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The linked-cluster series expansion is developed for use on models of quantum spin systems with
single-ion potentials. A Wick-like theorem is used to calculate the ~ integrals occurring in the
series expansion. Such a new approach can deal with many realistic models of magnetic materials
and will yield high-accuracy results in both ordered and disordered phases. These developments
are illustrated by calculating the first seven terms of the linked-cluster series for the free energy,
susceptibility, specific heat, and spontaneous magnetization of the spin-1 anisotropic Heisenberg
model with a uniaxial single-ion potential. Thermodynamic properties of the system in both
paramagnetic and magnetically ordered phases are discussed including the magnetization and sus-
ceptibility as functions of temperature, the critical exponents P and y, and the existence of tricriti-
cal and bicritical points.

I. INTRODUCTION

In quantum statistical mechanics, diagrammatic
Green's function and linked-cluster expansion methods
have provided the most accurate results for many-body
problems in boson and fermion systems. The methods
have also been employed for treating the quantum spin
systems. ' Dramatic improvement of the results over the
mean-field approximation is observed, however, the
treatment has been confined to the simple models. For
real magnetic materials, the crystal-field anisotropy plays
a major role in many cases. The inclusion of the single-
ion anisotropy in the Heisenberg model makes the
many-body perturbation calculation much more difficult.
Furthermore, the Green function and linked-cluster
methods with high-density expansion (1/z expansion, z
being the number of nearest-neighbor spins interacting
with the spin), often yielded some unphysical results. '

At temperatures above the transition point, the high-
temperature series-expansion method has been used to
treat the Heisenberg model (with anisotropic exchange
interactions) and has obtained the most accurate critical
temperature and critical exponents. Again, no high-
order series has been obtained with the crystal-field an-
isotropy included.

In this paper a linked-cluster expansion method for
models of quantum spin systems with crystal-field poten-
tials is presented. The recently developed Wick reduc-
tion theorem enables high-order series to be produced
for the general quantum spin models. Instead of using
the high-density approximation, the method sums up all
perturbation terms to a certain order and estimates the
results through well-developed extrapolation processes
(the standard ratio method and the Pade approximants
method). The perturbation used in this calculation is the
part of the Hamiltonian which represents correlations of
fluctuations of the spin variables ignored entirely in the
mean-field approximation. The results of this calcula-
tion cover the whole range of temperature, both magnet-
ically ordered and disordered phases. In the disordered

phase the results are identical to the high-temperature
series. In the ordered phase, correlations of spin fluctua-
tions from their thermal averaged values are included
systematically in this perturbation expansion and yield
results of high accuracy. The unphysical results pro-
duced by the high-density approximations are avoided in
this approach.

The method developed here is based on the linked-
cluster expansion which has been used with success to
form long series for classical systems. A twelfth-order
high-temperature series for the spin-spin correlation
function was obtained by this method for the Ising fer-
romagnet, and a ninth-order high-temperature series
was obtained for the classical anisotropic Heisenberg
model. Recently an eighth-order series expansion for
the free energy in finite field of the Blume-Capel model
was obtained allowing the magnetization series to be cal-
culated and first-order phase transitions to be discussed.
This last calculation pointed out the usefulness of using
the linked-cluster expansion to form a single series
which covers both the ordered and disordered phases of
a system.

Using the linked-cluster expansion to generate series
for quantum spin systems is more problematic because of
noncommutativity of the spin operators. High-
temperature series expansions through fourth order have
been obtained for models with Heisenberg exchange and
single-ion potentials. ' ' These calculations demon-
strated how the single-ion potentials could be treated ex-
actly using a linked-cluster series expansion methodolo-
gy.

A modified Wick reduction theorem enabled a linked-
cluster series expansion of tenth order in the paramag-
netic phase and of eighth order in the ordered phase to
be calculated for the transverse susceptibility of the Ising
model and the Blume-Capel model. ' These calcula-
tions suggested a computational methodology which
could be applied to Heisenberg exchange models with
greater efficiency than the techniques used before. '

The description of this methodology is the subject of this
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paper.
The computational methodology presented here is ap-

propriate for general spin and any single-ion potential
which can be written in terms of spin operators, however
for the sake of clarity the details are expressed in terms
of a specific example model: the spin-1 anisotropic
Heisenberg exchange model with a uniaxial single-ion
anisotropy.

Section II will describe how the linked-cluster series
expansion of the free energy for this model is obtained.
The rules for writing down the terms in the expansion
are described, and the use of the %'ick theorem in
evaluating ~ integrals is illustrated. The results of a
sixth-order expansion are discussed in Sec. III where the
use of standard extrapolation techniques to obtain prop-
erties over the entire temperature range is illustrated. A
conclusion is given in Sec. IV.

II. LINKED-CLUSTER SERIES EXPANSION
AND THE WICK INTEGRAL FORMULA

The model Hamiltonian being considered is given by

H = —g J,, (RS,+S,—+S,'S;)—g D (S;)'—h g S'

H =00+H, ,

Ho = g [—(h +2JzM)S,' D(S—)2+JzM2J,

(2)

(3)

H) ———g J~[RS;+S +(S,' M)(S—; M) J
—. (4)

The parameter M is chosen to minimize the free energy.
It can be shown that M is equa1 to the self-consistent
value of the thermal average (S'). The perturbation re-
stores the eff'ects of Auctuation correlations.

The free energy F can then be written in the form

PF = —PFO + ln (S—(13) )o, (5)

where P is the inverse of the temperature and Fo is the
free-energy term corresponding to the unperturbed
Hamiltonian Ho. The thermal average ( S (P) )0 in Eq.
(5) is over the Ho ensemble and is expressed as'

The pair interaction parameter J, is taken to be J & 0
when i and j are nearest neighbors and zero otherwise.
A spin-1 model is considered here. The second term will
split the S'=+1 states from the S'=0 state by an ener-
gy gap of D. Positive D indicates an easy-axis anisotro-
py, and negative D indicates an easy-plane anisotropy.

The Hamiltonian is split into an unperturbed Hamil-
tonian of mean-field type and a perturbation part in Eq.
(2):

(S(p))0= g ( —I)"/n. f dr, f dr2 f dr„(T, kH( r) H(~ 2) H((r„)J )o .
n=0 0 0 0

Operators in Eq. (6) are written in the interaction pic-
ture, and T is the Dyson ~-ordering operator which or-
ders operators in the product with ~ labels decreasing
from left to right.

The terms in Eq. (6) can be represented by bond
graphs and when written in terms of semi-invariants al-
low the free energy to be expressed as

In(S (13))o= g 1/n! W(c„)L (c„)V(c„) .
n, c„

The summation is over all linked (connected) graphs
where c„ indicates an nth-order linked graph. W(c„) is

the weight of the graph or the number of times the
graph appears in the expansion. l. (c„) is the lattice con-
stant of the graph. V(c„) is the value of the r integral
of the semi-invariant product which the graph
represents. Table I lists all of the free-energy graphs
through sixth order which contain longitudinal, or
(S,'—M)(S~' —M), interaction lines only. Table II lists
all graphs through sixth order which contain transverse
interaction lines.

The graphs in Table I, which contain longitudinal in-
teraction lines only, have been used to calculate high-
temperature series for the specific heat and the suscepti-
bility for spin- —, and spin-1 Ising models. The series ob-
tained from these graphs agree with previous results. '

The graphs in Table II, which contain transverse in-

teractions lines, are produced from the graphs of Table I
by a simple algorithm which has been implemented on
machine. An outline of this algorithm follows.

All transverse graphs will have an underlying topology
of one of the pure longitudinal graphs, so one starts with
a longitudinal graph with n lines. Call this graph cL„.
Number the interaction lines of cL„ from 1 to n. To
generate diagrams with rn transverse interaction lines do
the following.

(1) Choose, without regard to order, m lines from the
n lines of cL„. This produces a list of graphs in which
each graph has m specified transverse lines.

(2) For each graph in the list produced by step (1) as-
sign directions to the transverse lines in all possible ways
such that the numbers of heads and tails of lines at each
vertex are equal to each other. This produces an ex-
panded list of graphs.

(3) Search the list of graphs produced in step (2) to
find classes of isomorphic graphs. Two graphs are iso-
morphic if they can be mapped into each other by
switching vertices or lines without breaks. This pro-
duces a list of unique graphs each with an associated
weight.

(4) Assign a final weight W(cT ) to each unique graph
produced in step (3) according to

W(cT )= W(ci„)NI(cT )/2
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TABLE I. List of free-energy graphs through sixth order which contain longitudinal bonds only. LC
number labels the lattice constant.

Name Weight L.C. Graph Name Weight L.C. Graph Name Weight L.C. Graph

D2001

D3001

D3002

D4001

2 201

4 301

8 302

8 401

D4002 48 402

D4003 96 403

D4004 48 404

D5001 16 501

D5002 320 502

D5003 320 503

D5004 480 503

D5005 960 505

D5006 960 504

IV

IIV

D5007 960 506

D5009 384 507

D6001 32 601

D6002 960 602

D6003 640 602

D6004 960 604

D6005 960 603

D6006 3840 603

D6007 3840 606

D6008 11520 606

D6009 960 603

D6010 2880 604

D6011 3840 605

III''

Vill

IP7

IKUI

D6012 5760 608

D6013 5760 605

D6014 5760 606

D6015 23040 608

D6017 11520 609

D6018 5760 611

D6019 2880 605

D6020 1920 613

D6021 11520 607

D6022 23040 610

D6023 3840 612

D6026 3840 614

I

I

( )

W(cL„) is the weight of the original pure longitudinal
graph cL„', Xl(cT ) is the number of isomorphic graphs
in the list of step (2).

Graphs are represented by a matrix where each row
corresponds to a vertex and each column corresponds to
an interaction line. The result of applying a rnachine
implementation of the above algorithm will be a file con-
taining matrices and associated numbers for the weights
and lattice constants.

The calculation proceeds by constructing all linked
graphs up to a given order of the perturbation. The con-
tribution of an nth-order graph to the free energy is
given by the following rules.

(1) Associate a r label with each bond and a site label
with each vertex.

(2) Associate J; with each bond.
(3) Associate a spin-operator product with each ver-

tex where the operators are specified by the bonds end-

ing on the vertex: a longitudinal bond contributes
(S —M), a transverse bond pointing into a vertex con-
tributes S;, and a transverse bond pointing out of the
vertex contributes S;+. Assign the ~ label of each bond
to the corresponding operators. Form the semi-invariant
of the ~-ordered product associated with each vertex.

(4) Form the product of semi-invariant and factors of
J," associated with the graph.

(5} Integrate r variables from 0 to P.
(6} Sum the lattice labels over all lattice sites.
(7) Multiply the contribution by the weight of the

graph.
(8) Divide the result by n!.

It should be noted that dividing the Hamiltonian in
the way shown in Eqs. (2)—(4) and choosing the parame-
ter M to be (S') accomplishes a partial vertex renor-
malization which eliminates the single-tail graphs, '

which have two parts connected by a single bond.
Summation over the lattice sites is achieved by choos-

ing the appropriate free multiplicity as the lattice con-
stant and multiplying the term by (Jz)", z being the
nUmber of nearest-neighbors interacting with a spin.
The free multiplicities can be expressed in terms of weak
embedded lattice constants used in the conventional
high-temperature series expansion. ' The relations be-
tween the two types of lattice constants are presented in
Table III.

The major portion of the calculation is the evaluation
of the ~ integrals implied by each graph. The rnultiple-
site Wick reduction theorem discussed by Wang, Went-
worth, and Westwanski is employed to facilitate the cal-
culation. The theorem applies to the thermal average of
the ordinary (moment) product of r-ordered operators
instead of the semi-invariant (cumulant) of a product,
and the ~ dependence of each operator must be of the
simple form

O(r)=e "O(0) .

Therefore, the first step in the calculation of a ~ integral
is to express the semi-invariants in terms of moments.
This is done through the use of Eq. (10), where
[S&S2 . . - S„], represents the semi-invariant of the en-
closed product of spin operators:



8690 CHRIS WENTWORTH AND YUNG-LI WANG 36

TABLE II. List of free-energy graphs through sixth order which contain transverse bonds.

Weight L.C. Graph Name Weight L.C. Graph Name Weight L.C. Graph

D2201

D3201

D3301

D4201

D4401

D42o2

D4402

D42o3

1 201

6 301

24

402

402

D6602

D6204

06404

D62o5

D6405

D6603

D6206

D6301

180

1920

1440

1440

720

120

2880

960

602

602

604

604

604

603

603

Itl

&tf

lf%

~~r

tR.

D6216

D6308

D6413

D6609

06610

06217

D6414

06415

2880

5760

720

360

180

5760

1440

2880

608

608

608

608

608

605

605

605

ZAP'

d7
gP'

lt

lt 1

D4301

D4403

D5201

D5401

D5202

D5203

D5402

05204

D5301

D5501

D5205

D5302

D5403

D5206

D5304

D5503

D5207

D5404

05305

D54o5

80

30

480

160

240

480

240

60

480

480

120

480

240

120

480

240

480

120

501

501

502

502

502

503

503

503

503

503

503

505

505

505

504

504

506

506

D62o1

D6401

D6601

D6202

D62o3

D6402

240

180

10

2880

480

360

1440

601

601

601

602

602

602

602

D5504 24 507

l TI

~
~r
~

l"X

Rr
lH

ff
~
lTIIII

lTlTII

lTlTlT

LtII

llll

l'Nt

tPP

D6406

D6501

D6207

D6208

D63O2

D6407

D6503

D6209

D63O4

D65o5

D6210

D6211

D6305

D6408

D6506

D6212

D6307

D6409

D6604

D6605

D6213

D621 4

D6410

D6411

D6606

D6215

D6412

D6607

360

720

5760

1920

5760

2880

1440

5760

960

1440

5760

5760

5760

2880

2880

1440

1920

720

120

30

2880

1440

1440

720

360

5760

1440

360

603

603

603

603

603

603

603

606

606

606

606

606

606

606

606

603

603

603

603

603

604

604

604

604

604

605

605

605

ltd'

Ptt
Pill

Rtl

Vlf

Pi

Pv

le
IVi

le
le
t'ai

Jt Jt

jt

N i

II& 3

lTl 5

06218

D6219

06309

06417

D6508

2880

2880

2880

1440

1440

06312

06418

06509

06223

D6421

06611

D6314

D6612

D6224

D6422

D6423

D6315

D6425

D6225

D6511

D6316

D6426

D6512

D6427

D6613

5760

5760

2880

5760

1440

720

2880

360

2880

720

1440

1920

720

5760

1440

5760

2880

1440

1440

120

D6220 11520

D6310 11520

606

606

606

606

606

608

608

608

608

608

609

609

609

611

605

605

613

613

607

607

610

610

610

612

614

I~T
lml

lMT

lM

IV7

lM
I

lr

lr lT

ll

lt
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n J)
[T[s,( , )

. S„( „)I],= g (k —1).( —1) ' g T g S. ( , ) . . T Q S, ( , ) .
k=1 p(n, k) i = l i =1

(10)

p(n, k) represents the set of partitions of n operators S, , . . . , S„ into k sets without regard to order where j, , . . . , jk
represent the number of operators in each set. The a;J identifies operators within a set. Another useful property of
semi-invariants is given by Eq. (11), where the c; are constants and n ) 1:

[T[(s,(r, ) —c, ) . (S„(r„)—c„)I], =[T[s,(r, )
. . S,(r„)I], .

Equation (12) gives an example of the use of Eqs. (10) and (11) in expressing the semi-invariants implied by graph
D4202 (Table II) in terms of moments where p = &S')o.

[T[s) (r))S| (72)(s)(r3)—M)(s)(14)—M)[]q[T[S2 (7))S2 (72)I],[T[(S3(r3) M)(S3(r4) —M)I],
= & T[S| (r))s)+ (~))(s) (r3) —p )(S1 (r4) —p ) I )o& T[S2+ (r))S2 (r)) I )o& T[(S3(r3)—p )(S3(~4)—p ) I )o

—
& T[S, (r, )s, (r2)I )o& T[S2+(r, )S2 (r2)I )o& T[(sf(r3)—p)(s;(r~) —p)I )o

&& & T[(S3(r3)—p)(S3(r4) —p) ) )o . (12)

LC number LC in terms of weak
embedded lattice constants

201

301
302

401
402
403
404

501
502
503
504
505
506
507

z
6P3

z
z2

6P3
8p4+ 2z —z

z
z2

6P3
8p4+ 2z —z
6zP 3

4P5g +6P3
10p&~ + 30zp3 —30p3

TABLE III. The free multiplicity lattice constants expressed
in terms of weak embedded lattice constants.

E, = D I, 2Jz&S &—+&S—&'—I, ,

Eo ——&S') Jz,
E,= —D+i +2Jz&S'&+&S )'Jz .

(13)

(14)

If
~

k, 1 ),
~

k, 0), and
i
k, —1) are the corresponding

eigenstates for site k then the standard basis operators
are defined as

L,,"= ~ki)&kj
~

(16)

A program has been developed which allows this algebra
to be done by machine.

After semi-invariants have been expressed in terms of
moments, then the spin operators in each product are
represented in terms of standard basis operators created
based on the unperturbed Hamiltonian Ho. The eigen-
states of Ho for the spin-1 system considered here are
the same as those of the operators S', and the eigenener-
gies are given in Eqs. (13)—(15):

601
602
603
604
605
606
607
608
609
610
611
612
613
614

z
z2

6P3
Z3

8p4+ 2z —z
6zP 3

10p5 + 30zp3 —30p3

4P5A +6P3
8zp4+ 2z 3 —z 2

2p6~ + 8p» + 12zp3 6p3
36p 3

12p6„+24p4+z +z —z
24p 6D

12p6+24p6c+ 12ps ~ —48p4+48p4z
+6p3+2z —6z +5z

L, (r) = exp[(E; E)r]L, — (18)

The spin operators are written in terms of the stan-
dard basis operators in Eqs. (19)—(21):

S =&2(L |o+Lo ] )

=+2(Loi +L —io )

(19)

(20)

Standard basis operators for difFerent sites commute
while those having the same site satisfy

[L;,Lp, ]=L,(o k Lk o„. —

The standard basis operators in the interaction picture
have the simple ~ dependence which the Wick reduction
theorem requires as Eq. (18) demonstrates:
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S'=L „—L (21)

The replacement of spin operators by standard basis
operators is done with a simple algorithm which has
been implemented on machine. First, sums of standard
basis operator products which can give rise to nonzero
contributions are developed for each product of spin
operators. For a standard basis operator product to give
a nonzero contribution it is necessary for every raising
operator, L,o and Lo &, to be matched in the product by
a lowering operator, Lo& or L,o. These lists are re-
garded as data for a symbolic multiplying program. For
each spin-operator graph this program does the follow-
ing.

(1) The spin-operator products associated with each
vertex are replaced by corresponding sums of standard
basis operator products.

(2) The product of sums produced in step (1) are mul-
tiplied out.

(3) To aid in summing equivalent terms, the thermal
averages in each product are commuted so that

equivalent thermal averages appear in the same order
when they occur in different terms.

(4) The rearranged sum from step (3) is inspected for
equivalent terms which are summed together.

Once the spin operators in an integrand have been ex-
pressed in terms of standard basis operators then all
operators with the same ~ are grouped together. The in-
tegrands is written in terms of the operator 0& defined as

Oi(r, ) =0 (i j, . . . ;ah, cd, . . . ; r& )

=L.b(rl)L'd( I )
' ' ' (22)

The original integral containing a product of spin
operators will now be a sum of integrals containing
products of the 0 operators defined in Eq. (22). Some of
these integrals have ~-independent integrands. They are
calculated by forming all permutations of 0 operators,
calculating the thermal average for each permutation,
and multiplying the sum of all permutations by P"/n!.
The integrals with ~-dependent integrands are calculated
by using the Wick reduction theorem of Eq. (23):

f dr, f dr„ f dr„& T[0,(r, ) 0„(rk) 0„(r„)])p
0 0 0

dw) ' ' ' dan T O]&Ok ~
' ' On 7~ O+ ' ' + T 0& 7 ]

' ' ' 0~&0k 7~ 0
E,p 0 0 1

ek ——(E, E~ )+.(E,— Ed )+—

[0;,0, ], =[0,(r;),0 (r;)] .

(23)

(24)

(25)

Use of Eq. (23) expresses an nth-order integral as a sum of (n —l)th-order integrals. Equation (23) or the r
independent procedure can be applied to each integral in the sum until all integrations have been completed. The
(n —1)th-order integrals appearing in Eq. (23) could have been calculated when lower-order terms were considered. If
their values have been catalogued then the integration procedure just described can be abbreviated.

The Wick integration procedure is demonstrated on an integral given in Eq. (26) which is generated from the third-
order ring graph with all transverse interaction lines,

I„= d~, d~2 d~3 T L&o 7&LO, 72 O T Lo, 72L &p 73 O T L ~0 7, LO & 73 O. 26
0 0 0

Operators with the same ~ are grouped together;

I„=fdr, fdr2f d &rT3[0(1,3;10,—10;r, )0(1,2;01,0—I;r2)0(2, 3; —10,0—I;r3)})p . (27)

The first operator in the product of Eq. (27) is chosen to be Ok in Eq. (23). Application of the Wick integral formu-
la gives

I„=—I/(2D)(&Lpp)p —&L„)p)fdr2f dr3& T[0(2,3;0—1, —10;r~)0(2, 3; —10,0—I;r, )] )p

—I/(2D)( &Lpp)p —&L, , )p) f dr2 f dr3& T[0(1,2;01,0 —I;r2)0 (1,2;10, —10;r3)] )p . (28)

The first integral in Eq. (28) is r independent and can be
calculated by the method for ~-independent integrands
described earlier. The second integral can be calculated
by applying Eq. (23), again yielding a trivial one-
dimensional integral. Both integrals would have been
calculated when second-order terms were considered, so
their values could be retrieved from a catalogue. The
value of I, is given by

I„=/3 /(2PD)&L ) &L, , ) (&L, , ) —&L ) )

+P /(2PD)'(&L„&, &L, , ) —&L )')

X(&L i i)p —&Lpp)p) . (29)

The thermal average of a standard basis operator can be
calculated easily. Equations (30)—(32) give the averages
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for the model under consideration:

(I ii &p= —,'(q+p),

&,=I —q,
&L, , &,=-,'(q —p),
p = exp(PD )[ exp(Ph, ) —exp( —Ph, ) ]/Zo,

q = exp(PD) [ exp(Ph, )+ exp( —/3h, ) ]/Zo,

Zo ——1+ exp(pD)[ exp(ph, )+ exp( —ph, )],
h, =h +2JzM .

(30)

(31)

(32)

(33)

(34)

(35)

(36)

Use of the standard basis operators simplifies the alge-
bra involved in calculating the ~ integrals, however it re-
quires that a much larger number of integrals be con-
sidered. The simplicity of the algebra allows the integra-
tion procedure to be done by machine. A computer pro-
gram has been developed which can evaluate a standard
basis operator integral by the z-independent procedure,
if applicable, or by successive application of the Wick
reduction integral formula. Calculating and summing all
standard basis operator integ rais associated with the
free-energy graphs through sixth order took approxi-
mately 19 h of computer time with about 75% of this
done on a CDC Cyber 730 machine and about 25%
done on a CDC Cyber 760 machine.

The free-energy series calculated in the manner de-
scribed above takes the form of

PF = PFO+ —g f„—(x,y)(PJ)",
n =2

where

(37)

y =P(h +2JzM) . (39)

M = —BF/Bh = B(PF)/By =p +—g m„(x,y)(PJ)" .
n =2

(40)

The susceptibility is calculated from Eq. (42) after form-
ing the series for P 'g, defined in Eq. (41):

p-'X, =BM/By,

P 'X=P 'X /[1 2PJzP 'X ]— (41)

The coefficients f„(x,y) are in the form of polynomials
in p, q, R, and (pD) '. The other equilibrium thermo-
dynamic properties can be obtained from Eq. (37) by
differentiation. This algebra is done with the general
symbol manipulation program SCHOONSCHIP. The
properties considered in this paper are the magnetiza-
tion, susceptibility, and specific heat. The magnetization
is given as

ch k~
' = B( p—F ) /B

=x'(q —q')+ g g„(x,y)(pJ)" .
n =2

(43)

The coefficients I„,a„, and g„are expressed as poly-
nomials in the variables (pD) ', p, q, and R. The
coefficients with n equal to 1 —6 have been obtained for a
general lattice. In the appendix we list the polynomials
of m„and those of a„and g„ in the paramagnetic phase
for the fcc lattice. The coefficients a„and g„ in the or-
dered phase are too long to be presented here. We refer
the interested reader to Ref. 19.

Several checks have been performed to assess the va-
lidity of the series calculated in this investigation.

First of all, the result of the current calculation in the
paramagnetic phase ( T ) T, ), which is a high-
temperature series expansion with general lattice con-
stants, agree completely with that of Wang and Lee'
who used the Green's function method to obtain the
high-temperature series for the susceptibility of the same
model up to the fourth order.

As a check on the completeness of the list of longitu-
dinal graphs, Table I has been used to calculate high-
temperature series expansions of the free energy and sus-
ceptibility for the spin- —, and spin-1 Ising models, and
the results agree with previous results. '

The completeness of Table II has been checked by us-
ing it, together with Table I, to calculate high-
temperature series for the spin- —,

' Heisenberg model with
anisotropic exchange interactions. The value of a graph
with transverse bonds was obtained by expressing cumu-
lants in terms of moments (by machine) and calculating
the value of each term by constructing all permutations
of the ~ label and calculating the thermal average of
each resulting operator product. The sixth-order zero-
field free-energy series produced in this way agrees with
that of Wood and Dalton, and the susceptibility series
agrees with that of Jou and Chen, ' who calculated
high-temperature susceptibility series for the spin- —,

model and found some discrepancies with the Wood and
Dalton series. This calculation suggests that Table II is
correct and that the program which expresses cumulants
in terms of moments contains no errors.

A second check on Table II and a check on the pro-
gram, which expresses spin-operator terms as sums of
standard basis operator terms, has been done by using
the resulting sums to calculate the high-temperature
series for the spin-1 anisotropic Heisenberg model
without the single-ion anisotropy (D =0). The results
have been compared with those of Wood and Dalton.
The two series for the zero-field free-energy agree, how-
ever, there are discrepancies for the high-temperature
susceptibility series. Equation (44) shows the high-
temperature susceptibility series for the fcc lattice ob-
tained in the present investigation:

=q —p'+ g a„(x,y)(pJ)" .
n =]

The specific-heat series is defined as

(42)

a )
——10.666 67,

a2 ——160—8.888 89R

a 3
——2339.5556 —272. 592 59R —37.925 92R

(44a)

(44b)

(44c)
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a 4 ——33 691.259 26 —5899.061 73R —1147.259 26R

—180.740 74R (44d)

a5 ——480 371.2 —111 807.736 62R —24 358.452 67R

—3646.946 50R —1536.526 75R

a ~
——6 802 245. 794 24 —1 972 128.763 79R

—455 265.272 98R —39 268.433 47R

—30 430.990 40R —13 960.384 09R

(44e)

(44fj

—3512.941 56R —1536.526 75R

a ~
——6 802 245. 794 24 —1 972 221.471 61R

—455 172.565 16R —39 453.849 11R

—30 245 ~ 574 76R —13 960.384 09R

(45a)

(45b)

Both results for the susceptibility series, Eqs. (44) and
(45), agree with the isotropic Heisenberg series (R =1)
and the Ising series (R =0).

Since the free energy calculated from Tables I and II
agrees with the zero-field free-energy series of Wood and
Dalton, it suggests that these tables and the standard
basis diagram lists are complete. In this investigation
the susceptibility is formed by differentiation of the free
energy, whereas the Wood and Dalton method requires a
new set of graphs to calculate their susceptibility series.
In calculating 7 the linked-cluster graphs generate con-
tributions which are nonzero for all (nonzero) values of
R, whereas the method used by Wood and Dalton gen-
erates certain graphs which become zero in the isotropic
Heisenberg case. If the symbolic differentiation program
used here does not introduce spurious exponents of R
then the agreement of the current calculated series with
the isotropic Heisenberg series should be a strong indi-
cation of the correctness of the series in the case of an-
isotropic exchange interactions. The differentiation pro-
gram has been checked by replacing R by a number at
the beginning and comparing the resulting series for g
with that obtained when R is left as a symbol. Agree-
ment is found.

A more reliable and convincing way to distinguish the
correct one of these two susceptibility series is to use an
independent approach to derive the series. The finite-
cluster method is a well-developed method for finding
the high-temperature series for classical spin and certain
quantum spin systems. The method has been used by
Jou and Chen ' for deriving the susceptibility series to
the seventh order for spin- —,

' Heisenberg model with an-
isotropic exchange interactions. For the spin-1 aniso-
tropic Heisenberg model the calculation is more compli-
cated because the size of the matrices is much larger.
(For n-point clusters matrices are of order 3" as com-

The published Wood and Dalton series yields the
same coefficients for aa through a4, however a5 and a~
show some differences. The Wood and Dalton
coefficients a5 and a& are shown as

a 5
——480 371.2 —111953.11934R —24 347.074 90R

pared with order 2" for the spin- —,
' case. ) Instead of

deriving the full series to the sixth order using the
finite-cluster method we decided to make a partial check
of the correctness of the Wood and Dalton series and
the present series by comparing both results in a special
case (z =1 and all p„=O) with the result of the two-
point (connected) cluster in the finite-cluster method. By
putting z =1 and all p„=0, all clusters except the two-
point cluster will yield zero contribution to the series.

To calculate the free energy and susceptibility of the
two-point cluster, the 9&(9 matrix of the Hamiltonian,
Eq. (1) with only two sites, can be reduced to one 3&&3,
two 2)&2, and two 1&&1 matrices. The eigenenergies of
the two-site Hamiltonian can be easily obtained and the
partition function, free energy, and susceptibility can be
calculated. The results of this finite-cluster calculation
of the susceptibility series agree with that of Wood and
Dalton (with z = 1 and p„=O) except that there are
differences in the fifth-order terms. The results of the
series derived in this paper (with z =1 and p„=O) agree
fully with the two-point finite-cluster results. The fifth-
order term of the susceptibility series obtained by the
two-point cluster calculation and the present linked-
cluster expansion calculation with z =1 and p„=0 is
shown as

a ~
= 112/3645+ 848/729R + 512/729R . (46a)

The result of the Wood and Dalton series is given by

a
&

——112/3645+464/729R +896/729R . (46b)
Only in the two particular cases (as mentioned above),
Ising model (R =0) and isotropic Heisenberg model
(R =1), the results of Wood and Dalton agree with the
correct answer. Clearly, the two-point cluster calcula-
tion of the finite-cluster method provides a strong sup-
port of the correctness of the series obtained in this pa-
per.

The Wick reduction integration program was checked
with human calculation of selected standard basis opera-
tor terms at each order. As an additional test, the D
equal to zero limit of the value of each spin-operator
free-energy graph was taken and compared with the
value obtained in the spin-1 anisotropic Heisenberg mod-
el calculation mentioned previously. Agreement was
found for every graph; also, all singular (PD) " terms
are observed to cancel in the D equal to zero limit.

The algebra required to go from Eq. (41) to (42) was
done by machine. The final susceptibility series has been
checked in the paramagnetic phase by taking the D
equal to zero limit. The resulting series at D equal to
zero agrees with the spin-1 anisotropic Heisenberg mod-
el series of Eq. (44).

The checks summarized here cannot guarantee with
complete certainty that no errors were made in calculat-
ing the series expansions presented, however they do
give strong confidence in the results.

III. ANALYSIS OF THE SERIES AND
DISCUSSION OF THE RESULTS

The mean-field picture of the spin-1 ferromagnetic
Heisenberg model with anisotropic exchange interactions
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m/n

TABLE IV. Neville table for y'"'. D/2Jz =0.2515 and R =0.25.

1.168 1.190
1.213

1.210
1.249
1.267

1.222
1.258
1.266

1.225
1.241
1.216

y'"'= I+n [r„/[nr„—(n —1)r„,]—1I (49)

It is noticed that in many cases y'"' still increases mono-

TABLE V. Estimates of y for selected values of D/2Jz;
R =0.25.

D /2Jz

—0.466
—0.407
—0.310
—0.220
—0.107

0.251
1.02
2.39
4.06

1.00
1.18
1.21
1.23
1.24
1.25
1.25
1.25
1.25

D /2Jz = 1.0273 and R =0.25 using the sixth-order
series expansion for the magnetization. The intercept
with the P* axis of the linear fit for these points is taken
to the be sixth-order estimate for P. The inset of Fig. 5

shows the estimates for P using second-, third-, fourth-,
fifth-, and sixth-order series plotted against 1/n where n

is the order. Extrapolating to 1/n equal to zero gives
le=0. 32+0. 1. Values for f3* calculated from Eq. (48)
show large deviations from linearity for ( 1 —T /T, )

&0. 15, so points in the temperature range 0. 15&(1
—T/T, ) &0.45 were used to form a best-fit line. A ma-
jor source of uncertainty in each estimate of P is the un-
certainty in T, . This uncertainty is indicated in Fig. 5,
and from this an uncertainty of about 0.01 in the extra-
polated P is obtained. Data from the twelfth-order Ising
model series for a bcc lattice which Gaunt and Baker an-
alyzed is presented in Fig. 5 for comparison.

Estimates of the susceptibility as a function of temper-
ature can be obtained by looking at the Pade approxi-
mants to the series. Figure 6 shows an example of 7
versus temperature for an easy-axis value of D where
X ' was estimated from the average of the [—,'] and [—,']
approximants and the uncertainty is estimated from the
difference between the [—,'] and [—,'] approximants. This
curve shows Curie law behavior at high temperatures
with deviations beginning at approximately T = 1.15T, .
It also shows the temperature behavior of the suscepti-
bility in the ordered phase.

The exponent y can be estimated from the series with
higher accuracy on the paramagnetic side. The ratio
method is used in such an estimation with values of D
and R fixed.

tonically instead of reaching a final value in the present
analysis. Constructing a Neville table for y shows
significant improvement in estimating the final value of
y. As an example, the Neville table of y for D =0.2515
and R =0.25 is shown in Table IV. The Neville table
estimates I„are constructed using

I„=[nI„'—(n —m)I„ i' ]/m

where

IO (n+1)
n

(50)

(51)

The procedure for estimating y was to average I„ for n

equal to 3, 4, and 5 for the I which shows the best con-
vergence. The uncertainty was taken to be the largest
difference between the average and each I, used in cal-
culating the average. The exponent y can be estimated
with high accuracy for positive, easy-axis values of D.
The value is 1.25+0.01 for all values of D. Another lim-
it where the estimate of y shows high accuracy is when
D /2Jz reaches its tricritical value of —0.466 where
@=1.00+0.01. As is shown in Table V, the values of y
changes gradually from its critical value to the tricritical
value as D approaches D„and the tricritical value dom-
inates in the neighborhood of D, . This is usual behavior
observed in the series analysis of other models.

For systems with easy-plane single-ion anisotropy
(D &0), a first-order phase transition may occur as men-
tioned above. For R smaller than a critical value R, the
phase diagram in the (D, T) plane exhibits a tricritical
point where the nature of the phase transition changes
from second order (continuous) to first order (discontinu-
ous). To locate the tricritical point we use the magneti-
zation series to estimate (S') as a function of tempera-
ture for a fixed value of D. If the phase transition is first
order (S') becomes multivalued at temperatures close
to the transition point. The tricritical point can then be
estimated through the observation of the behavior of
(S'). In Fig. 7, for various values of R we show lines of
divergent susceptibility. The second-order phase bound-
ary ends at the tricritical point marked by an open cir-
cle. Beyond the tricritical point the curve continues as a
spinodal line. The R =0 curve and the tricritical point
location are in good agreement with the results of the
eighth-order linked-cluster series analysis of the Blume-
Capel model by Wang and Lee. The uncertainty in the
location of the tricritical points was estimated from the
difference between the sixth-order estimate and the
fifth-order estimate.

As shown in Fig. 7 the magnitude of the single-ion an-
isotropy at the tricritical point decreases as the value of
R increases because the transverse Auctuations weaken
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TABLE VI. Coefficients for Eqs. (Al), {A2), and (A3).

2
ijkl

24.
48.
24.

—72.
—96.
—72.
48.
36.

—24.
12.

120.
—48.

3
ijkl

48.
64.

-192.
-672.

16.
-96.
—96.
-96.

-192.
960.

2208.
96.

192.
216.
36.

224.
-1632.

22 32
-432.
-96.

72
—96.
864.
648.
-64.
192.
168.
12.

-96.
288.

-168.
32.

-384 .
—408.

96.
-288.
216.
864.
192.
144.

32
48.

-672.
192.

1
1
1
1
1
1
1
1
1
1
1
1
1

1

1
1
1
1
1
1
1
1
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
5
5
5
7

0
0
0
0
1
1
1
1
1
1

2
2
2
2
2
2
2
3
3
3
3
3
3
0
0
0
0
0
0
0
1
1
1
1
1
1
2
2
2
0
0
1
0

2
3
3
3
0
2
2
2
3
3
3
0
2
2
2
3
3
3
0
2
2
3
3
3
0
2
2
2
3
3
3
0
2
2
3
3
3
0
2
2
0
2
0

2
0
1
2
0
0
1
2
0
1
2
0
0
1
2
0
1
2
0
0
1
0
1
2
0
0
1
2
0
1
2
0
0
1
0
1
2
0
0
1
0
1
0
0

4
ijkf

-288.
—192.

-1344.
360.

-432.
2472.

12576.
8.

832.
2208.
-96.

2256.
-256.
1536.
4032.
4416.

-2584 .
-2256.

-21960.
-58944 .

1104.
-9008.

-15984 .
48.

-3576.
320.

-4800.
-11568.
-4464.
8012.
8544.

61326.
100776.
-5160.
19888.
24192.

768.
1260.
-448.
6720.

10512.
1296.

-9676.
-9312.

-67962.
—72864.

3600.
-11712.
-8784.

384.
-3456.
-2592.
3888.
3456.

26244.
17820.

160.
-1808.
-3792.

336.
-1416.

704.
-4800.
-7248.
-336.

-1276.

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
3
3
3
3
3
3
3
3
3
3

0
0
0
0
0
0
0
1
1
1
1
1
1
1
1
1
1
1
1
1
2
2
2
2
2
2
2
2
2
2
2
2
2
3
3
3
3
3
3
3
3
3
3
3
3
3

4

4

4
4

4
4
0
0
0
0
0
0
0
0
0
0

2
3
3
4

4
4
4
0
2
2
2
2
3
3
3
3

4

4
4

0
2
2
2
2
3
3
3
3
4

4
4

0
2
2
2
2
3
3
3
3

4
4
4
0
2
2
3
3
3
4
4
4
4
0
2
2
2
2
3
3
3
3

3
2
3
0
1
2
3
0
0
1
2
3
0

2
3
0
1
2
3
0
0
1
2
3
0
1
2

0
1
2
3
0
0
1
2
3
0
1
2
3
0
1
2
3
0
0
1
0
1
2
0
1
2
3
0
0
1
2
3
0
1
2
3
0

4
b ijki

6096.
-5622.
2616.

-6368.
21712.
36960.
-1248.
3108.
-832.

13632.
24432.

432.
2156.

-11472.
12546.
-7392.
33984 .

-48128.
-61344.

-528.
-1008.

1088.
-17472.
-24048.

-880.
5376.

—7320.
5544.

-36864.
28224.
21168.
-960.
8640.
6480.
4592.

-9216.
-16656.

720.
-336.
-960.
2880.

-1968.
276.
132 ~

-43440.
24192.
37008.

960.
-2880.
2160.

68544.
-14976.

11232 ~

15456.
-3744.

-45792.
10176.

5
ijkl

-960.
-192.
4704.

-1248.
3168.

3
3
3
3
3
3
3
3
3
3
3
3

3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
7

7
9

0
0
0
1

1
1
1
1
1
1
1
1
1
1
1
2
2
2
2
2
2
2
2
2
2
2
2
3
3
3
3
3
3
0
0
0
0
0
0
0
0
0
0
1
1
1
1
1
1
2
2
2
0
0
1

4

4
4
0
2
2
2
2
3
3
3
3

4

4

0
2
2
2
2
3
3
3
4
4
4

0
2
2
3
3
3
0
2
2
2
2
3
3
3
4

4

0
2
2
3
3
3
0
2
2
0
2
0
0

1
2
3
0
0
1
2
3
0
1
2
3
0
1
2
3
0
0
1
2
3
0
1
2
0
1
2
3
0
0
1
0
1
2
0
0
1
2
3
0
1
2
2
3
0
0
1
0
1
2
0
0
1
0
1
0
0

5
ijkl

31632.
1152.

-6912.
2112 '

-44160.
-297696.

16./5.
480.

1472.
2208.

-2208.
6960.
1920.

-5888.
-24960.

4416.
-60576.

-2944 .
-2048.

-26496.
-108192.
-149376.

-8064.
42752.
60096.

527232.
1787808.

1440.
-2880.
2880.

-15648.
12384 .

-10800.
—23456.

90624.
254640.
-4704.

166344.
15968.
46288.

165312.
444912.
257868.

37200.
-211296.
-318864.

- 2065056.
- 4264464.

8016.
-27424.
-75264 .
21456.

-16032.
3780.

61792.
-341248.
-631824.
-24864 .

-159336.
-41632.
-95696.

-369648.
-686424.
-188424.
-70768.
463072.

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

0
0
0
0
0
0
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3

4

5
5
5
5
5
0
2
2
2
2
2
3
3
3
3
3
4
4

4

5
5
5
5
5
0
2
2
2
2
2
3
3
3
3
3
4
4
4
4
4
5
5
5
5
5
0
2
2
2
2
2
3
3
3
3
3
4
4
4
4
4
5
5

4
0
1
2
3
4
0
0
1
2
3
4
0
1
2
3

0
1
2
3

0
1
2
3
4
0
0
1
2
3
4
0
1
2
3

0,
1
2
3

0
1
2
3

0
0
1
2
3
4
0
1
2
3

0
1
2
3
4

0
1

5
ijkl

618960.
3607680.
5000832.
-65472.

97792.
130464.
-4560.
6336.

-65408.
482880.
578448.
31104.
45360.
45120.
64128.

362496.
440136.
46440.
57400.

-436656.
-534024.

-2925648.
-2829870.

57600.
-67968.
-50976.
25152.

-226368.
-169776.
-16512 .
-12672.

-131760.
-90720.
-16920.
149040.
171720.
900720.
595350.

2624 ./5.
-6816.

-12224.
-4128.
-1248.
-4272.
-4192.
12032.
47952.

-16800.
38136.
13856.
9712.

134016.
237552.

5028.
-16464 .
80992.

-139056.
133920.
-48624.
-12896.

72544.
82240.
39696.
-2304.
9324.

47648.

1
1
1

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3

3
3
3
4

4

4

4

4

4

4

4

4

4
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
1
1
1
1
1
1

5
5
5
0
2
2
2
2
3
3
3
3
3

4

5
5
5
5
5
0
2
2
3
3
3
4

4

4
4

5
5
5
5
5
0
2
2
2
2
2
3
3
3
3
3
4
4
4

4

5
5
5
5
5
0
2
2
2
2
2
3

2
3

0
0
1
2
3
0

2
3

1
2
3

0
1
2
3
4
0
0
1
0
1
2
0
1
2
3
0
1
2
3
4

0
0
1
2
3
4

0
1
2
3

0
1
2
3
4

0
1
2
3

0
0
1
2
3
4

0
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TABLE VI. ( Continued ).

5
ijkl

-184064 .
-625008.

65952.
1371120
—63328.

-166640.
-628656.

-1087944.
—15768.
47728.

-221152.
424944.

-489984.
208704.
—16896.

-143040.
—33504.
-65184.

4176.
-3024.

-106144.
695424.

1650096.
-43392.
143640.
140000.
331552.

1231176.
1776432.

13320.
—47904.
209760.

-442608.
609408.

-319140.
410016.
-10624.

-131904.
19824.
-2016.

124896.
-1083264 .
-1520976.

-17280.
-37800.

-140064.
-212640.

-1125528.
-1206288.

16640.
—69600.
156720.

-256320.
170100.

-556416.
87936.
65952.

-62208.
559872.
419904.
49536.
38016.

395280.
272160.
17600.

-48736.

3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3

3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
5
5

1
1

1
1
1
1
1
1
1
1
1
1
1
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3

4
4
4
4
4

4

0
0

3
3
3
3
4

4

5
5
5
5
5
0
2
2
2
2
2
3
3
3
3
3
4
4
4

4
4
5
5
5
5
5
0
2
2
2
2
3
3
3
3
3
4

4
4
5
5
5
5
5
0
2
2
3
3
3
4
4

4
4
0
2

1
2
3

0
1
2
3
4
0
1
2
3
4
0
0
1
2
3
4
0
1
2
3

0
1
2
3
4
0
1
2
3
4
0
0
1
2
3
0
1
2
3
4

0
1
2
3
0
1
2
3
4

0
0
1
0
1
2
0
1
2
3
0
0

5
ijkl

-55744.
-17040.

-144.
-1008.

-12000.
34880.

267456.
-22080.

9240.
-16800.

84384.
-99432.
56520.
-720.
-280.

-2480.
11640.

-13872.
6450.

-216576./5.
186784.
96480.
38352.
2784.

-10272.
-115520.
-906624.

27840.
-12600.

30240.
-161568.
206376.

-133968.
280.

2480.
-11640.

16080.
-9450.

-601920.
-124992.

288.
-12096.
-1296.
-9984.

370944.
893376.
-13440.
77184.

-115488.
84672.

1249920.
-13056.
-9792.
32256.

-290304.
-217728.

151296./5.
-39936.
-14784.
-2880.
-432.

32256.
-96768.
57600.
3600.

-2016.

5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5

0
0

0
0
0
0
0
0
0
0
0
0
0
0
0
0

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
2
2
2
2
2
2
2
2
2
2
2
2
3
3
3
3
3
3
0
0
0
0
0
0
0
0
0
0

2
2
2
2
3
3
3
3
3
4
4
4

4
5
5
5
5
5
0
2
2
2

2
3
3
3
3
3
4
4
4
4
5
5
5
5
5
0
2
2
2
2
3
3
3
4
4
4

4

0
2
2
3
3
3
0
2
2
2
2
3
3
3
4
4

1
2
3
4

1
2
3

0
1
2
3
4
0
1
2
3
4
0
0
1
2

3
0
1
2
3

0
1
2
3
0
1
2
3
4
0
0
1
2
3
0
1
2
0
1
2
3
0
0
1

1
2
0
0
1
2
3
0
1
2
2
3

5
ijkl

373248.
47616.
12096.

-32256.
96768.

-72576.
-1232640.

-7680.
-5760.

-92544.
-1920.

578688.
-105216.

6

-2304.
-192.

24192.
-10944.
-20160.

-104496.
-11136.
19584.

-44544.
-854208.

11264./3.
-30400.
131872.
20576.

913800.
7911072.
16./15.

1088./5.
736.

1472.
-16032.
-6432.
—I824.

15104./15.
-3328.

-23040.
-52992.
31680.

-261120.
18016.
34240.

144576.
542976.
36576.

1697520.
-9216.
56064.

161152.
554112.

2712960.
5113152.

-194048./5.
44992.

-1224416.
-1691552.

-13751544.
-57873504.

7904./5.
225216./5.

7
7
7
7
7
7
7
7
7
9
9
9

11

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
1
1

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
2
2

2
3
3
4
4
4
5
5
5
5
6
6
6
6
6
6
0
2
2
2
2
2
2
3
3
3
3
3
3
4
4

4
4
4
5
5
5
5
5
5
6
6
6
6
6
6
0
2

5
4
5
3

5
2
3
4
5
0
1
2
3
4

5
0
0
1
2
3
4
5
0
1
2
3
4
5
0
1
2
3
4
5
0
1
2
3
4
5
0

2
3
4
5
0
0

6
ijkl

141888.
2432.

202176.
37056.

123936.
-97984./15.

69888.
184416.
511968.

-190800.
688992.

-1926528./5.
-771400.

-2421136.
-5840232.
-125112.

-6432108.
170432./5.

-294816.
-1837696.
-5198496.

-15439344.
-12305424.

5624752. /15.
-363408.
7523228.

10861292.
69465102.

176838480.
64272.

-3500224. /5.
-1388976.

-88096.
-702912.
-61728.

—210924.
-1320256./15.

-70144.
11360.

-1181472.
387504.

-650304.
2083808.
4011576.

11967856.
19878024.
1280304.

10279884.
—I 13024./5.

1447392.
5813440.

16671264.
35012592.
14700624 .

-3805552./3.
1033152.

-22500908.
-29741484.

-166694934.
-286983672.

-327680.
2521600.
3547200.
245952.
800928.

69408.

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
j
1
1
1
1
1
1
1
1

2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2

3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3

4

4
4

2
2
2
2
2
3
3
3
3
3
3
4
4

4

4
4

5
5
5
5
5
5
6
6
6
6
6
6
0
2
2
2
2
2
2
3
3
3
3
3
3
4
4
4
4
4
4
5
5
5
5
5
5
6
6
6
6

6
0
2
2
2
2
2

1
2
3
4
5
0
1
2
3
4
5
0
1
2
3
4

5
0
1
2
3
4
5
0
1
2
3
4
5
0
0
1
2
3
4
5
0
1
2
3
4

5
0
1
2
3
4
5
0
1
2
3
4
5
0
1
2
3 I

5
0
0
1
2
3
4
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TABLE VI. ( Continued).

ijkl

75600.
1684992./5.

—764800.
—1202592.

975648.
—362592.

184032.
-23640304. /5.

-7588224.
-24692888.
-29811552.
-2554032.
—7352766.

1574768./5.
-3105600.
-7815184.

-25224528.
-38112972.
-8514432.

9715774./5.
-985158.

33418294 .
41363796.

2094 91242 .
258481782 .

196896.
-3172032.
—3300624.
-228960.
—266976.
-338688.
1625472.
1706976.
—225504.
142560.

23267632. /5.
6106320.

22682808.
20335392.

1511352.
1807596.

-1508816./5.
2814528.
4770288.

18447984.
19381788.
1827360.

-1406330.
261834.

-24171834.
-28644876.

-133621326.
-120779100.

—19584.
1305216.
978912.
95232.

-857088.
-642816.

—1641984 .
-1792512 .
—7712064.
-5028480.

104544.
-917568.

-1080864.

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

1
1
1
1
1

4

4

4

4

4
4
4

4

4

4

4
4
4

4

4

4

4

4

4
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
6
6
6

6
6
6
6
6
6
6
6
6

2
3
3
3
3
3
3

4

4

5
5
5
5
5
5
6
6
6
6
6
6
0
2
2
2
2
3
3
3
3
3
4

4

4

4
5
5
5
5
5
5
6
6
6
6
6
6
0
2
2
3
3
3
4

4
4

4

5
5
5

5

1
2
3

5
0
1
2
3

5
0
1
2
3

5
0
1
2
3
4

5
0
0
1
2
3
0

2
3

0
1
2
3

5
0
1
2
3
4
5
0
1
2
3
4

5
0
0
1

1
2
0
1
2
3
0
1
2

6
ijkl

-5279904.
-3470040.

391764.
38988.

6823764.
7831080.

34207596.
22274595.
6464. /15.
25984. /5.

18560.
-11776.

62976.
-4416.
10176.

-270016./15.
76672.

216096.
121632.
117264.
157920.

-311264 ./5.
—167880.
—318176.
—925848.

457104.
-1055772.

311872./5.
-373344.
-504576.

—3732960.
-7630992 .

78096.
-2112176./15.

970704.
—2406268.

3376756.
-3778278.

864336.
65536./3.

-2671936./5.
—1254448.

95072.
-904992.

7680.
—193956.

3087296. /15.
-1279872.
—2627296.
-1452768.

—792432.
—571776.
1293536.
3843864.
5623232.

13760952.
-2447208.

5033244.
-1007296./5.

1851168.
7456448.

24979296.
45328656.
-103632.

1645168./3.
—3665152.

1
1
1
1
1
1
1
1
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3

6
6
6
6
6
6
6
6
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

5
5
6
6
6
6
6
6
0
2
2
2
2
2
2
3
3
3
3
3
3
4

4

4

5
5
5
5
5

6
6
6
6
6
6
0
2
2
2
2
2
2
3
3
3
3
3
3

4

4

5
5
5
5
5
5
6
6

3

0
1
2
3
4

5
0
0
1
2
3

5
0
1
2
3

5
0
1
2
3
4

5
0
1
2
3

5
0
1
2
3
4
5
0
0
1
2
3
4
5
0
1
2
3
4

5
0
1
2
3

5
0
1
2
3
4

5
0
1

6
ijkl

9215564 .
-15183348.

18800766.
—5263176.

—938272.
32767168./5.

11903808.
-108256.
34 68960.

—26736.
371952.

—7148032./15.
5834240.
9087456.
3745056.
1760160.
604944.

-32783776./5.
-18723608.
—2823 t 432.
-50622840.

3511590.
-S834022.

2840448. /5.
—65864 64 .

-23162336.
-6S812800.

-104706504.
-252048.

-12641564./15.
5599444.

—13862668.
25813280.

—36091248.
12619980.
5510112.

-119610816./5.
-34086864.

-406656.
—4204848.

-90720.
-127008.

1478144./5.
-9878016.

—12676128.
-3601632.
-1444320.
-161136.

72760096. /5.
32235656.
59456840.
78159144.
-1028778.

6581862.
-5632512./5.

12156576.
30016032.
95567232.

116969832.
330480.

1797556./3.
—4066860.

9766692.
—19621200.
31291608.

-13793040.

3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3

1
1
1
1
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
3
3
3
3
3
3
3
3
3

3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3

6
6
6
6
0
2
2
2
2
2
2
3
3
3
3
3
3
4

4

4

4

4
5
5
5
5
5
5
6
6
6

6
6
0
2
2
2
2
2
2
3
3
3
3
3
3
4
4

5
5
5
5
5
5
6
6
6
6
6
6

2
3
4

5
0
0
1
2
3
4

5
0
1
2
3

5
0
1
2
3

5
0
1
2
3

5
0
1
2

4

5
0
0
1
2
3
4
5
0
1
2
3
4
5

1
2
3
4
5
0
1
2
3
4
5
0
1
2
3
4
5

6
ijki

—8498848.
32317504.
35347104.

970752.
1357200.
-207360.
t051008.
7235136.
1109376.
336960.

-70824896. /5.
—22 918656.
—56031864.
-53248032.- t 95096.
-1510488.

5317008./5.
-10259424.
—17588592.
-66431664.
—62231004.

—163992.
1161864.

-2713320.
5623128.

—10270800.
5774895.
3490080.

—14419584.
-10814688.

20044S.
-1804032.
-1353024.

4938432.
5730624 .

19757736.
12577680.
-365904 .
3211488.
3783024.

18479664 .
12145140.

-666272 ./15.
2545664. /5.

1149952.
—96480.
511296.
—11952.

75264.
—542336. /5.

817664 .
1842880.
548928.
369408.
44880.

—2947088. /5.
—2645528.
-1181472.
-4825896.

504978.
-225444 .
-328240.
1506720.

-2893072.
3317328.

—1545132.

3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5

4

4

4

5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
0
0
Q

0
0
0
0
0
0
0
0
0
0
Q

0
0
0
0
0
0
0
0
0
0

0
2
2
2
2
3
3
3
3
3
4

5
5
5
5
5
6
6
6
6
6
6
0
2
2
3
3

4

5
5
5
5
5
0
2
2
2
2
2
2
3
3
3
3
3
3

4

5
5
5
5
5

0
0
1
2

3
0
1
2
3
4

0
1
2
3
4

5
0
1
2
3

0
1
2
3
4

5
0
0

0
1
2
0
1
2
3
0
1
2
3

0
0
1
2
3

5
0
1
2
3
4

5
0
1
2
3
4

5
0
1
2
3
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TABLE VI. (Continued).

6
ijkl

72912.
9082./3.
-74254.
364182.

-564916.
544854.

-260898.
2264416.

-48483648. /5.
-17728224.

549216.
-3303408.

93024.
-187488.

1649792./5.
-6321152.

-11634368.
-1715904.
-1303872.

-67536.
15800016./5.

16873688.
8171248.

23057208.
-1296822.

586518.
1011088.

-4308192.
8549104.

-11028720.
5760060.
-92880.

-24646. /3.
149218.

-715434.
1198364.

-1349850.
720780.

-17844768.
217067904./5.

64956672.
-627552.
4891104.

32400.
54432.

—876096./5.
14214528.
23113152.

1930176.
1272240.

5184.
-39697248./5.

-29710368.
-2124 9432 .
-40071456.

1009368.
—479520.

-1043040.
4273152.

-8899776.
12802752.
-7560864 .

5188.
-74964.
351252.

-648648.

5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5

5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5

0
0
0
0
0
0
0
1
1
1
1
1
1
1
1

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2

5
6
6
6
6
6
6
0
2
2
2
2
2
2
3
3
3
3
3
3
4
4
4

4

5
5
5
5
5
5
6
6
6
6
6
6
0
2
2
2
2
2
2
3
3
3
3
3
3
4
4

4

4
5
5
5
5
5
6
6
6
6

5
0
1
2
3
4
5
0
0
1
2
3

5
0
1
2
3
4
5
0
1
2
3
4
5
0
1
2
3
4
5
0
1
2
3
4
5
0
0
1
2
3

5
0
1
2
3
4

5
0
1
2
3
4
5
0
1
2
3
4

0
1
2
3

6
i jkl

851508.
—536895.

39183520.
-65873728.
-76963104.
-1037856.
-1542096.

563520.
-14199168.
-17312832 .

-689472 .
-317520.
8485408.

19355232.
23516808.
28300464 .

360192 .
-1471680.
3243744.

-5158944.
3470040.

-24073344.
31647744 .
23735808.
-609792.
5488128.
4116096.

-3116544.
-3873024.
-9871200.
-6013440.
-1233664.
3641408.
6892800.
-291744.

828816.
-37584.
18144.
82496.

1145472.
3050112.
-75456.
99792.
1728.

438752.
-2657 952.

888048.
-721152.
-44064.

7992.
5712 ~

-55776.
253008.

-310896.
153108.

7752.
-84 96.
4365.

17974784 .
-25870400.
-42292224.

1040160.
-1850352.
-671808.

-2821248.
-9782784.

5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
7
7
7
7
7
7
7
7
7
7

7
7
7

7
7
7

7
7
7
7
7
7
7

7
7
7

7
7
7

7

2
2
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3

4

4

4
4

4

4
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
1
1
1
1
1
1
1

6
6
0
2
2
2
2
3
3
3
3
3
4
4
4

4

5
5
5
5
5
0
2
2
3
3
3

4

4
0
2
2
2
2
2
2
3
3
3
3
3
3

4
4

4

5
5
5
5
5
6
6
6
0
2
2
2
2
3
3
3

5
0
0
1
2
3
0
1
2
3
4

0
1
2
3
0
1
2
3
4

0
0
1
0
1
2
0
1
2
3
0
0
1
2
3
4
5
0
1
2
3
4
5
Q

1
2
3
4
5
0
1
2
3

3
4

5
0
0
1
2
3
0
1
2

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9

11
11
11
13

C'
jkl

24.

C2
jkl

24.
48.
24.

—72.
—96.

6
ijkl

52416.
-105840.

735712
5374368.

-2081040.
2334336.

5712.
55776.

-253008.
339696.

—192780.
-58207872.

47140608.
62146368.

328320.
501120.
292096.

4350720.
8705088.
296960.

-2716416.
1793472.

-1870848.
49101696.

-24911616.
-18683712.

297216.
-2674944 .
-2006208.
—5661568.
4291584.
8410560.
-336000.

167040.
297216.

—891648.
661056.

-205920.
44544.

35026304.
-10781184.
-19207104.

—297216.
891648.

-668736.
-43768320.

6489600.
4867200.

-7390208.
1622400.

17931264.
-2758656.

1
1
1
1
1
1

1
1
1
1
2
2
2
2
2
2
2
2
2
2
2
2
3
3
3
3
3
3
0

0
0
0
0
0
0
0
0
1
1
1
1
1
1
2
2
2
0

1
0

3
3

4
4

4

5
5
5
5
5
0
2
2
2
2
3
3
3
4

0
2
2
3
3
3
0
2
2
2
2
3
3
3
4
4
0
2
2
3
3
3
0
2
2
0
2
0
Q

3

0
1
2
3
0
1
2
3
4
0
0
1
2
3
0
1
2
0'
1
2
3
0
0
1
0
1
2
0
0
1
2
3
0
1
2
2
3
0
0
1
0
1
2
0
0
1
0
1
0
0

C2
jkl

504.
48.
36.

C
jkl

48.
64.

—192.
-672.

16.
1056.
2208.
-96.

—192.
960.

2208.
1248.

-3264.
-4392.

36.
224.

-1632.
-2232.
9936.
2208.
1656.
-96.
864.
648.

C4
jkl

-288.
-192.

-1344.
360.

-432.
2472.

12576.
8.

832.
2208.
2208.
2256.
2816.

—7680.
-28224 .

4416.
-2584.
—2256.

-21960.
—58944.

1872.
27856.
62352 .
—4560.
-3576.
—8896.
41280.
94416.
—4464.
8012.
8544.

61326.

1
1
1
1
1
1
1
2
2
2
2
2
2
2
2
2
2
2
2
2
3
3
3
3
3
3
3
3
3
3
3
3

2
3
3

4

0
2
2
2
2
3
3
3
3
4

4

4

0
2
2
2
2
3
3
3
3
4

4

3
2
3
0
1
2
3
Q

0
1
2
3
0
1
2
3
0
1
2
3
0
0
1
2
3
0
1
2
3
0
1
2
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TABLE VI. ( Continued ).

c4
jkl

100776.
40920.

-95312.
-131328.

2496.
1260.

10304.
—71616.
-96624.

1296.
-9676.
-9312.

-67962.
—72864.
190224.
66624.
49968.
—4224.
38016.
28512.
3888.
3456.

26244.
17820.

c5
jkl

-960.
—192.
4704.

-1248.
3168.

31632.
1152.

-6912.
2112.

-44160.
-297696.

16./5.
480.

1472.
2208.

-16032.
6960.
1920.

-5888.
-34176.
—60096.
—60576.
28160.
-8064.
42752.
60096.

527232.
1787808.

1824.
64704.

164160.
62688.

120672.
-10800.

74848.
—167424.
-713040.

207264 .

1
1
1
1
1
1
1
1
1
1
1
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
3
3
3
3
3
3
3
3
3
3

2
3
3
4

4

4

5
5
5
5
5
0
2
2
2
2
2
3
3
3
3
3
4
5
5
5
5
5
0
2
2
2
2
2
3
3
3
3

3
0
0

2
3
0
12'
3
0
1
2

'

3
0
0
1
0
1
2
0
1
2
3

4
3
4
2
3,
4
0
1
2
3
4
0
0
1
2
3
4
0
1
2
3

0
0
1
2
3

0
0
1
2
3

0
1
2
3

c'
jkl

166344 .
-191008.
—338480.

-1109952.
-2384400.

257868.
37200.

-211296.
-318864.

-2065056.
-4264464.

102480.
535520.

1369344.
-142128.
-187680.

3780.
-254 624 .
1087232.
2628336.
-239136.
-159336.
522656.
798256.

2878128.
4150824.
-188424.
-70768.
463072.
618960.

3607680.
5000832.
1096896.

-2292992 .
-3270240.

94512.
66816.

300160.
—2014656.
-2773872.

93312.
45360.

-585216.
-728448.

—3065568.
-3057336.

46440.
57400.

-436656.
-534024.

-2925648.
—2829870.
3589632.
1692288.
1269216.
-122304.
1100736.
825552.
225408.
236160.

1159056.
764640.
-16920.
149040.
171720.

3
3
3
3
3
3
3
3
3
3
3
4

4
4
4

4
4

4
4

4
4
4
4
4

4

4

4
4
4
4
4
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
6
6
6
6
6
6
6

6
6
6
6
6

3
4
4

4

4
5
5
5
5
5
0
2
2
2
2
2
3
3
3
3
3
4

4

4

4

4

5
5
5
5
5
0
2
2
2
2
3
3
3
3
3
4

4

4
4
4
5
5
5
5
5
0
2
2
3
3
3

4

5
5
5

0
1
2
3
4

0
1
2
3
4
0
0
1
2
3
4

0
1
2
3
4

0
1
2
3
4

0
1
2
3
4
0
0
1
2
3
0
1
2
3
4

0
1
2
3

0
1
2
3

0
0
1
0
1
2
0
1
2
3
0
1
2

c'
jkl

900720.
595350.

c'
jkl

-2304.
-192.

24192.
—10944.
-20160.

-104496.
-11136.
19584.

-44544.
-854208.

11264 ./3.
-30400.
131872.
20576.

913800.
7911072.
16./15.

1088./5.
736.

1472.
—16032.
—52512.
-7824.

15104./15.
-3328.

-23040.
—62208.
257472.

-261120.
18016.
34240.

139968.
805632.

1554912.
1697520.
119808.

-349440.
-953984.

-3113856.
8672. /5.

432576. /5.
249408.
163712.

-401472.
371136.
123936.

2390336./15.
-433920.

—2119584 .
-1598496.
—3098448.

688992.
4 900992./5.

2033336.
4062320.

10255512.
-72 95160.
-6432108.

-3976768./5.
2789472.

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
3
3
3

3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3

2
3
3
4

4
5
5
5
5
6
6
6
6
6
6
0
2
2
2
2
2
2
3
3
3
3
3
3
4

4

4
4
4
5
5
5
5
0
2
2
2
2
2
2
3
3
3
3
3
3

4

4

4
4

4
5
5

5
4
5
3
4
5
2
3
4
5
0
1
2
3
4
5
0
0
1
2
3
4

5
0
1
2
3
4

5
0
1
2
3
4

5
0
1
2
3
0
0
1
2
3
4
5
0
1
2
3

5
0
1
2
3
4

5
0
1

c'
jkl

9009536.
28292448.
70375440.

-12305424.
5624752. /15.

-363408.
7523228.

10861292.
694 65102 .

176838480.
165648.

12673856./5.
6582864.
1372640.
3789888.
-580128.
—210924.

21604544. /15.
-1913344.

-13091488.
6223584.
8372016.
—650304.

-7033888.
-16106184.
-32545424.
-60013176.

13657968.
10279884.

13560256./5.
-12823584.
-29758016.
-98929632.

-169681680.
14700624.

-3805552. /3.
1033152.

-22500908.
-29741484.

-166694934.
—286983672.

3900160.
7960576.

25896000.
-3576384.
—6147936.

250848.
75600.

—29196288./5.
22447232.
60371808.
-7931616.
-8010720.

184032.
95311376./5.

35096448.
83759848.

111049248.
-11598384.
-7352766.

—2204502. /5.
26384064 .
46612208.

163537584.
201926964 .
-8514432.

3
3
3
3
3
3
3
3
3
3
4
4

4

4
4
4
4

4

4

4
4

4

4
4
4
4

4

4
4

4

5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5

5
5
5
5
6
6
6
6
6
6
0
2
2
2
2
2
2
3
3
3
3
3
3
4

4

4

4

4

4

5
5
5
5
5
5
6
6
6
6
6
6
0
2
2
2
2
2
2
3
3
3
3
3
3

4

5
5
5
5
5
5

2
3
4
5
0
1
2
3
4

5
0
0
1
2
3

5
0
1
2
3

5
0
1
2
3
4
5
0
1
2
3
4
5
0
1
2
3
4
5
0
0
1
2
3
4

5
0
1
2
3
4

5
0
1
2
3
4

5
0
1
2
3
4
5

c'
jkl

9715774./5.
—985158.

33418294 .
41363796.

209491242 .
258481782.

2 6457888.
-50096832.
-74342160.

2745504.
2214432.
7249152.

-47191680.
-67323168.

3506976.
2319840.

-105353168./5.
-30269232.
-88511688.
-84384864.

3740472.
1807596.

16506544./5.
-24061632.
-35046288.

-128826000.
-116451972.

1827360.
-1406330.

261834.
-24171834 .
-28644876.

-133621326.
-120779100.

67192704 .
39514752.
29636064 .
-3010560.
27095040.
20321280.

8044032.
9211392.

33428160.
21409920.
-928800.
8061120.

10147680 '

39074400.
25106760.

391764 .
38988.

6823764.
7831080.

34207596 '

22274595.

d2
jkl

24.
144.
144.
48.
96.
24.

-168.
-504 .

5
5
5
5
5
5
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
7
7
7
7
7
7
7
7
7
7

7
7
7
7
7
7
7
7

6
6
6
6
6
6
0
2
2
2
2
3
3
3
3
3
4

4

4
4

4

5
5
5
5
5
5
6
6
6
6
6
6
0
2
2
3
3
3
4

4

4

5
5
5
5
5
6
6
6
6
6
6

0
1
2
3
4

5
0
0
1
2
3
0
1
2
3
4

0
1
2
3
4

5
0
1
2
3

5
0
1
2
3
4

5
0
0
1
0
1
2
0
1
2
3
0,
1
2
3
4
0
1
2
3
4

5

2 —2
2 -1
2 0
0 -2
0 -1
0 0
2 —2
2 -1
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TABLE VI. ( Continued ).

d2
)kl

-216.
-120.
-96.
288.
468.
72.
72.

-144.
-108.

d3
jkl

48.
96.
64.

192.
-1056.
-1728.

—48.
-312.
-192.
-576.
960.

8928.
5184.
576.

1152.
384.
120.
372.
72.

1376.
-6048.

-17592.
-4752.
-1344.
-1152.

—72
-108.

-1248.
8352.

12312.
1296.
768.
384.

-3456.
—2592.

d'
jkl
-288.
-576.
-192 .

-2112.
-3072.

36Q.
2448.
4200.

19872.
30096.

16.
64.
48.

1664 .
11120.
18336.

1
1
1
1
1
1
2
2
2
2
2
2
2
3
3
3
3
3
3
3
3
3
3
4
4
4
4
4
4

4
4
5
5
5
5

2 0
0 -2
0 -1
2 -2
2 -1
2 0
0 —2
2 -2
2 -1

2 0
2 1
3 -2
3 —1
3 0
3 1
2 -1
2 0
2 1
3 -2
3 -1
3 0
3 1
0 -2
0 —1
0 0
2 -1
2 0
2 1
3 —2
3 -1
3 0
3 1
0 -2
0 —1
2 —1
2 0
3 -2
3 -1
3 0
3 1
0 -2
3 -2
3 —1
3 0

1
2
0
1
2

-2
-1

0
1
2

—2
-1

0
-2
-1

0

d"
jkl

10080.
3168.
256.
256.

1344.
14016.
9600.

-6936.
-24048.
-63624.

-225072.
-137880.

2336.
6272.
3168.

-17840.
-72656.
-69744.
-23544.
-4464.
—1216.
1088.

—5040.
-29616.
-9216.
34044.
79488.

292398.
684720.
225468.
-1488.
1728.
3024.

52080.
134592.
73296.
16200.
1512.
1728.

-3648.
9072.

22896.
2592.

—67932.
—115488.
-540198.
-864864.
—153306.

-5904.
—8064 .

—57984.
—89616.
—21888.
-3024.
-768.
2304.

—5184.
-5184.
59904 .
74880.

438444.
474444.
35640.
5040.

22080.
16560.

2
2
2
2
2
2
2
2
2
2
2
2
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
4

4
4
4

4
4
4
4
4
4
4
4

4
4
4
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
6
6
6

3 -1
3 0
3 1

-1
0
1
2

-2
-1
0

—2
—1

0
1
2

-2
-1

0
1
2

-2
—1

0
1
2

—1
0

—2
-1

0
1
2

-2
-1
0
1
2

—2
-1
0
1
2

-2
—1
—2
—1

0
1

1
-2
—1

0
1
2

d4
gka

-19440.
-17280.

-131220.
-89100.

d5
)kl

-960.
-1920.
-192.
3936.
9024.

-1248.
-4320.
36816.
69600.
1152.
4608.

-30144.
-114432.
-461664.
-683712.

32 ~

4336.
6336.
3648.
6432.
3584.
6912.

-80256.
-197568.
-185376.
-96192.

2176.
384.

-9024.
-45696.

-446448.
-328848.
-31104.
12544.

493504.
1650432.
6157536.
4073856.

1152.
3840.
2560.

29376.
171008.
233600.

97248.
10416.
—6624 .

—49568.
59712.

966Q64.
1229952.
769896.
243696.
—13216.
35088.
38912.

298992.
1460364.

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
3
3
3
3
3
3

3
3
3
3
3

3
3
3
3
3
3

-2
-1

0
1

3
-2
-1

-1
0

-1
0

-2
-1

0

2
3

-2
-1

0

5 2
5 3
0 -2

-2
-1

0
1

3
-2
-1

0
1
2

d4
jkl

555336.
198864.

-502528.
-2602192.
-9695040.

-25388592 .
-9537312.

58752.
149760.
76800.

-255936.
-984480.
-882384.
-249120.
-28512.

1944.
191776.

-674624.
-3230320.
—2468736.
-1188648.
-219888.

26528.
-122704.

24352.
-697680.

-1988676.
-389916.
-527376.
2206272.
6354864.

25682112 .
47962656.
10840752.
-107904.
-96000.
23040.

672000.
1703904 .
898608.
158976.
11664.

-313152.
1714880.
4332912.
1985184.
749088.

60480.
-21888.
136192.

-118512.
712584.

1170360.
92880.

678744 .
-3874176.
-7765032.

-33694272.
-45681966.
-5883948.

13440.
-57600.

-698880.
—1080480.
-254160.
-25920.

3
3
3
3
3
3
3

4
4

4

4
4
4

4

4
4
4
4

4
4
4
4
4

4

4
4
4

5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5

5

-1
0

3
-2
-1

0
-2
-1

0
1

—2
-1

0
1
2
3

-2
-1

0
1
2
3

—2
-1

0
—2
-1

0
1
2

-1
0
1
2
3

-2
-1

0
1
2
3

-1
0

-1
-2
-1

d5
jkl

230720.
-1677120.
-2416080.
-548640.
-151200.

6400.
-48960.

65520.
-263880.
-232200.
-421800.
3047520.
4579320.

21575520.
20984130.
1190700.

34560.
253440.
190080.
-63360.
570240.
427680.
101520.

-894240.
-1030320.
-5404320.
-3572100.

d6
jkl

-2304.
-4608.
-192.

23424.
48000.

-10944.
-85824.

-250800.
-249312.
-11136.
-69504.
-60672.

—914880.
-1797504.
11264 ./3.

14656.
-59488.
467552.

2619720.
11689728.
17649744 .

32./15.
64. /5.

16.
2176./5.

20496. /5.
10672.

—17792.
—96192.

-105984.
-39456.
512./3.

512.
-12032.

-153088.

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
7

7

7
7
7
7
7

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

1
1
1
1
2
2
2
2
2
2
2
2
2
2
2
2
2
2

3 -1
3 0

-2
-1

0
1
2

-2
-2
-1

-1
0

-2
-1

0
1

—2
—1

0
—2
-1

—2
—1

0
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TABLE VI. ( Continued ).

g6
)ki

—229056.
-347520.
-350592.

171072./5.
1415872./5.

907008.
254 9856.
4404048.
5067264.
2890824.

18432.
17920.
32128.

479104.
1407744.

13904064.
11091840.

—2703616./15.
—1211712./5.

-1565024.
-14169536.
—4 6200120.

—184509744.
—129232512.

6464. /3.
43136./5.

7200.
517568./5.

3643296. /5.
1465568.
1162240.
725760.
592704.
198720.

248128. /3.
100096.

-1122592.
—1307680.
-483216.
834144.
764064.

-4110336./5.
-22539976. /5.

-12417312.
—30097928.
-33312312.
—27776364.
-10364328.

-899136./5.
941536./5.

-735424.
—2466848.

—11642544.
-62137104.
—2 6868288.

924 8528. /5.
5404144. /5.

24806652.
96891500.

326030310.
952371552.
391713372.
754 976./5.

459456.
292560.

-4382784. /5.

2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
3
3
3
3
3
3
3

3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3

3
3
3

4

4

2
3
4

—2
—1

0
1
2
3

—1
0

—2
—1

0
-2
-1

0
1
2
3
4

—2
—1

0
1
2
3
4

—2
—1

0
1
2
3
4

—2
-1

0
1
2
3
4

3
4

—2
-1

0
—2

d6
)kl

-3671184.
—4294704.
-2510688.
—1564992.
-1120464.

—246168.
—825536.

960256.
1204624 0.
11311520.
4842576.
—504864.
-628704.

28452928. /5.
112466792./5.

59581888.
123585608.

96453000.
66288708.
16057638.

613184.
-6378848./5.

4447776.
4163232.

38291760.
125563632.
31548576.

—39256144./5.
-10943024./5.

—120155132.
-313169116.

-1118689902.
—23952 64 74 0.
-625420416.

532608.
1645824 .
1056960.
1544832.

14411328./5.
1114944.
1720800.
1329408.
858240.

78624 .
2678016.

-8617344 .
-37479136.
-23992992 .

—8623008.
—207936.

164160.
-84575984 ./5.

-247451088./5.
—136376104.
-235223472.
-131677524 .

—76886082 .
-10999908.

—4822864. /5.
13113792./5.

-924 6704 .
—898064 .

-60032268.
-127089456.
-17640792 .

4

4

4

4

5
5
5
5
5
5
5
5
5
5

5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5

2 —1
2 0

2 4
3 -2
3 —1
3 0

3 4
4 -2

5 -2
5 -1
5 0

3
4

-2
-1

0
1
2
3
4

—2
-1

0
2

-1
0
1
2
3,
4

'

-2
—1

0
1
2
3
4

—2
-1

0
1
2

—2
—1

0
1

d6
)kl

84402078. /5.
12779562./5.

275526142.
550338860.

2061004410.
3306700518.
549857664.
-1329152 .
-1286784 .

344640.
280704.

3825792.
2653920.
-830880.
-429120.
-196560.

-3872256.
19889792.
47944608.
19279584 .
5609376.

172800.
24603728.
53135888.

163369848.
223506864.

854 66916.
41357250.

2608200.
717936.

-227897 6.
8069360.

-2S79760.
45180660.
61638480.
3654720.

-19468370.
-2026886.

-329400674 .
535572372

-2094 020454 .
-2540942424.
-249110802.

160896.
-827136.

-2254464.
-4670784.
-950400.
220320.

2592768.
—18236160.
-25804224.
-5137344.
—1166400.

-17324832.
-26873568.
-99405504.

-100367424.
-21241440.
-7824600.
-205152.

725760.
-2556000.

1671840.
-13144680.

5
5
5
5
5
5
5
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7

7

-2
-1

0

0
—2
-1

0
1
2
3

3
-2
—1

0
1
2
3
4

—2
-1

2
3
4

-2
—1
-2
—1

0
1

-2
—1

0
1
2

-2
-1

0
1
2
3

-2
-1

d6
)kl

-10964160.
11508312.
1079352.

198613872.
270030672.

1108709208.
1005877359.

44549190.
482496.

1201536.
901152.

-655872.
5902848.
4427136.
4733568.
4959360.

24340176.
16057440.
-2742348.
-272916.

—47766348.
-54817560.

-239453172.
-155922165.

j k 1

7 5 3
7 6-2
7 6 —1
7 6 0

6 1
7 6 2
7 6 3
7 6 4

8 0-2
8 2-2
8 2-1
8 3 —2
8 3-1
8 3 0
8 4 —2
8 4 —1
8 4 0
8 4 1
8 6 —2
8 6 —1
8 6 0
8 6 1
8 6 2
8 6 3
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0.46—
—a —~+~

0.0

0.35

tion that the three phase boundary lines assume the
same slope at the bicritical point leads to the conjecture
that for R & 0.502 a bicritical point appears in the phase
diagram. The full picture of the phase diagram can only
be obtained with the linked-cluster series including the
transverse field and ordering.

~ 0.45 =-—
CU

C5
0.44—

0.40

45

0.4 5 '-

0.502

I I I

0.27 0.29
kT/2 Jz

FIG. 7. Second-order phase boundaries for easy plane
values of D; fcc lattice. Open circles mark the tricritical
points. Solid circles mark the peaks of the second-order boun-
daries. Dashed lines are metastable states in the first-order re-

0.42 0.25

gion.

the longitudinal ordering as does the easy-plane single-
ion anisotropy. The temperature of the tricritical point
is not so sensitive as R changes especially for the small
values of R. On each curve of divergent susceptibility
the point with the maximum value of D (the peak) is
marked with a closed circle. As R increases, the dis-
tance between the peak and tricritical point becomes
smaller and the two points eventually come together
at R =0.502+0.002 (D/2Jz =0.426+0. 001 kT/2Jz
=0.267+0.002) where the uncertainty is assigned by
taking the difference between the fifth- and sixth-order
estimates. While the transverse ordered phase cannot be
studied with the present series, the following argument
suggests that for R greater than R, a bicritical point ap-
pears in the phase diagram. The behavior near the bi-
critical point has been more extensively studied for the
unixial antiferromagnet with an external field. It is
shown that the two second-order phase boundary lines
meet tangentially with the first-order phase boundary
line at the bicritical point, that is the three phase bound-
ary 1ines have the same slope at the bicritical point.
While the mean-field picture fails in showing such be-
havior, its qualitative features are presumably accept-
able. It is observed that in the mean-field phase diagram
of the currently studied model the first-order line
separating the transverse and longitudinal ordered
phases has a slight upward curvature and a positive
slope at the bicritical point. For values of R less than
R, the slope of the phase boundary at the tricritical
point remains negative. As R approaches R, (MFT),
which is 0.462, the congruence of the tricritical point
and the critical endpoint produces a bicritical point.
The behavior of the mean-field picture with the correc-
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APPENDIX

The coefficients in the magnetization, susceptibility,
and specific heat series are polynomials in the variables
p, q, R, and (f3D) ' as

m„= g b;JI, &p'qJR "(f3D) (A 1)
i,j,k, l

a„= g c;JkIp'q~R "(f3D )

i,j,k, l

g„= g d,"«p'q'R "(f3D) (A3)
i,j,k, l

The coefficients in Eqs. (Al) —(A3) are listed in Table
VI for the fcc lattice series coefficients of the magnetiza-
tion, paramagnetic susceptibility, and paramagnetic
specific-heat series.

(A2)

IV. CONCLUSION

In this paper we have demonstrated the use of the
multiple-site Wick reduction theorem to generate a
linked-cluster series (to the sixth order) for a magnetic
system with single-ion anisotropy and Heisenberg ex-
change interactions. The linked-cluster series reduces to
the conventional high-temperature series in the disor-
dered phase but can also be used to make accurate esti-
mates of the physical quantities in the ordered phase.
Thus tricritical points, first-order phase boundaries, tern-
perature dependence of the magnetization and other
properties can be studied. This is the first time a
linked-cluster series in both ordered and disordered
phases for a quantum spin system with a single-ion an-
isotropy has been generated and the tricritical phenome-
na can be studied. Experimental measurements of the
transverse susceptibilities of the spin-1 easy-axis Heisen-
berg ferromagnets have shown the failure of the mean-
field approximation in predicting the behavior. In addi-
tion, it has been shown that the transverse fluctuations
play the major role in the creation of a peak in the trans-
verse susceptibility at the Curie temperature. ' The ex-
tension of the current calculation to include the trans-
verse ordering and transverse field will be of immediate
interest.
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