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The ground state of the tight-binding electrons on finite open chains is studied for arbitrary
band filling. Analytic expressions for the distribution of electron density and the density-density
correlation functions within the system are found and discussed as a function of chain size. Par-
ticular attention is paid to the study of boundary effects.

I. INTRODUCTION

In this work we study in detail the 7 =0 K ground
state of the electronic Hamiltonian in the form

H= 2 <CI(TCJO'+CJUCIO) ’ (1)
(i)

where C,TU (c;,) creates (destroys) an electron on a site i of
a regular lattice with z projection of its spin equal to o,
(i,j) denotes a pair of nearest neighbors, and #,, c,t,
¢, is the number operator at site i.

The density of electrons in the state |¢) is described
by the band-filling factor r=3 r,:

re [§<¢I§;na ¢> /N
- lg,Nw]/N, 2)

where N denotes the number of lattice sites in the sys-
tem. Here we limit ourselves to the nonmagnetic case
N,,=N, _,. The Hamiltonian (1) serves as a ‘“free”
term in considering electronic systems with H'=H + V,
where V' is the electron-electron interaction.

For the case of periodic boundary conditions (1) is ex-
haustively treated in most of the textbooks.!? The case
of open boundary conditions (OBC) has been less stud-
ied. The purpose of this work is to derive and study the
properties of the ground state of (1) of finite chains of
length N with OBC, i.e., the Hamiltonian

N—1
H= 2 (CILCi+l a+ci‘r+1 UCiU) . (3)
i ; 1
The Hamiltonian (3) appears in the study of renormal-
ization for fermion systems®~° and in the calculations
for quantum spin chains.® It serves also as a starting
point for the analysis of properties of electronic aggre-
gates.”

In the following we will determine the ground-state
wave function of Eq. (3) for arbitrary r and N and study
the distribution of density and the density-density corre-
lation functions. Special attention will be devoted to the
influence of the boundary effects.

II. CALCULATIONS AND RESULTS

The Hamiltonian (4) 1s dlagonallzed by introducing
new Fermion operators d,a defined as®

172 N

) S sin(gi)d}) . (4)
=1

Cig =

N +1

The transformation (4) corresponds to ‘‘standing’ nor-
mal modes of the finite system and the OBC read now

CI\T'+1 o |0>:O ’
+ (5)
Coo ‘ 0>:O
giving the quantization condition
q,:N’ilz, 1<I<N . (6)

With (4) and (5) we obtain the transformed Hamiltonian

H= 22
=1

cosq,d/,d,, . 7

The ground-state wave function |,) of Eq. (7) corre-
sponds to the consecutive filling of allowed wave vectors
g, and is equal to

ld’o):H fI

o I=N-N, +1

dl |0), (8)

Wlth <¢o|¢o>=1’Where Nea:<¢0|2 = 0‘11}0)' The
ground-state energy E{ =(u,|H |¥,) is obtained
from
N N —N,,+!
EJN = cos |T———
§ /§1 N+1
TNy +1) _ aN,,
cos sin

— 23 2(N 41) 2(N +1) ’ 9)

o sin——"

2(N +1)
and it gives the ground-state energy per site

W) —EW /N
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7T(1Vea+1) . TrNea 7Ti(Nea+1) . WiNea
cos sin cos
(V) 2(N +1) 2(N +1) N,, Nl smN_*_1
eq) =—23r, (10) Pio= - _ an
o N, sin——2—— N +1 N sin T
2N +1) oSN

To obtain the expectation value of the density we cal-
culate the matrix elements p;,= (¥, |n;, | ¥,) and ob-
tain

To obtain the density-density correlation function in
| ¥o) we calculate 8ijo =S| nin;, | ¥y) and obtain

(N, + Vi —j)m N, li —j)m (N + Vi + )7 N li+j)m |2
s v | N | ST AN D) AN+ T N+ AN 1 1)
8ijo ijPic TPioPjo N +1 N (i —j)m . i4
<N 1) NeaS0 N 1)

Since in Eq. (3) the translation invariance is lost, we ob-
serve that p,, explicitly depends on i/, and g;;, does not
depend on (i —j) only.

The general expressions of Egs. (10), (11), and (12)
simplify in the limit N — oo

sinr_
o
e},"”:— , (13)
- T
(o) sin2r i (14)
o
o =F —
plU g zrcrﬂ_l >

g5 =8,pi5 +pis Py5
sinwr (i —j)  cosmr (i +j)

wr, (i +7)

—rs (15)

mr (I —j)

These equations applied to the half-filled-band case

1

(r,=r_,=1) give
e{)w)—‘—‘t— , (16)
T

pi&'=const=1, (17)

g5 =58, +14
2
sinz(i—j) cosﬂ(i—o—j)
1 2 2
- P— — — (18)
w° (i —J) (i +j)

III. DISCUSSION

It is instructive to visualize Eqgs. (10), (11), and (12) for
a general value of band filling. To this end we have plot-
ted in Fig. 1 the ground-state energy per site as a func-
tion of 1/N. We have traced for simplicity the continu-
ous lines. Except for r =1, where a small curvature is
present, a linear extrapolation gives the asymptotic
values with great accuracy. A development of Eq. (10)
in terms of 1/N shows this explicitly. As expected, the

minimum is attained for the half-filled band, giving us
the well-known result e{*' = —4 /7.

In Fig. 2 we have plotted the local density p;, as a
function of coordinate / (1 <7 <32) for }-filled band and
for different chain lengths N =20, 32, 72, and 200. One
notices rather large density oscillations, with amplitude
increasing from the center of the chain towards its ends.
Exactly at the chain ends an abrupt reduction of elec-
tronic density is observed. The amplitude of the density
oscillations inside the chain decreases strongly as a func-
tion of N and converges towards O as N goes to infinity.
In contrast the reduction of these oscillations as a func-
tion of N is very weak at and near the ends.

According to Eq. (14) for r,<1 p;(r,)=1
—pisl—r,). Consequently, for r>1 we have a
significant increase of electronic density at the ends.

In Fig. 3 we have plotted the electronic density
symmetrically with respect to the center of chains with
N =20, 32, 72, and 200 sites for a 1-filled band. The de-
crease in amplitude of the oscillations near the center of
the chain is clearly visible. In Fig. 4 we have presented

CEgIN) 1 . .
N r=1.0
12} ]
10} ]
______ r=05
o8t  TTTTTTImeo——- =
L r=033
e ————E ]
........ r-ozs
oL . L . .
000 005 010 015 020 025
1/N
FIG. 1. Ground-state energy per site ey, as a function of

1/N for different band fillings r.
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FIG. 2. Local electronic density p;, calculated from Eq. (11)
for a %-ﬁlled band as a function of coordinate i
(i=1,2,...,32; i=1 at the beginning of the chain) for
different chain lengths N =20, 32, 72, and 200.

the electronic density for a whole chain with N =48 for
different band fillings. The period of the oscillations de-
pends on the band filling and on the average density.
The period is w/kp=1/r,, which can be seen from Eq.
(14) too. The last follows from the relation between the
Fermi vector kp and the density in one dimension,
kp=(m/2)r. In fact we are dealing here with Friedel-
type density oscillations which are induced by the finite
size of the chain and its boundaries. The relative de-
crease of density at the boundary, i.e., the ratio
poli=1)/p,(i =24) is a decreasing function of band
filling.

The density-density correlation function g;;, for i =1,
j=12,...,32 for a i-filled band for N =20, 32, 72,
and 200 is presented in Fig. 5. A characteristic feature
is a drastic decrease of g;;, at a first neighbor (“‘correla-
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FIG. 3. Local electronic density p;, for a §-filled band cal-
culated from Eq. (11) as a function of coordinate i
(—16<i<16; i =0 at the center of the chain) for different
chain lengths N =20, 32, 72, and 200.
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FIG. 4. Local electronic density p;, for different band
fillings r calculated from Eq. (11) as a function of coordinate i
(i=1,2,...,48;i =1 at the beginning of the chain) for a chain
of N =48 sites.

tion hole,” see Ref. 8), followed by very weak oscillations
of the same period as for the density p,,. The amplitude
of these oscillations again decreases when moving to-
wards the center of the chain. However this effect is
only visible for large N. For N <50 the boundary effects
dominate and no such decrease can be seen. Similar re-
sults are obtained for r > 1 and i >1. The Hamiltonian
(3) can be diagonalized in any dimension but exact calcu-
lations of appropriate expectation values are no longer
evident.

ACKNOWLEDGMENTS

We thank K. H. Bennemann and K. D. Schotte for
valuable discussions. This work has been supported by
the Deutsche Forschungsgemeinschaft.

9,js 00 . T T : . T
004 H J
0.03 |
002 H

0.01

0.00 1 1 i 1 1 1

FIG. 5. Density-density correlation function g, for a %-
filled band, calculated from Eq. (12) as a function of coordinate
Jj (j=12,...,32; i=1 at the beginning of the chain) for
different chain lengths N =20, 32, 72, and 200. Note that the
value of g, is of the order of 10~* and is not zero.
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