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X-ray study of phases and structures in 'He- He solid solutions
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X-ray diA'raction has been used to study structural and thermodynamic aspects of isotopic phase
separation in solid mixtures of He and He. The phase-separation process has been followed in crys-
tals of 51%, 28%, and 12% He and melting pressures between 3.0 and 6.1 MPa. The phase-
separation temperatures determined in this work on massive crystals are in general agreement with

previous work using other techniques. The pressure dependence of T„ the highest temperature on
the coexistence curve, is found to be linear: dT, /dP = —34 mdeg/MPa. The resulting molar
volume of mixing is v = —0.54m (1 —x) cm'. Deviation from regular solution behavior, reported in
the literature, while possible, is not confirmed. The results of these x-ray measurements also yield de-
tailed structural information which modifies previous understanding of the low-temperature, low-

pressure phase diagram of helium isotopic mixtures.

I. INTRODUCTION

Solid helium is a remarkable subject for study from
both theoretical and experimental viewpoints. The basis
for this interest is that the vibrational energy is compara-
ble to its potential energy. ' One manifestation of this rel-
atively weak binding and small atomic mass is that the
rms deviation ( u ) ' ~ of atoms from their equilibrium
atomic sites is very large, compared to the nearest-
neighbor distance R. The nonlocalization of the atom
from its lattice site has at least three results: (1) neighbor-
ing atoms are encountered at distances on the order of
their hard-core radii, (2) the "small" parameter of classi-
cal lattice dynamics, (u )'~ /R, is not small, and (3)
neighboring atoms may tunnel and exchange lattice
sites. '

Addition of He to He produces enlargement of the
PVT domain having bcc structure. Melting curves and
bcc-hcp transformation temperatures have been studied by
means of ultrasonic, NMR, ' thermal conductivity, and
pressure ' measurements. While consistency of the vari-
ous melting measurements is fairly good, determination of
the bcc-hcp boundary seems less satisfactory. " Figure 1

shows the situation, schematically, for a 5% addition to
He (x=0.05). Further additions of He provide an ex-

tended domain of bcc phase from melting down to low
temperatures.

The purpose of the present work is to study structural
aspects of isotopic phase separation in the bcc phase of the
concentrated He solid mixtures. Such separation, into
He-rich and He-rich components below the phase-

separation temperature (Tps), was first reported from
calorimetry in 1962 by Edwards and co-workers, ' ' who
found that Tps ——0.38 K for x=0.5 and P=3.63 MPa.
Later experimental investigators used pressure ' '
and thermal conductivity' as a signature of separation.
In solid helium the atomic tunneling and exchange pro-
cesses allow macroscopic separation into two components

on a reasonable time scale for experimental study.
Here, we report results using x-ray diffraction tech-

niques, which unlike the earlier methods, can yield infor-
mation about the individual He-rich and He-rich
phases, ' as well as about the low-temperature phase dia-
gram. The crystallographic situation is, for the most part,
simplified at the pressures we used because the original
homogeneous mixture and both daughter separated phases
are largely bcc. Although the latter phases develop sub-
stantially different lattice parameters they appear with
generally the same orientation. Transparency of the solid
helium samples to x rays allows these phenomena to be
studied in the bulk. The present work was carried out
over a larger pressure range than previous studies and al-
lows determination of Tps and its pressure derivative.
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FIG. 1. Schematic low pressure P-T phase diagrams for pure
He and for He with 5% He concentration (x =0 and 0.05, re-

spectively). The dashed lines show the pure He melting line, k
line between normal (I) and superfluid (II), and bcc-hcp bound-
ary. The solid lines are for x =0.05. Note that the bcc phase in-
creases in extent in the mixture, and that the melting curve
minimum is made more prominent by the addition of 'He.
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II. THERMODYNAMICS OF MIXTURES differentiation of the Gibbs energy gives

A. Phase separation (miscibility gap) v =x(1 x—)2(dT, /dP) . (12)

The free energy of mixing, f, of two pure substances
is defined as

f =f(V, T,x) xf(—V, T,x =1)—(1 x)f—(V, T x =0),

v =v —xv(x =1)—(1 —x)v(x =0), (2)

and the entropy s and pressure p of mixing are given by

where x is the fraction of one of them. ' The volume of
mixing is

B. Particulars of the He isotope mixture phase diagram

Mullin uses a model generalized from Nosanow
theory ' to calculate for solid solutions of the helium iso-
topes

v =cx(1—x), c = —0.4 cm'/mol . (13)

He notes that, owing to vibrational zero-point effects, the
equilibrium volume of pure He is larger than that of pure
He at an equal applied pressure, and from his model

there is a small deviation from regular solution behavior,

g (x,P) =x(1—x) [w()(P)+ w t (P)x] . (14)
and

u =u —xu(x =1)—(1—x)u(x =0)=zx(l —x)w,

where the interaction energy w is

w —e34 2(e33+e44)

For a regular solution s =s (ideal) but w&0. In this
case

fM M TM

=x(1—x)w+ T[x ln(x)+(1 —x)ln(1 —x)] (8)

and the temperature of critical mixing, T„determined by
the condition that af /ax =a f /ax =0, is

T, =w/2 .

In general, T, is a function of volume. The shape of the
phase-separation curve for a regular solution is

Tps =4Tc(x ——,
' )/ln[x /(1 —x)] . (10)

It is usual to describe a real solution in terms of excess
properties, i.e., the values compared to the properties of a
hypothetical ideal solution. In a regular solution, the ex-
cess energy u, excess volume v, and excess pressure p
are identical to the mixing values, u, v, and p, re-
spectively. One finds from differentiation of the Helmholz
energy f that

f = —x(1—x)(aw/a V)

= —x(1 x)2(dT, /d V), —

that is, the excess pressure is determined by the volume
dependence of T, and hence of w. An analogous

p = —(af /av), .

Regarding the molar total energy of the crystal as com-
posed of various interatomic interactions of the pairs of
atoms, isotopes 3 and 4, one has for the molar total ener-

gy

u = —,'zx e33+ ~z(1 —x) e44+zx(1 —x)e342 2

(z =8 for bcc). From this one obtains

At 3.63 MPa (the pressure of the original experiments), '

he finds wp —1.0 K and w] ——0. 1 K. The low-x part of
the Tps versus x curve then is expected to be higher than
predicted by the symmetric relation, Eq. (10). Mullin's
calculation also gives T, -0.47 K, compared to the exper-
imental value of 0.38 K at this pressure, and it predicts
that d T, /dP ——24 mdeg/MPa.

At low pressures, near those needed to solidify the heli-
um isotopes, there are other complications in the Tps
versus x phase diagram of the mixtures. On the He-rich
side (small x), there is a mixed bcc-hcp region. From the
Gibbs phase rule, this mixed phase must terminate at a
univariant where it meets the separation curve, but there
is no thermodynamic constraint as to where this occurs.
On the He-rich side (large x), owing to the pronounced
minimum in the melting curve, there is a He-rich liquid-
bcc mixed region, which must also terminate at a univari-
ant. Again, there is no thermodynamic constraint as to
where this lies; it may be at a temperature above or below
that of the univariant mentioned previously. The infer-
ences of Tedrow and Lee' placed it below; we have deter-
mined it to be above (Sec. V B).

C. Kinetics and microscopics of He phase separation

The time evolution of phase separation has been ana-
lyzed for dilute He in He (x very near unity) in terms of
nucleation and growth by Uwaha, who treats the
pressure-change data of Henricksen and co-workers. '

Uwaha's model which treats atomic exchange processes is
consistent with the dependence upon molar volume that
they found, namely an increase in the characteristic time
from about 3&&10 s at 24. 18 cm to about 5&10 s at
21.26 cm . For an x-ray experimental technique on ini-
tially single crystals of the homogeneous mixture, some
hysteresis and microstructural anomalies would not be
surprising for times less than these.

It is expected that the early stages of decomposition in
bcc helium isotope mixtures involve a continuous process
in which the new phases start out crystallographically
coherent with one another. A general review of such pro-
cesses is given by Cahn. In helium isotope mixtures,
however, these new phases develop lattice parameters
differing by several percent at lower temperatures (Sec.
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IV). Coherency is doubtful in such circumstances, so the
remixing process upon heating may have complications.

Decomposition in solid helium isotope mixtures has
been observed optically with the technique of real-time
holographic interferometry. " Fine-grained domains, rath-
er randomly connected and with edges apparently
predominantly aligned in a few directions, are seen.
The scale of the domains changes with time, but the size
of the smaller visible ones is consistent with the absence of
x-ray crystallite size broadening in the current work (see
Sec. V B 1).
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III. EXPERIMENTAL TECHNIQUES

Successful x-ray diffraction study of phase-separation
phenomena depends upon experimental apparatus which
covers a sufficient portion of reciprocal space. In the case
of solid helium, for which the form factor restricts study
with conventional x-ray sources to essentially forward
scattering, one depends upon there being somewhat pre-
dictable orientational relationships between the parent
homogeneous phase and the daughter phases which ap-
pear during the phase-separation process. For this reason,
we based the present exploration upon preparation of
single-crystal specimens at high temperatures and upon
controlled temperature cycling of these samples held in
precise relation to a special orientable diffractometer hav-
ing a position-sensitive detector (PSD). Descriptions of
the cryostat, x-ray diffractometer, and sample prepara-
tion and analysis procedures are given in the cited refer-
ences. Reference 28, a parallel study of higher-
temperature defects in concentrated isotope mixtures, con-
tains specifics about the samples of the present study.

Available for examination were the size of the x-rayed
grain of the sample, its orientation, mosaic spread, lattice
parameter (to 300 ppm uncertainty), changes in the lattice
parameter (in favorable cases, to 50 ppm uncertainty), and
the orientational relation of the daughter phases (in favor-
able cases). We used Cu Ka radiation to examine (110)-
type rejections. In all cases the samples were held under
pressure at essentially constant macroscopic volume dur-
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FIG. 2. Bragg (MCA) peak during phase separation of sample
no. 26. One degree of arc corresponds to 101.3 channels on the
PSD. The evolution of the two separate peaks (which were seen
in samples nos. 26, 27, and 28) is clearly visible. For clarity,
only one set of raw data is shown (curve C), as an example of the
method used to determine the other curves. The temperatures at
which the successive peaks were obtained are: (A) 393 mK; (B)
387 mK; (C) 381 mK; (D) 377 mK; (E) 370 mK; (F) 359 mK.
Tps assigned to sample no. 26 is 388+6 mK.

ing the entire sequence of measurements reported here.
Table I shows that measured lattice parameters of the
parent bcc mixed crystals used in the present study. Be-
cause a number of these showed apparently large defect
content, a corrected molar volume Vo is also given in
Table I when that is possible. Shown also are the molar
volumes, V, calculated from the PVT measurements of
Grilly, using the formula

V(x, P) =x V3H (P)+(1 x)V4„(P)+x(1——x)c, (15)

where V3„and Vq„are the measured molar volumes of
pure He and He, respectively, at pressure P, and c is

TABLE I. Lattice parameters and other properties of the bcc mixed 'He- He samples used. Listed are the 'He concentration (x),
melting temperature (T ), melting pressure (P ), lattice parameter (a), and the temperature at which it was measured (T, ). Finally,
values for the molar volume at the temperature low compared to thermal vacancy e8'ects but above the phase separation temperature
(Vo) and for the molar volume V calculated from Eq. (15) with data from Ref. 29. The estimated uncertainty in a is 300 ppm, in P
is 8 kPa, and in the temperatures less than 0.5%%uo. The estimated uncertainty in Vo is 900 ppm, which corresponds to 0.02 cm'/rnol,
and that in V is about 0.5%, or 0.1 cm'/mol. Tke estimated uncertainty in Tp& upon cooling is given in each case.

Sample no.

22
23

24
25
26
27
28
29

30

51
51

51
51
51
28
28
12

12

2.01
1.99

1.22
1.35
1.33
1.87
1.58
1.701

1.656

6.178
6.178

3.220
3.565
3.565
4.681
3.475
3.240

3.041

4.1040
4.1109
4. 1121
4.2290
4.2031
4.2013
4.1264
4.1739
4.1291
4.1279
4.1407

1.893
1.823
1.052
1.089
1.246
1.284
1.700
1.352
1.566
1.562
1.381

Vo (cm )

20.945

23.443

23.306
21.478
22.327
21.246

21.469

V (cm')

20.43

22.44

22. 12
20.54
21.35
20.95

21.10

299+4

399+6

388+6
330+3
367+6
267+9

267+3
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FIG. 3. Mosaic (SCA) peak during phase separation of sam-

ple no. 26. The degeneration of mosaic structure of the sample
as it phase separated is shown here as a function of temperature.
The total number of counts into the PSD per unit time is plotted
vs Bragg angle. For clarity, only one set of raw data is shown
(curve D), as an example of the method used to determine the
other curves. The temperatures are the same as those of Fig. 2.
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FIG. 4. Crystal mosaic (SCA) width vs temperature for six
samples near phase separation. Identification of the various syrn-

bols is given in the figure.
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A quantitative measure of the peak shape changes
which are the result of phase separation is the (SCA)
width of the crystal mosaic (Fig. 3). These widths, for six
different crystals, are shown in Fig. 4.

Mullin's calculated value [Eq. (13)]. There is apparent
disagreement between the deduced molar volumes Vo and
V . These differences, although not understood, do not
significantly affect the current results on phase separation.

The nature of the PSD data obtainable from a sample
undergoing phase separation is shown in Figs. 2 and 3.
The two types of x-ray scans, MCA and SCA, are de-
scribed more completely in Ref. 27. In both types the
PSD and x-ray source are fixed with respect to one anoth-
er and in effect the sample is rotated through the Bragg
condition. In the SCA scan the total counts are accumu-
lated in the PSD; this reflects the mosaic structure of the
sample. The MCA scan, on the other hand, measures the
Bragg angle independently of the mosaic structure of the
crystal.

IV. EXPERIMENTAL DATA

A. Summary of results

The phase separation temperature (Tps) found for each
concentration x and each pressure is listed in Table I.
These values of Tps were obtained in two different ways.
The most obvious method was simply to watch the x-ray
MCA and SCA peak shapes as the crystal was cooled.
There is a clearly recognizable change beginning at Tps.
These signatures are shown in Figs. 2 and 3 for sample
no. 26. The second method was equating Tps to the tem-
perature at which the lattice parameter versus temperature
went through an inflection point. This is similar to the
method of Panczyk and co-workers' in their strain gauge
study of phase separation. The first method is more
definite, because the inflection point method is sensitive to
the details of the behavior at Tps,' this behavior is not al-
ways simple.

B. Some details of data
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FIG. 5. Crystal sample no. 23 changes in lattice parameter on
cooling (circles) and warming (pluses). The lattice parameter
values of Table I are shown by & 's; in the absence of measurable
thermal vacancy generation in the temperature range shown
above Tps, the lattice parameter is essentially unchanging for the
sample contained at constant macroscopic volume. Aa/a is ar-

bitrarily referenced to the lowest temperature.
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Data taken on sample no. 23 as it was cooled, and then
warmed back through Tps, are shown in Fig. 5, taken
from MCA data only, since the crystal mosaic broadened
considerably below Tps. There is a pronounced dip in the
lattice parameter, a, before phase separation; but a rises
quickly as soon as the temperature gets below Tps. Al-
though the sample was 49%%uo He, only the Bragg peak of
the He-rich phase was usable. Upon warming, lattice pa-
rameter changes were different than when cooling. This
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FIG. 6. Crystal sample no. 23 peak widths near Tp&. The
crystal mosaic which develops upon phase separation is very

sluggish to recover upon warming. By contrast, the inset shows
that the Bragg peak recovers reversibly for warming at the same
rate. Circles denote cooling data; pluses denote warming data.
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FIG. 8. Crystal sample no. 27 changes in lattice parameter on

cooling (circles) and on warming (pluses); lattice parameter ()&).

was not time-dependent behavior. This difference be-
tween cooling and warming is seen also in Fig. 6, which
shows the peak widths in more detail. The Bragg (MCA)
width shows no hysteresis. On the other hand, the mosa-
ic (SCA) width upon warming did not decrease to its pre-
phase-separation width until after sample no. 23 was
warmed very far above Tps.

For sample no. 24 an absolute lattice parameter mea-
surement (x) and all lattice parameters taken upon cooling
and warming are shown in Fig. 7. The gap in the cooling
data at about 0.37 K is due to a 9-h anneal. A 17-h an-
neal occurred between the last cooling run point and the
lowest temperature point, during which the lattice param-
eter a increased somewhat. As warming was begun, a in-
creased about 5%; qualitative extrapolation of the cooling
curve and the warming curve to T shows the two curves
apparently meet there.

A slightly higher pressure was used to prepare sample
no. 26 than sample no. 24, and their cooling characteris-
tics were similar, down to Tps. Below this temperature,
their characteristics differed; sample no. 26 showed two

distinct peaks (Figs. 2 and 3, MCA and SCA scans, re-
spectively). This sample sat at 0.35 K for 7 h after sepa-
ration, after which only the smaller a ( He-rich) peak was
left, with its lattice parameter essentially unchanged, but
the mosaic width returned near its pre-phase-separation
value (see Fig. 4). As sample no. 26 was cooled, the mo-
saic width again increased. After 10 h at 0.22 K, no
peaks were visible. Warming brought back a usable Bragg
(MCA) peak, but the mosaic width was spread about 5'.

Both cooling and warming data are shown for sample
no. 27 in Fig. 8. At higher temperatures we attribute the
disagreements to transition from bcc to a mixed bcc-hcp
phase. The decrease in a at 0.77 K came after an 11-h
anneal. Below Tps two peaks were visible, but after cool-
ing to 0.255 both appeared to be disappearing, so the sam-
ple was warmed. The warming data shown below Tps are
not from either of the peaks seen on cooling, but are from
the centroid of the two peaks as they coalesced. After
warming to 0.9 K and annealing for 9 h, the quality and
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FIG. 7. Crystal sample no. 24 changes in lattice parameter.
Symbols are lattice parameter ( X ), cooling (circle), warming
(pluses). Zero for Aa /a is arbitrary.

FIG. 9. Crystal sample no. 28 changes in lattice parameter on
cooling (circles) and on warming (pluses). The lattice-parameter
value is the X, with its 300 pprn uncertainty barely visible.

Note the lattice-parameter compression of the 'He-rich phase,
beginning at a distinct temperature (-328 rnK), below Tps. For
discussion see text Sec. V B.
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FIG. 10. Crystal sample no. 30 changes in lattice parameter.
All the data were obtained on cooling after one absolute lattice-
parameter measurement (X). Here the 300 ppm uncertainty is
visible. Sample no. 29 also showed lattice-parameter irregulari-
ties in the intermediate temperature range, similar to those ap-
pearing here.

FIG. 11. The phase-separation temperature TIs vs 'He con-
centration, for different studies (Refs. 13, 14, 16, and 33) and the
present x-ray work. An attempt has been made to correct all
data to a reference pressure of 3.63 MPa (but see text Sec.
VA3). The curve is regular solution theory, Eq. (10), with T,
determined from present x-ray cooling data (triangles). Illustra-
tive X-ray warming data (inverted triangles) are also shown, with
"error bars" simply indicating how widely spaced these individu-
al data points are.

lattice parameter value of the Bragg peak and of the mo-
saic both returned to their pre-phase-separation values. It
seems likely that this was assisted because sample no. 27
did not sit in the separated region for more than 6 h.

Data for sample no. 28 are shown in Fig. 9. The jog in
the larger lattice-parameter peak, after separation, was
taken as a sign of a phase transition, so this sample, like
sample no. 2, was also warmed soon. The agreement of
cooling and warming lattice parameters at 0.8 K and
above, apparently arises from the sample being below Tps
for only 5 h.

Samples nos. 29 and 30 behaved similarly. Sample no.
29 was hardly taken below Tps, so the sample no. 30 data
are shown in Fig. 10. The lattice parameter anomaly near
0.74 K occurred after an 11-h anneal.

V. ANALYSIS

A. Isotopic phase separation

1. Thermodynamic relations

Most investigators of phase separation in He-"He solid
solutions have compared their results as a Tps versus x

diagram for starting pressures near 3.63 MPa. "' '' '

Therefore, in Fig. 11 phase-separation temperatures are so
shown for several sets of data, including the present work.
All the data shown are corrected to 3.63 MPa with the
pressure dependence of Tps determined in the present
work. (Our actual values of Tps are given in Table I.)

To find the pressure dependence of Tps, Eq. (1) was
used to obtain a value of T, for each measured Tps.
These T, 's are listed in Table II. dT, /dP was obtained
by a linear fit of these T, 's to the expression
T, = AP +B, where the melting pressure is used, be-
cause the pressure at phase separation is not known. The
result is A = —34 mdeg/MPa, with a good fit, excluding
only sample no. 30 which we classify as showing anoma-
lous behavior. T, (Pi is remarkably linear over the pres-
sure range 3.2 to 6.2 MPa.

Our value of dT, /dP can be compared to three other
determinations. Panczyk and co-workers' obtained
values which range from —15 to —28 mdeg/MPa, calcu-
lated from data over a wide range of x and a range of P
from 2.9 to 3.9 MPa. Arnold and Pipes' studied concen-
trations with x ~0.9 over the range 3.1 to 4.3 MPa; they

TABLE II. Values of T, obtained from Eq. (10) with the present results for Tps, Table I. Also
shown is the value from Ref. 13. Deviations from a linear fit to the pressure dependence of T, are also
listed, along with the melting pressure P . Sample no. 30 is excluded from the fit to obtain the quoted
dT, /dP in Sec. VA 1.

Sample no.

23

27

26
28
24
30

P,„(MPa)

6.178
4.681
3.63
3.565
3.475
3.220
3.041

T, (mK)

299
354
378
388
394
399
346

Deviation (mK)

—1.5
+ 3.0
+ 9.8
—1.3
+ 1.8
—2.0

—60.8

Source

Present work
Present work
Reference 13
Present work
Present work
Present work
Present work
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report a value —46 mdeg/MPa. Finally, a value has been
calculated by Trickey and co-workers from the x &0.99
data of Henriksen and co-workers they find dT, /dP ap-
proaches zero at pressures above 5 MPa. We believe that
determinations of T, are more likely to be reliable in stud-
ies, such as the present one, for concentrations nearer to
50%, where T, is most nearly equal to Tps.

In regular solution theory, dT, /dP is related to the ex-
cess volume v through Eq. (12). Our finding of a con-
stant value of this derivative over the range 3.2 to 6.2
MPa therefore confirms Mullin's prediction that U is
independent of pressure. Further, numerically in Eq. (13)
we find that c is —0.57 cm /mol, to be compared to
Mullin's value —0.4 cm /mol.

2. Inferences about microcrystalline substructure

Crude values of the dislocation density, D, in our sam-
ples below phase separation can be obtained from the mo-
saic widths as shown in Fig. 4. An upper limit comes
from applying the result of Auleytner ' that
D &(0.479B/b), where B is the full width of the crystal
mosaic and b the Burgers vector. From our observed
widths, Fig. 4, one then finds an upper limit in the range
D-2)&10 to 1&(10' cm . A second estimate of D is

possible if the structure size t is known, according to
Hirsch, whose result is that D-B/3bt. Burgess and
Crooks have estimated t-0.75 pm from thermal con-
ductivity data below Tps,' this essentially agrees with an
estimate by Greenberg and co-workers from NMR
work, ' who find t -2 pm. If one puts t —1 pm and our
mosaic widths B in Hirsch's relation, one obtains
D-4&&10 to 1&10 cm . These are to be compared to
dislocation densities as low as 10 cm which have been
estimated in ultrasonic work on isotopically pure, careful-
ly prepared crystalline helium.

3. Deviations from regular solution behavior

Generally, the agreement of different experiments with
each other and with the regular solution curve of Fig. 11
is good for x &0.4. Any scatter probably can be attribut-
ed to diff'erences in temperature scales, to errors in deter-
mining Tps, and to uncertainties in correcting to 3.63
MPa (because the melting pressures are not clearly men-
tioned in the publications). Illustrative points are shown
for present warming data; they scatter more, because of
the mosaic problems repeatedly noted above.

The apparent disagreements for x &0.4 must be further
examined. There are several points to be noted. First,
the disagreement of our 12% mixture with the curve is
considerable, and not understood. It is interesting that
the behavior of the x-ray peak intensity was qualitatively
different at this concentration. Instead of a degeneration
below Tps, the intensity increased by more than 30%%uo.

Possibly, the proximity of the hcp-bcc mixed phase ac-
counts for both effects.

Second, the pressures given by Panczyk and co-
workers, ' that were used to correct their data to 3.63
MPa, are pressures immediately above Tps, not P . If
the large pressure changes thought to accompany thermal
defect formation are invoked, then the P 's of these au-

thors are much higher. This would add a correction as
large as 30 mdeg for a 1-MPa pressure difference, and fur-
ther raise their points in Fig. 11. Third, most of the
Panczyk data were taken on warming, which we found to
produce slow recovery in the lattice parameter, with an
inflection point analogous to the criterion used by
Panczyk; our warming data are also shown in Fig. 11.
For the warming rates employed, we believe this to pro-
duce uncertain results, although they are rather similar to
the Panczyk' and Burgess and Crooks results. This
nonequilibrium type of behavior was noted in NMR
work' with x =1% and 2%, with temperature hysteresis
as large as 80 mdeg.

As noted above in Sec. II B, Mullin predicts an asym-
metric Tps versus x curve, one which is higher for low x.
Because of the uncertainties described above, we cannot
regard either our results or those of Panczyk and co-
workers' as confirming this prediction. We believe more
work on this point is needed.

An ingenious analysis applicable to our coexisting
daughter-phase lattice parameter data, for which the sam-
ple cell in which phase separation occurs has a fixed
volume and the numbers of He and He atoms are con-
served, has been devised by Uwaha and Baym. From
their analysis of such data (limited to sample no. 27), they
conclude that the form of the mixing free energy, Eq. (14),
has wo-0. 80 K and wi ——0.2 K. Compared to the
values of Mullin (Sec. II B), this conclusion indicates
somewhat more asymmetry to the phase-separation curve.

B. Phase-diagram speculations

Our x-ray data obtained below Tps on the individual
daughter phases can be analyzed to provide additional in-
formation. The Tps curve (Fig. 11) determines the con-
centration of both the He-rich and He-rich components
of the mixture at each particular temperature. The molar
volume of each component (calculated from the observed
lattice parameter) can then be plotted against the concen-
tration of that component (inferred from the Tps versus x
curve and the temperature of the x-ray data). Therefore,
from the x-ray data on a single parent mixture, one can
obtain the molar volume of each crystalline daughter
everywhere along the concentration axis. If the pressure
is known, these measurements yield P, V, T, and phase
information for both daughter mixtures at lower tempera-
tures.

The following discussion is for two purposes: to de-
scribe the present data qualitatively, and to demonstrate
the promise of this technique for obtaining phase diagram
information near the region of decomposition. Since the
present data are the first of their kind, and exploratory in
character, we note several cautions. Our pressures at
phase separation are unknown; they can be different from
the respective measured melting pressures because there
are significant thermal vacancy concentrations in the
parent crystals. Second, not all the present data may
represent equilibrium conditions. Third, for this discus-
sion we use daughter coexistence concentrations from Eq.
(10), with the T, value from Table II. This assumption of
a symmetrical phase-separation curve is not strictly
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FIG. 13. Relative Bragg peak intensity versus 'He concentra-
tion x, calculated as described in Sec. V B. Io is the total intensi-

ty immediately above Tps. All data are for cooling, except the
solid triangles shown for warming of sample no. 24.

FIG. 12. Molar volumes of the respective daughter phases vs

inferred 'He concentration for the various samples below the
phase-separation temperature. The values given for the various
fitted lines are the respective melting pressures in MPa (see text) ~

satisfied, especially at low temperatures, where there are
univariant lines caused by the meeting of a mixed phase
region with the phase-separation curve. Actually, this
latter characteristic is apparent and is useful in our
analysis.

Daughter-phase molar volume values, deduced as de-
scribed above, are shown in Fig. 12 for samples nos. 23,
24, 26, 28, and 30. More qualitative but nevertheless
complementary information appears in Fig. 13, which
shows the ratio of x-ray Bragg peak intensity I to Io, the
intensity at T & Tps plotted versus x values from Fig. 12.

To illustrate how phase diagram information can be in-
ferred, we first use data on sample no. 23 (o). (To save
space in what follows and in Tables III and IV, a 4 super-
script to a structure denotes a He-rich phase and a super-
script 3 denotes a He-rich phase. } For this highest-
pressure sample, that no peak is observed for the He-rich

phase, in the region of reciprocal space used, probably
means that the He-rich phase is hcp. The He-rich peak
data show that the He-rich phase is bcc for x ~0.77, be-
cause the cooling data extrapolate (by the fitted line
marked 6.178 in Fig. 12) to correct pure He molar
volume at the presumed pressure of the sample (marked
by the arrow and circle outside the border of Fig. 12).
The discontinuities near x -0.77 for data in both Figs. 12
and 13 probably indicate the transition from mixed hcp-
bcc to solely bcc.

For each sample, similar extrapolations are shown on
Fig. 12, and results are summarized in Table III. In each
case is given (a) the extrapolated isotopically pure molar
volume (V, ), (b) the pressure calculated from V, using
PVT data (P, ), and (c) the molar volume determined by
P of the sample which should be compared to V, We
estimate P, to be the pressure on the sample during the
measurements now being discussed, and we expect this to
be less than P because of the pressure drop associated
with disappearance of thermal vacancies during cooling of
the sample.

TABLE III. He- He phase-diagram information obtained from x-ray data in the phase-separated region. "From" means extrapo-
lated from the isotopically rich phase noted and "To" means extrapolated to the isotopically pure phase noted. Volumes are per mole;
the subscript e stands for an extrapolated value. See Sec. V B for definition of the superscripts and for further explanation.

Sample no.

27

26

24

30

P (MPa)

6.178

4.681

3.565

3.475

3.220

3.041

From

He-rich
'He-rich
He-rich
He-rich
He-rich
He-rich
He-rich

'He-rich
4He-rich
'He-rich
He-rich
He-rich
He-rich

To

4He
'He
4He
'He
4He

He
4He
-'He

4He
'He
He

4He

He

V (pure, P ) (cm')

19.15
21.88
19.86
22.97
20.29
24. 10
20.35
24.20
20.51
24.53
24.53
20.63
24.78

V, (cm')

21.88
20.37
24.00
20.86
24.47
20.77
24.45
20.66
24.74
24.72
20.98

P, (MPa)

6.18
3.43
3.65
3.01
3.26

—3.0
3.28

—3.0
3.07
3.08
2.83

Phase

4}1cp
'bcc
4bcc
'bcc
4bcc

bcc-'liq-'bcc
'bcc

'bcc-'1iq
bcc

'bcc-'1iq
bcc-'liq-'bcc

bcc
'liq
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TABLE IV. Phase boundaries derived from x-ray data in the phase-separated region. Subscripts e

refer to extrapolated quantities. See Sec. V B for cautionary note; the numerical values are indicative not
literal.

Sample no.

23
27
26
28
24

30

Phase boundary

'hcp-'bcc to 'bcc
bcc to hcp
bcc-'bcc-'liq uni variant
bcc-'bcc to bcc-'bcc-'liq
bcc-'bcc to bcc-'bcc-'liq

bcc to hcp

P„{MPa)

6.18
3.15
3.26
3.28
3.08

2.83

x (%)

77
10

83+
83

T (mK)

269
255

328
333

214

V,, (cm')

21.88
20.37
24.47
24.73
24.73
20.63
20.98

Analysis of sample no. 27 data ( ) is fairly clear cut.
Both the He-rich and He-rich phases are bcc upon cool-
ing until the He-rich phase transforms to hcp, as shown
by decrease then disappearance its peak intensity at
x —0.095. The peak of the 'He-rich phase is relatively
weak since the whole sample is only 28% 'He. Both the
He-rich and 'He-rich phases have an extrapolated pres-

sure of —3.5 MPa, which is, within errors, about 1.1

MPa pressure change from P„, estimated from the
thermal vacancy concentration visible in this sample (Fig.
8).

A main result from the lower-pressure samples nos. 24
(2, ), 26 (O), and 28 ('7) is the determination of the bcc-
bcc-'liq univariant line. This conclusion arises from two

features of the data. In Fig. 12, at x-0.83 for both sam-
ples nos. 24 (A warming) and 28 ('7) there is a change in
slope. Also, as x approaches unity, the He-rich phase of
both samples approaches a reasonable pure He melting
line value. The P, value of sample no. 24 warming (3.07
MPa) agrees with P, =3.08 MPa obtained from the He-
rich peak of sample no. 24, which means that bcc must
be in contact with both 'bcc and -'liq, i.e., along a univari-
ant. The extrapolations of He-rich phase data of no. 26
(O) and He-rich phase data of sample no. 28 (7) to pure
3He show the same features as sample no. 24 cooling (A).
Results are shown in Table III.

The data on sample no. 30 (0), from 0.11 ~ x ~0.05,
also yield interesting results. The He-rich phase peak in-
tensity holds about constant down to about x =0.06,
where it falls oA; implying transition of this phase to hcp,
and the He-rich phase peak is absent, implying that this
component is liquid (a result consistent with the P, of 2.8
MPa). Alone among these samples discussed, sample no.
30 showed a large increase in peak intensity I/Io at phase
separation (Fig. 13). Perhaps its contact with He-rich
liquid after separation allowed annealing to take place, or
perhaps its passage through a mixed hcp-bcc phase above
separation (Fig. 10) caused difficulties in the crystal struc-
ture. A slight increase in I/Io is seen in sample no. 23
(o) after it makes the mixed to pure phase transforma-
tion.

From the various results of this analysis, the pressure,
isotope concentration, and molar volume of various tran-
sitions can be crudely estimated. The results of these
speculations are listed in Table IV. We emphasize that
the numbers in Table IV are indicative of the possibilities
of this x-ray technique, but the values are not to be taken

as definitive.
One firm result of our analysis is an incompatibility

with the phase diagram of Tedrow and Lee, ' who show
the mixed bcc- hcp phase meeting the phase-separation
curve at a higher temperature than that at which the
mixed bcc- liq phase meets it. We, as explained above,
infer coexistence of bcc- bcc- liq, and in Fig. 14 we show
a schematic phase diagram which incorporates this obser-
vation. Three other comments about the schematic dia-
gram. (1) The width of the two phase regions as they
meet the phase-separation curve is not determined. We
suspect that the bcc- hcp mixed phase width is very
small, while the liquidus-solidus region near lower melt-
ing of He-rich phase is probably wider, because the dis-

P-2.9 MPa

l.6

CD

O
0)
CL

E O.8
t—

/I I I I I

'4h
p

0

FIG. 14. Schematic Tps vs x phase diagram, drawn to illus-
trate the qualitative differences between the conclusions in Table
IV, and the phase diagram of Tedrow and Lee (Ref. 10). This
diagram is not quantitative, but does show some expected
features such as a very narrow region between liquidus and
solidus, and reflexive behavior of the bcc-hcp mixed phase at low
x. 2 is the phase separation curve; B the bcc-'bcc-'liq univari-
ant; C the hcp- bcc-'liq univariant. See text Sec. VB.
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tortion of the V versus x picture (Fig. 12) is so much more
obvious. (2) Reflexive behavior of the bcc- hcp mixed
phase boundary can explain the samples nos. 27 (Fig. 8),
29, and 30 (Fig. 10) lattice parameter data, which show
anomalous changes apparently unrelated to vacancies. (3)
The rather narrow width of the upper liquidus solidus is
drawn simply to emphasize that the major pressure
changes measured by Tedrow and Lee' in their 78%
sample are probably due to vacancies, not to a broad
liquidus-solidus region.

Other results in Table IV seem reasonable also. The
mixed hcp- bcc to bcc transition seen at 6.1 MPa in
sample no. 23 agrees qualitatively with an "interpolation"

between the published T-x phase diagrams at 4.7 MPa
(Ref. 9) and 11.5 MPa (Ref. 37). Also, the qualitative
agreement of no. 27 conclusions with the published dia-
grams at 3.2 MPa (Ref. 9) and 4.5 MPa (Ref. 37) is clear.
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