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Calculation of conduction-electron scattering rates from vacancies in copper and gold
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The impurity-cluster formalism has been applied to the question of conduction-electron scatter-
ing from vacancies in Cu and Au. Using self-consistent vacancy potentials in Cu and constructed
potentials in Cu and Au, the Dingle temperatures for the (111) and (100) belly orbits and (111)
neck orbit were calculated. Calculations were performed for both zero lattice distortion and dis-
tortion consistent with experimentally measured values. Comparison of the results shows that lat-
tice distortion in the Au(vacancy) system must be included to predict correctly the observed an-
isotropy. For Cu with vacancies, the eA'ect of lattice distortion is much smaller and may be
neglected. The results show that the anisotropy of the scattering rate in Cu is due largely to
charge redistribution around the vacancy. For Au, the anisotropy is produced by both the charge
redistribution and the eAects of the lattice distortion. The diA'erent behavior of the two materials
was found to be due mainly to difterences in their electronic structure rather than to the lattice
distortion, which is comparable in the two metals.

I. INTRODUCTION

In the preceding paper, ' we reported on vacancy-
induced conduction-electron scattering in Cu. The re-
sults were obtained using magnetic-field-induced
surface-state resonances to measure the point-by-point
anisotropy of the scattering rate. We note in that paper
that the anisotropy for the Cu(vacancy) system differed
markedly from that for the Au(vacancy) system despite
the fact that the two metals have similar Fermi surfaces
and low-temperature lattice distortion. The purpose of
this paper is to explore the reason for the differences in
anisotropy and to determine the electronic structure of
the vacancy.

The results given in the preceding paper' showed that
the scattering rates and Dingle temperatures for the
Cu(vacancy) system were highest for the neck and lower
for the belly regions. For Au, Lengeler found that the
Dingle temperature and scattering rates were lowest for
the neck and moderately higher for the belly regions.
He also noted that when the vacancy potential was
modeled as a constant potential within the muffin-tin ap-
proximation, the resulting neck Dingle temperatures
were low by nearly a factor of 2 despite the fact that the
model predicted belly temperatures in good agreement
with the experimental data. Lengeler suggests that lat-
tice relaxation not included in his model may have to be
accounted for to predict correctly the scattering rates.

The approach used by Lengeler to calculate the
scattering from a vacancy in Au is that due to Coleridge,
Holzwarth, and Lee. Using a generalized phase-shift
analysis for the scattering of Bloch waves from defects in
noble metals, quantities such as Dingle temperatures and
changes in Fermi-surface cross-sectional areas may be
calculated. The approach accounts for the scattering

from the central potential as well as backscatter by the
host lattice of the scattered wave. It has been used very
successfully to describe a number of noble-metal alloys
where lattice distortion is not too severe. It breaks
down, however, for cases in which the lattice distortion
becomes large, such as Cu(Ge).

More recently, Lodder ' has developed and Molenaar
et al. ' have applied to substitutional alloys a method
which accounts for the relaxation of the nearest-
neighbor atoms around an impurity defect. This formal-
ism describes the scattering of Bloch electrons by a clus-
ter, which consists of an impurity and the affected host
atoms. Unlike the approach of Coleridge et al. changes
in local environment such as charge transfer and lattice
distortion can be accounted for.

In order to understand the effects of lattice distortion
on vacancy-induced scattering, we have applied the clus-
ter formulation to this problem. In the next section, the
impurity cluster formalism is described. It is then ap-
plied to the Cu(vacancy) and Au(vacancy) system. The
effects of lattice distortion on the scattering anisotropy
in the two systems are examined and conclusions drawn
in the final section. This section also includes a compar-
ison with results for the Cu(vacancy) system obtained us-
ing a self-consistent potential by Braspenning et al. '

II. THE EFFECTS OF LATTICE DISTORTION
ON SCATTERING RATES

A. Theory

The cluster T matrix contains all the information
about the scattering of electrons from a defect cluster.
The quantity is given by

T„„=g C„,L T)L C„&L
j,L,L'
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where k denotes the wave vector and band index of the
electron's Bloch state and L stands for the angular
momentum-indices l and m. The host wave-function
coefficients at the jth scatterer are given by

h
Ck I)j

—i EF VLO
1/2

aE (sinrit ) exp(igI )

ik-R-
e

Here VL o and A,o are normalized eigenvectors and ei-
genvalues of the Korringa-Kohn-Rostoker (KKR) ma-
trix. The subscript 0 denotes those eigenvectors and ei-
genvalues for which Ao(k, EF)=0. The quantities gI are
the host phase shifts. EF is the Fermi energy.

According to KKR Green's-function theory, in the
impurity cluster defect formalism the alloy wave-
function coefficients at the jth scatterer are related to the
host wave-function coefficients C& jL as

j' h
kjL X ~PL' kj 'L'

j', L'
(3)

The vector 5 is the difference between the actual posi-
tion of the jth atom and its normal unperturbed position
on a lattice site. JLL (b, ) is given by

JLL'~)=47rt' ' 2 i' &tL'L"&I"«~"
l

~
I )lL, -(~) .

It is this matrix which accounts for lattice distortion.
Here CLL L- is a Gaunt coefficient, j& a spherical Bessel
function, and YL a real spherical harmonic.

The local scattering information is contained in the t
matrices

T$L ~ —— E) JLL ( —b,—)sin(rit. —rit )exp[i (gt —rtt")]

t/ = E) ~ sinr)~Iex—p(iri~&),

where g& are the phase shifts of an impurity cluster
atom. Finally, the host Green's-function matrix G is
determined by a Brillouin Zone integral involving the in-
verse of the KKR matrix. "

The typical parameters measured in experiments are
the Dingle temperatures and the inverse relaxation
times. These are related to the cluster t matrix by

= —2c ImTkg
—1

and

&rk &.,bt2~k~

where the backscattering matrix A is given by

(A )LL =JLt ( —5')5~, QGj'L JL-—L ( —5 )(tj tt") . —
L"

(4)

B. Application

To investigate the effects of lattice distortion on the
anisotropy of scattering rates and Dingle temperatures, a
study of the Cu(vacancy) and Au(vacancy) systems was
undertaken. To do so, a series of vacancy potentials
were developed for both Cu and Au. In the case of Cu,
a self-consistent potential for a vacancy in Cu was avail-
able from Braspenning and Zeller. ' ' For Au, no such
potential is available and ab initio potentials were used
to derive the necessary phase shifts. This was also done
for Cu to allow comparison with the results for Au. In
addition, fitted phase shifts were available for
Au(vacancy) and Cu(vacancy) systems.

The ab initio potentials were developed by starting
with self-consistent relativistic atomic charge densities
according to Desclaux. ' The Mattheiss muffin-tin
prescription was followed in computing the host and
dilute-alloy potentials. The Fermi energy was fixed by
the requirement that the volume inside the Fermi sur-
face accommodate all conduction electrons. For noble
metals, the number is 1 because the d electrons fill five
Brillouin zones completely. If necessary, the impurity
and first surrounding host-shell potentials were shifted
by a constant potential in order to achieve charge neu-
trality as measured by the Friedel sum. Such a shift is
interpreted as the amount of screening of the perturbed
atoms. ' The angular-momentum cutoff value for all
sums was chosen as l,„=3. In previous work by
Molenaar' this cutoff was found necessary in order to
account for both the d scattering and the influences of
lattice distortion.

The self-consistent potentials of Braspenning and Zell-
er for Cu were obtained by starting from a self-
consistent host potential by Moruzzi et al. ' In the
framework of the KKR Green's-function method a self-
consistent single-site impurity potential was obtained
and is indicated by SCP1 in the accompanying tables.
Similarly, a self-consistent impurity cluster potential
consisting of the impurity and 12 nearest neighbors,
denoted by SCP13, was obtained by allowing the charge
distribution of the nearest-neighbor atoms to relax
around the vacancy. One should note that this relaxa-
tion accounts only for charge transfer and not for lattice
distortion. It should also be noted that for these poten-
tials, phase shifts were only available to l „=2.

Finally, for both Cu and Au, a set of fitted vacancy
phase shifts were used, which resulted from a procedure
in which the de Haas —van Alphen Fermi surface data
and scattering rate data are fitted using single-site KKR
Green's function expressions as discussed by Coleridge
et al. As in the self-consistent potentials, phase shifts
were only available up to l,„=2.

The phase shifts for each potential used as well as the
host phase shifts, Fermi energies, and lattice constants
are given in Table I. Table II contains the experimental
and calculated Dingle temperatures obtained using the
phase shifts in Table I, as well as the associated Friedel
sums. In each case, the calculated Dingle temperatures
are for zero lattice distortion.

For the Cu(vacancy) system the calculated Dingle
temperatures obtained using the self-consistent potential
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TABLE I. Values of phase shifts qo, g, , q2, and g3 in radians used in calculating the Dingle temperatures and scattering anisot-
ropy for the various potentials discussed in the text. NSCP2 refers to the non-self-consistent potential where the constructed va-

cancy potential was shifted using a negative potential equal to 0.01 Ry and the nearest-neighbor Au atoms were shifted using a pos-
itive potential of 0.025 Ry.

Potential lo

Cu(vacancy)
SCP 13
EF ——0.63 (Ry)
ao ——6.76 (A)

NSCP1
E~=0.584 (Ry)
a =6.83087 (A)

Fitted
E,=0.55 (Ry)
ao ——6.83087 (A)

NSCP2
E =0.663 (Ry)
a() ——7.6821 (A)

Fitted
E,=0.53 (Ry)
ao:7,682$115 (A)

Host
Vacancy
First shell

Host
Vacancy
First shell

Host
Vacancy

Host
Vacancy
First shell

Host
Vacancy

—0.0957
—0.7106
—0.1263

—0.044 997
—0.472 269 9
—0,078 331

0.0755
0.9966

Au(vacancy)

—0.412 87
—0.840 81
—0.455 379

0.249 56
—0.4748

0.0884
—0.1800

0.0722

0.095 483
—0.105 412

0.078 857

0.1298
—0.5652

—0.085 93
—0.261 94
—0.108 91

0.063 15
—0.3459

—0.1542
—0.0227
—0.1617

—0.127 75
—0.012 629
—0.135 76

—0.1186
—0.1186

—0.301 82
—0.450 01
—0.316 84

—0.2426
—0.0278

0.001 08
—0.000 632

0.000 922

0.007 368
—0.004 025

0.006 685

SCP13 and zero lattice distortion appear too high com-
pared to experiment. They do exhibit the correct anisot-
ropy with the two belly Dingle temperatures nearly
equal and the neck higher by about 30%. Note never-
theless the impressive improvement in Friedel sum and
Dingle temperatures in going from SCP1, the single-site
potential, to SCP13. The constructed potentials appear
to yield even better agreement with experiment than the
self consistent potentials since both the ratios and Dingle
temperatures are close to the experimental values.

By comparison, the Au{vacancy) calculation produces
values for the Dingle temperatures that are low com-
pared to the experiment. Also, the anisotropy is not
reproduced very well at all by this calculation. One pos-

sible explanation of course is the fact that these calcula-
tions do not include lattice distortion.

To assess the impact of lattice distortion on the ratios,
a series of calculations were performed in which the
nearest neighbors, or 12 erst-shell atoms were displaced
inwards towards the vacancy. Figure 1 summarizes the
results. Plotted are the ratios of (111) neck to (100)
and (111) belly orbit Dingle temperatures for Au and
Cu as a function of displacement. The displacements are
in units of 0.01 times the lattice constants. If needed,
the vacancy potential and erst shell host potentials were
shifted to maintain a Friedel sum of —1.00+0.03.

It is seen that as the lattice distortion increases, the
neck-to-belly ratios decrease for both Cu and Au. For

TABLE II. Comparison of calculated and experimental Dingle temperatures for (111) and (100) belly orbits 18) and (111)
neck orbit (X) in Cu with vacancies and Au with vacancies. The first column denotes the potential. The second column gives the
Friedel sum for each potential in electron units. Dingle temperatures are in units of 100 K/at. %. The last two columns give the
neck-to-belly ratios. Dingle temperatures were calculated assuming zero lattice distortion.

Potential 8 (111)
TDg /C

N(111) B(100) N(111):8(111) N(111):8(100)

SCP1
SCP13
NSCP1

Experiment

—0.7758
—1.0480
—1.007

0.597
0.279
0.183
0.175

Cu(vacancy)
0.499
0.361
0.280
0.275

0.686
0.288
0.178
0.189

0.84
1.3
1.53
1.6

0.72
1.3
1.57
1.5

NSCP2
Experiment

—1.006 0.228
0.387

Au(vacancy)
0.306 0.208
0.338 0.383

1.34
0.87

1.47
0.88
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CU &111&N/&100&B
~ &111&N /&111 & 8

AU &111 & N / &100&B
+ &111&N/&111&B

TABLE III. Relaxation volumes reported in the literature
for Cu and Au with vacancies and associated first-shell relaxa-
tion 6 in units of the lattice constant times 0.01. The quantity
o is Poisson's ratio.

hV/V

X

a. =0.423
Au

—0.44+ 0.02'
—0.55
—0.57'
—0.15+0.06

—1.4
—1.8
—1.9
—0.69

0.=0.350
CU

—0.2'
—0.3

—0.6
—0.83

0.6 I I I I

-1.0 -2.0 -3.0 -4.0

'Reference 20.
Reference 21.

'Reference 22.
Reference 22, 19.

'Reference 19,23.
'Reference 24.

FIG. 1. Ratios of neck-to-belly Dingle temperatures in Cu
and Au with vacancies as a function of displacement h, of the
nearest neighbors. The displacement is in units of 0.01 times
the lattice constant.

Cu, the decrease is more gradual than for Au. In the
case of Au, the ratio of (111) neck to (111) belly de-
creases by 34% when the lattice distortion is increased
from 0.0 to —2.0. For Cu, the ratio decreases by 25%.
A similar trend occurs for the ratio of (111) neck to
(100) belly. The trend of the Dingle-temperature ratios
as well as the more rapid decrease in Au ratios com-
pared to Cu ratios was found to be independent of the
potential shifts used. This suggests that the origin of the
difference in vacancy scattering for the two noble metals
is associated with the effect of lattice distortion rather
than charge transfer.

neck to ( 111) belly in Au and a value 1.03 for the ratio
of (111) neck to (100) belly. These values are higher
than the experimental ratios for Au given in Table II but
within experimental uncertainty. Using a value of —0.6
for the lattice relaxation in Cu yield values of 1.4 for the
ratio of ( 111) neck to ( 111) belly and 1.44 for the ratio
of (111) neck to (100) belly. These results are some-
what lower than the experimental values of Table II.
Nonetheless, these results do show that the lattice distor-
tion in Au and Cu produce an inversion in the neck-to-
belly ratios. The ratios are clearly larger for Cu and
smaller for Au, consistent with experiment. This is true
even if Ehrhart's smaller value of AV/V for Au is used.
Although in that case the ratios are much greater than

III. COMPARISON
WITH EXPERIMENTAL VALUES

To compare the calculated results in Fig. 1 with the
experimental values in Table II, it is necessary to know
the local lattice distortion.

Oppeneer' has shown that the Eshelby theory' can
be used to develop estimates of the first-shell lattice dis-
tortion around an imperfection. If one obtains experi-
mentally the macroscopic volume change b, V/V then
the relaxation of the nearest-neighbor, b, , for a fcc ma-
terial may be determined from

h, - SCP 13

3 0 ~ - NSCP I

x - EXPERIMENT

2.2 ~&
X X

~ ~ ~ ~

X
~ X X

1.4 —. x
X

a
24m 1 —o V

(10)

where o. is Poisson's ratio and a the lattice constant.
Table III gives vacancy relaxation volumes from the
literature as reported by Ehrhart et al. ' Also given are
the lattice relaxations b, for Au and Cu using Eq. (10)
and 0.423 and 0.350 for Poisson's ratio, respectively.
From the Au data plotted in Figure 1, values of 6
around —1.8 yield a value of 0.9 for the ratio of (111)

X X
XX

X
1.0 —

XXX XX
l l I I I

30 15 l 15 30 45 l60 75
(110) (100) (111) (1'l0)

~p(deg )

FIG. 2. Comparison of experimentally measured scattering
rate anisotropy 1/~(k) from vacancies in Cu with that calculat-
ed using a self-consistent potential and a constructed potential.
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the experimental values.
The discrepancy between the calculated Dingle tern-

peratures and ratios and the experimental values is most
likely due to the inadequacy of the potentials used in this
study. To further evaluate the potentials, the point-by-
point scattering rate in Cu with vacancies was calculated
from Eq. (8) and compared with the results obtained us-
ing Friedel phase shifts which were fit to the actual ex-
perimental point-by-point scattering rates. The compar-
ison was made in this way to allow the anisotropy of the
scattering to be evaluated at points not measured experi-
mentally.

Figure 2 compares the experimental anisotropy with
the point by point scattering rate as determined using
the self-consistent potential SCP13 and the non-self-
consistent constructed potential denoted by NSCP1
where the constructed vacancy potential was shifted us-

ing a negative potential equal to 0.15 Ry and the
nearest-neighbor Cu atoms were shifted using a positive
potential of 0.007 Ry. The earlier discussion of the cal-
culated Dingle temperature anisotropies suggested that
the non-self-consistent potential gave results which com-
pared more favorably with the experimental data. Fig-
ure 2, however, shows that the detailed anisotropy of the
scattering rate is poorly reproduced by the non-self-
consistent potential. By comparison the anisotropy cal-
culated using the self-consistent potential agrees quite
well with the experimental data. The better agreement
is most likely due to a more accurate accounting of the
radial charge redistribution at and around the vacancy
in the self-consistent calculation than in the constructed
potential calculation. As mentioned earlier, in the con-
structed potential, charge redistribution is approximated
by somewhat arbitrary constant shifts of the vacancy
and first-shell potentials.

It is also interesting to note that the self-consistent po-
tential anisotropy gives better agreement despite the fact
that the calculation for that case does not include lattice
distortion. This suggests that the lattice distortion does
not contribute significantly to the anisotropy of the
scattering rate from a vacancy in Cu. To understand
this aspect it is useful to examine more closely how the
lattice distortion actually affects the scattering anisotro-
py.

Lattice distortion enters into the expression for the

cluster t matrix through the transformation matrix JLL.
[see Eqs. (4) and (6)].

An alternative way of expressing JIL is

JIL (h)=i' ' I dk Y~(k)e'"' YL (k) .

One can easily show from this expression that for small
lattice distortion, JIL may be written to first order in
the shifts 6 as

with

(k.b, )LI ——0 for l&l'+1 .

The effect of lattice distortion on the backscattering re-
normalization matrix A [Eq. (4)] and the expression for
the impurity t matrix [Eq. (6)] is to couple adjacent an-
gular momentum states (1 =I'+1). The strength of the
coupling is determined however not only by the magni-
tude of the lattice distortion but also by the difference
between the phase shifts of the displaced atoms and the
host atoms. Referring to Table I, one sees that the abso-
lute difference in the phase shifts of the first shell and
host for I'=I+1 are not as great in Cu as they are in
Au. Note particularly the difference when l'=0 or 2
and I =1. Thus one would expect that for the same lat-
tice distortion the effect on the scattering anisotropy
would be greater in Au than in Cu. This is in fact what
is observed in Fig. 1. Thus we conclude that the
difference in relative values of the phase shifts as well as
the larger lattice distortion are needed to produce the
anisotropy observed in Au compared to that observed in
Cu. Further, we have shown that as postulated by
Lengeler it is necessary to account for lattice distortion
around a vacancy to predict correctly the Dingle tem-
peratures anisotropy in Au.
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