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Plasma modes of a two-dimensional electron gas with a two-dimensional modulation
of the charge density
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We study the plasma modes of a two-dimensional electron gas in which the equilibrium electron
density is a periodic function of both coordinates in the plane of the electron gas. The special case
of a square symmetric modulation of the equilibrium density is calculated numerically. The
plasmon dispersion displays a band structure similar to that found for single-particle energy bands.
The results are compared with those obtained from perturbation theory valid for a weak electron-
density modulation.

During the past few years there has been a consider-
able amount of interest in two-dimensional systems in
which the equilibrium electron density is spatially vary-
ing. Mackens et al. ' have fabricated metal-oxide-
semiconductor devices in which the oxide thickness is a
periodic function of position along one coordinate axis.
The plasmons of the resulting two-dimensional electron
gas (2D EG) display zone folding associated with the
new periodicity. This allows direct optical excitation of
the plasmon spectrum at k =0, as repor'ted by Mackens
et al. ' and Heitmann in infrared transmission. For a
weak spatial modulation with period d, Krasheninnikov
and Chaplik have estimated the size of the induced gaps
at k =0 and vr/d by perturbation theory. They find that
b,co =

~

N /No
~

co, where co is the unperturbed plas-
ma frequency for wave vector k =mtt/d b, to is th.e
gap induced at co, and X is the mth coe%cient in the
Fourier expansion of the 2D EG equilibrium density.

For a large variation of the equilibrium density several
groups have studied theoretically various limiting cases.
Lai and Das Sarma have investigated the lowest
plasmon miniband for a periodic array of 2D EG strips
separated by insulating strips. The full spectrum of
two-dimensional plasmons for this system was obtained
by Eliasson et al. The generalization to systems in
which the equilibrium density is an arbitrary periodic
function of one coordinate, i.e., no(x +1)=no(x) has
also been investigated. '

Other systems displaying spatial variation of the two-
dimensional electron density have been studied by Mast
et al. and by Glattli et al. These authors have investi-
gated edge modes of a semiinfinite 2D EG and perimeter
modes of a finite 2D EG in the presence of an applied
magnetic field. A number of mathematical refinements
in the calculation of the dispersion relation of the edge
magnetoplasmon of a single 2D EG layer, ' '" and exten-

no(x, y) =
m, n = —oo

'&m & I~nV
Ivmn e

where a =2am/d„, P„=2m.n/d». d„and d» are the
periods in the x and y directions, respectively, and m, n
are integers.

The equilibrium density is perturbed by a fluctuation
in the density of the form

n, (x,y, z, t) =n &(x,y, co)5(z)e

One can find the scalar potential P(x,y, z, co) due to n,
from Poisson's equation. On the z =0 plane P can then
be written

sions to a periodic array of 2D EG layers' ' have ap-
peared in recent literature. In addition, there has also
been a considerable amount of work on thin wires. ' '

In the present article we study the plasmon spectrum
of a two-dimensional electron system in which the equi-
librium density no(x, y) is an arbitrary periodic function
of both coordinates. This is particularly interesting be-
cause it is, to our knowledge, the first case in which real
band-structure effects (point-group symmetries and over-
lapping bands) occur for collective, instead of single-
particle, electronic excitations. In addition, a number of
groups' ' have been able to fabricate periodic two-
dimensional arrays on a submicrometer scale, so that ob-
servation of the two-dimensional plasmon band structure
discussed here via infrared spectroscopy and Raman
scattering appears within reach.

We consider a two-dimensional electron gas confined
to the plane z =0 which is embedded in a dielectric with
constant e. A magnetic field B=Bz is applied perpen-
dicularly to the electron gas. The equilibrium density
no(x, y, z)=no(x, y)5(z) is expanded in Fourier series

n ~(x',y', co)
P(x,y, z =O, co) =P(x,y, co) = —— ™dx' dy'

[(x —x') +(y —y') ]'
By using the equation of continuity V.J(r, co)= iecon, (r, co) an—d the constitutive equation J(r)=cr(x,y)E(r), where
o (x,y) is the local magnetoconductivity for a 2D EG, ' one can obtain an integrodifferential equation for P(x,y):
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4 2

P(x,y)= —
2 f dx' f dy'

em, (co —co, ) — —~ 4m. [(x —x') +(y —y') ]'

X no(x', y')(V') P(x',y')+V'no(x', y')V'P(x', y')

[V„no(x',y')V y(x', y') —V nQ(x', y')V„y(x', y')] (4)

Here co, =e8/m, c is the cyclotron frequency and m, is the eft'ective electron mass. Since the system is periodic,
P(x,y) can be written as a Bloch function, i.e. ,

P(x,y)=e ' e
&a x IP„y

+mne

where
~
k„~ &n/d a.nd

~ k» ~
(ir/d» are the Bloch wave vectors. We now substitute the Fourier expansions of no

and P into Eq. (4). This results in an infinite set of equations for the Fourier coefficients A „. For the sake of simpli-
city we restrict our consideration to the case of zero magnetic field; then the equations can be written as

Im, n = —oo

Cmn, m 'n ' ~m 'n ' (6)

where co=co/0, 0 =2nNooe /em, d, N „=NOON „with Noo ——1, and

C~„~„= g D~ „~ +I „+IN&I [(k„d +2irm') +(k»d +2irn'/5) +2+k„dl +2~k»dl'/5+4+ (m'I+n'1'/5 )] . (7)
l, 1' = —oo

Here we have introduced 6 =dy /d„and d =d„.
D „„(k„,k») is given by

D. ...=-'
z isa[(k d+2vrm) +(k»d +2irn/5) ]

In the case of a finite magnetic field, Eq. (6) is not a sim-
ple eigenvalue problem, since both co and co appear.
This can however be resolved by formulating the matrix
equation as a generalized eigenvalue problem. We refer
to Ref. 10 in this matter.

In the following we will consider only a square sym-
metry, i.e., d„=dy=d. When the density is uniform,
i.e., N „=6 06„O, then C „„is diagonal. The set of
equations has a nontrivial solution when the determinant
of the matrix multiplying the column vector A „van-
ishes. In this case, det[1 —(0 /co )C]=0 gives

cating C.
We have performed calculations for a system with

equilibrium density given by

n, (i+a),
i
x i, iy i

(d/4
n, ( 1 —a) otherwise . (10)

Z Z~ M,

Then, Noo ——(1—a/2)n, and N N =N
the model calculation we keep terms up to

~

m ~, ~

n
~

=3, and the secular equation is solved nu-
merically. In order to achieve convergence, the order of
C is larger; we truncate the matrix at

~

m ~, ~

n
~

=9.
Figures 2 and 3 show the plasmon dispersion for

co =co „=0 [(k„d +2irm) +(k»d +2mn) ]' (9)

This is the well-known two-dimensional electron gas
plasmon in the reduced zone scheme. Figure 1 shows
the dispersion relation for the plasmon. The notation
for the irreducible representations is the same as in Ref.
18.

We now assume that the modulation is weak, i.e.,
~

N „~ &&1 for (m, n)&(0, 0). Equation (6) can now be
solved in perturbation theory near the band edges. This
was first done for a one-dimensional modulation by
Krasheninnikov and Chaplik. Here the problem is
identical to the textbook case of an electron moving in a
weak periodic potential. By using standard methods of
group theory, one can easily estimate the size of the
band gaps. In the general case when the modulation is
not small, Eq. (6) has to be solved numerically by trun-

0r

FIG. 1. Dispersion relation of a two-dimensional electron
gas in the 6rst Brillouin zone of a lattice with square symme-
try. The notation for the irreducible representations is the
same as in Ref. 18. co=co(2mn, e /em, d)
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