The splitting is calculated to be AE =4 meV at ky=0.07(2x/a) for a 25-A [001]-grown

GaAs/AlAs quantum well.

Spin splittings of energy bands of zinc-blende semicon-
ductor modulation-doped heterostructures and quantum
wells have been extensively studied both experimentally'
and theoretically.? The splittings are then caused by the
inversion asymmetry of the macroscopic, i.e., slowly vary-
ing on the scale of the lattice parameter a, interface, or
confinement potential. Homogeneous zinc-blende semi-
conductors exhibit an intrinsic spin splitting due to the in-
version asymmetry of the microscopic crystal potential.’
As a result terms linear in k= |k| may appear in the
valence-band structure, but calculations of Cardona,
Christensen, and Fasol* show and that the corresponding
splittings are extremely small, <1 meV, for zinc-blende
semiconductors. In addition terms cubic in kK may occur
both in the conduction band and the valence bands. They
are associated with Kane’s”’ B parameter and are not all
that small. Christensen and Cardona’ obtain a theoreti-
cal estimate of 75 meV for the maximum splitting in
GaAs occurring for k along [110]. Effects of this splitting
have been observed in spin-polarized photoemission,® the
Hanle effect,’ and infrared spin resonance.®

This Rapid Communication addresses the effects of the
inversion asymmetry of the microscopic crystal potential
in undoped GaAs/AlAs quantum wells grown along the
[001], [110], and [111] directions, i.e., in systems having a
macroscopic inversion-symmetric confinement potential.
We show that the spin splitting depends linearly on the
components of the parallel wave number k; for small k
(=|ky|) and calculate its magnitude both numerically
and analytically as a function of kj; the crystal-
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Here and in the following, when confusion is unlikely we
have omitted the superscript /. The energy E. is the ener-
gy at the bottom of the conduction band the “energy
operator” é=h2%/2m*(k2+k}+k?), m* is the T-point
conduction-band effective electron mass, y is the spin-
splitting parameter as defined by Christensen and Cardo-
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momentum-like quantum number k; describes the transla-
tional symmetry in the parallel plane of the quantum well.

We derive a k- p Hamiltonian for the conduction bands
of bulk zinc-blende semiconductors, which reproduces
their spin splittings, and develop the corresponding en-
velope function formalism for the quantum well consisting
of these semiconductors. Perturbation theory is used to
obtain analytical expressions for the spin splitting occur-
ring in the energy spectrum of the quantum wells as a
function of k). In these expressions contributions both
linear and cubic in kj appear. Their origin is discussed.

We first derive an envelope function formalism for the
conduction bands of [001] grown GaAs/AlAs and alike
(type-I) quantum wells which includes the spin splitting
due to the inversion asymmetry of the microscopic poten-
tial. We proceed along the lines of our earlier work and
omit details.® For each bulk constituent / (/ =W for the
well and / =B for the barrier) we expand the conduction-
band wave function u/{ (r) into s-like spin-up (u} =|s;1))
and spin-down (u{=—s5;])) conduction- band I'-point
states as

ylh(r) =™ FY @Oub () +Fl, @ul (01, (1)

where the envelope vector function Ff,=(Fi,(2),
,(z))  satisfies the  Schrodinger  equation
ﬁ" — ELI)F{,=0; z is along the growth direction of the
quantum well The Hamiltonian matrix HL can be ob-
tained from the eight-band Kane-type k- P Hamlltoman9
by Léwdin renormalization'® and the omission of O(k*)
terms and is given by
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na,’ and k; is the operator id/dz. Setting Fk,oce'k"z the

two energy eigenvalues of the Schrédinger equation

clearly exhibit the bulk spin splitting and are given

by  Exx =h’k2m* x 2k (kikj+ kil + ki k)
—9k2k 2k2]'/2. The spin splitting is cubic in the com-

ponents of k and attains a maximum value (y/2)k? for k
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along the [110] direction; it is zero for k along [001] and
(111l

The envelope function formalism developed for bulk
zinc-blende semiconductors can now be suitably modified
to describe type-I vguantum wells. We must join the en-
velope functions F¥ of the well W and F§ of the barrier B
across the 1nterfaces We take the usual boundary condi-
tions,>!! i.e., contlnurty, F¢ =F¢, and “differentiability”
(4 W(a/az+ BYIFl = [Aé(dlaz)+ BEIFE, at each
interface. The matrices A’ and B’ depend on k; and are
defined by the following decomposmon of Hamiltonian:
H'=4'(8%/8z%)+ B'(8/3z)+ C'. Confined states are ob-
tained by specifying the boundary conditions for
z— Foo:lim, . + «Fy,(z) =0.

We solve the Schrodinger equation plus boundary con-
ditions for a quantum well of width w numerically. At a
sought confinement energy Ex, we determine the four
K (E k,) values and the corresponding eigenvector func-
tions Ff,(z) which satisfy the Schrodinger equation in
each constituent / of the quantum well. Note that for
yB=0 the four k2(Ey,) values in the barrier are not just
imaginary, but complex numbers. The quantum-well en-
velope vector function is then written as a linear combina-
tion of these eigenvector functions. Application of the
boundary conditions yields the confinement energy.

Our formalism can also be applied to type-I quantum
wells grown along the [110] and [111] directions. If the
rotation from z =[001] to z'=[110] or [111] is governed
by the orthogonal transformation r' =Or, all we have to
do is apply the same rotation to k=(kj,k,). We obtain
Hk')=H(k=07k'); k; is along the quantum-well
growth direction and k{ in the quantum-well plane.'? The
determination of the boundary conditions is now carried
through for the primed variables. In solving the envelope
function problem for non-[001]-grown quantum wells a
problem arises since H now depends on (k;)3. We omit
the corresponding spurious solutions® and the effect of the
(k;)3 term on the boundary conditions.'> In the following
the primes are omitted.

We can also derive analytical results for the spin split-
ting in a quantum well. For k;=0 the eigenstates are
doubly degenerate as a result of time-reversal symmetry:
no spin splitting exists. For k=0 analytical expressions
for the spin splitting can be obtained by the application of
degenerate perturbation theory. The Hamiltonian is
decomposed as H =Ho+ H, where Ho=(E.+¢&)I and H,
contains the remaining, i.e., the y-dependent terms. In Hy
the two spin bands are decoupled and the standard
smgle-band spin-degenerate quantum-well model is ob-
tarned The two degenerate envelope functions

F{V=(Fy,(2),0) and F{’=(0,F,(z)) at a degenerate
energy Ey, obv1ous1y both satisfy (Ho—E k,l)Fk"
The perturbation results in the st sphttm
AE, =2V} + | V,zl'f)l/ where Vi =(F | H, |FO).
For [001]- and [110]-grown quantum wells V“ 1s zero
and the spin splitting AEy, =2 | V12| can be written as

AEy, = | vk (ky+ik,) — Fikky (ky —ik,) | (3)

for [001]-grown quantum wells where k, and k, are along
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the [100] and [010] directions, respectively, and

1—
27\/' J‘

for [110]-grown quantum wells where k, and k, are along
the [001] and [110] directions, respectively. For a [111]-
grown quantum well the resulting expression for the spin
splitting is

+7
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(5)

where ky and k, are along the [112] and [110] directions,
respectively. The barred quantities in these expressions
are defined as averages of the spin-splitting parameter y
and the confinement wave number k, over the probability
density of the confinement state, ie., yk2=f TS F§ £ (2)
xk,y(2)k.;Fy(z)dz and 7=[% ooFk,(z)y(z)Fku(zSdz,
where the single-band envelope function Fy,(z) satisfies
the normalization condition

[ R @F@dz=1 .

The integrals consrst of a well contribution, a barrier con-
tribution, and, for ykz , of mterface contributions resultrng
from § singularities of d2Fy,/dz? and dy(z)/dz at the in-
terfaces. The barred quantities depend weakly on k;
(<2% difference for kj € [0,0.06(27z/a)]) through the
weak ky dependence of F,(z). For wide wells, w > 200
A, 7and 7k are to within a few u;)ercent equal to ¥ and

W(k ¥)2, respectively, where kY is the quantized wave
number in the well.

Our model contams ﬁve parameters: the effective elec-
tron masses miy and mg, the spin-splitting parameters y"
and y%, and the conduction-band discontinuity AE.. We
apply the model to GaAs/AlAs quantum wells. Thus we
take myy =0.067, mg =0.150 and put AE, equal to 0.99
eV. The spin-splitting parameter was calculated for GaAs
by Christensen and Cardona® using the linear muffin-tin
orbital (LMTO) method. We take their value, i.e.,

W=17eV A.3 For AlAs no value exists. We have there-
fore performed an augmented spherical wave'* (ASW)
band-structure calculation for GaAs and AlAs includin
the spin-orbital interaction operator in the Hamiltonian. !
Figure 1 contains our calculated results for the spin split-
ting of the conduction bands of GaAs and AlAs. Our re-
sults for GaAs agree with those of Christensen and Cardo-
na to within 5%. For AlAs the spin splitting is found to
have the same sign as for GaAs and it is = 30% smaller
than that of GaAs. We consequently take y2=12eV A3,

Figures 2-3 display our analytical results for the spin
splitting of the conduction bands of 50-A-wide [001]-,
[110]-, and [111]-grown GaAs/AlAs quantum wells. We
have verified that our analytical results agree with our nu-
merical results to within 0.1%. Obviously, the spin split-
ting depends strongly on the growth direction of the quan-
tum well. Unlike the bulk spin splitting which is cubic in
k, it is not cubic in k. Moreover, it is strongly anisotrop-
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FIG. 1. Calculated ASW results for the spin splitting of the
conduction bands in GaAs (solid line) and AlAs (dotted line)
along I' — K.

ic. The k; dependence as shown in Fig. 2 can be interpret-
ed in detail from E{s (3)-(5). For small ky, ky < kY, the
term containing yk; is dominating and thcggin splitting is
linear in ky; it is approximately equal to yk/ky, 7 vk ky,
and (2/3)ykZky for [001]-, [110]-, and [111]-grown
quantum wells, respectively. The origin of the linear con-
tribution in k) is obvious from these formulas: It is due to
the quantum-well-induced quantization of k, in the
third-order k2k, and kZk, bulk contributions. Note that
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FIG. 2. Calculated [from Egs. (3)-(5)] spin splitting of the
first conduction-band confinement level for 50-A [001]- (solid
line), [110]- (dotted line), and [111]- (dashed line) grown
GaAs/AlAs quantum wells. The parameters have the following
values: 7=16.84 eVA® and 7k2=0.028 eVA at k;=0,
7=16.80 eVA? and yk2=0.025 eVA at k;=0.08(27/a); cf.
y=17.00 eV A3 and y¥(k})?=0.032eVA.

FIG. 3. Calculated [from Egs. (3)-(5)] spin splitting of the
first conduction-band confinement level for 50-A [001]- (solid
line), [110]- (dotted line), and [111]- (dashed line) grown
GaAs/AlAs quantum wells for different ky = (ky,k,) directions
where ky=0.03(2x/a); k, is along [100], [001], and [112] and
k, is along [010], [110], and [110], for [001]-, [110]-, and
[111]-grown quantum wells, respectively. The parameters have
the following values: 7=16.83 eV A3, yk2=0.027 eV A, and
k¥ =0.038(2x/a).

terms even in k; do not exist because of time-reversal
symmetry.

For larger ky the term containing 7 in Egs. (3)-(5) is
dominating and the spin splitting is cubic in k. For
ky> kY, the maximum value of the spin splitting occurs
for ky along [110] for [001]-grown quantum wells and for
k) along [110] for both [110]- and [111]-grown quantum
wells; it can be approximated by (#/2)k{. The maximum
spin splitting does not depend on the growth direction and
is comparable to the maximum spin splitting in the bulk
(y/2)k? appearing for k along [110]. This is not surpris-
ing since for large k the kinetic energy (~ A 2kf/2miy) is
much larger than the confinement energy [~ A 2(k})?/
2miy). For certain k directions the spin splitting for the
[001]- and [110]-grown quantum wells changes sign (see
Fig. 2) due to a competition between the linear and the
cubic terms in Egs. (3) and (4). For k;=(0,k)), i.e.,
along [010], only the linear term is present for a [001]-
grown quantum well and the departure from a straight
line is only caused by the k; dependence of ykZ. In Fig. 3
the spin splitting is shown as a function of the direction of
k) while k; is kept constant. The anisotropy of the spin
splitting exhibits the symmetry of a square, a rectangle,
and a regular hexagon for the [001]-, [110]-, and [111]-
grown quantum wells, respectively, as is demanded from
the symmetry of the corresponding two-dimensional (2D)
unit cells. For [110]-grown quantum wells an extreme an-
isotropy if found since the spin splitting is always zero for
ki =(k;,0), i.e., [001].

In conclusion, we have numerically and analytically cal-
culated the spin splitting of the conduction bands of
GaAs/AlAs quantum wells grown along the [001], [110],
and [111] directions. For large ky, k> kY, the bulk re-
sult is essentially retrieved; the maximum spin splitting is
cubic in k; and approaches the maximum bulk value.
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However, for small ky, ky<k”, different behavior is
found: the spin splitting is linear in k. This dependence
does not originate from the well-known bulk linear &
terms which are known to be very small.* It is caused b%
the confinement of the quantum-well states whereby k;
becomes quantized. We also note that in the linear re-
gime the spin splitting averaged over all directions of k; is
about a factor of 2 smaller for [110]-grown quantum wells
than for [001]- and [111]-grown quantum wells. The
magnitude of the spin splitting in the linear regime is 4
meV at k;=0.07(2x/a) for ky along [100] in a [001]-
grown 25-A GaAs/AlAs quantum well. The correspond-
ing confinement energy Ey, is 580 meV. Larger values of
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the spin splitting, i.e., up to the bulk values ~50 meV, are
obtained further out in the 2D Brillouin zone where cubic
and bulklike behavior prevail. We note that the present
theory does not accurately predict the spin splitting in this
case since the bulk band structures of the constituents of
the quantum well are not properly accounted for in the
corresponding part of the 3D Brillouin zone.

It would be interesting to perform infrared spin-
resonance or spin-polarized photoemission experiments on
these systems to measure in particular the linear k; depen-
dence of the spin splitting for small k. Thin quantum
wells (~25 A) should be used to obtain a maximum
effect.
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