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Elastic behavior under hydrostatic pressure and acoustic-mode vibrational anharmonicity
of single-crystal berlinite
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The set of the second-order elastic constants and their hydrostatic-pressure derivatives have
been obtained for the rhombohedral single-crystal berlinite (AlPO4) using the ultrasonic pulse
echo overlap technique. To quantify the vibrational anharmonicity, the acoustic-mode Gruneisen
parameters in the long-wavelength limit have been derived in the quasiharmonic approximation.
The results extend previous observations that the elastic and physical behavior of berlinite is quite
similar to that of quartz. The hydrostatic-pressure derivative BC«/BP has a negative value indi-

cating that the corresponding transverse-acoustic mode softens under pressure; this is in accord
with the anomalous positive temperature dependence of C«. The anomalous behavior of C« indi-
cates that there may be even at room-temperature inhuence of the zone-center optic phonon,
whose softening is associated with the a-P structural transformation, on long-wavelength
transverse-acoustic phonons propagating in the same crystallographic direction.

INTRODUCTION

Several oxides with the composition 3 "'B 04 exist in
structures which can be considered as a derivative of
isoelectronic quartz Si02, constructed by replacing half
the Si atoms by A and the other half by B . ' Alumi-
num phosphate, A1PO4, in its rhombohedral
modification berlinite belongs to the same point group
(32) in the trigonal R 1 crystal system as quartz and so is
noncentrosymmetric and piezoelectric. The structural
relationship between the two materials is close and
many similarities between their physical properties have
been pointed out: elastic properties, piezoelectric
properties, surface-acoustic-wave (SAW) velocities.
Berlinite also resembles quartz in many of its other low-
and high-temperature properties such as density, hard-
ness, refractive indices. ' Quartz is used in many elec-
tronic devices based on bulk acoustic, surface acoustic,
and surface-skimming bulk wave technologies. Berlinite
has a larger piezoelectric coupling coefficient than
quartz: There is considerable interest in its potential for
technological applications. Device design will rely upon
knowledge of the fundamental physical properties in-
cluding the elastic constants and their behavior with
pressure.

The second-order elastic constants (SOEC's) of berlin-
ite have been measured previously using several different
techniques, including ultrasonic pulse superposition, ul-
trasonic pulse-echo overlap, and the resonance
method. ' Considerable differences occur between the
various data sets. Temperature-dependence measure-
ments of the SOEC's show that the elastic constants,
except C«and C&4, decrease in the normal way with in-
creasing temperature. This unusual behavior of C«and
C&4 resembles that in quartz, although the temperature

derivatives of the SOEC's of berlinite are less than half
those of quartz. No previous information on the effects
of hydrostatic pressure on the lattice-dynamical behavior
is available for berlinite. Hence the central objective in
the present program has been to study the elastic behav-
ior under pressure and to quantify the acoustic-mode vi-
brational anharmonicity which is approached here by
reference in the mode Czruneisen parameters. The slopes
of the acoustic branch of phonon dispersion curves at
the Brillouin-zone center are directly related to the elas-
tic constants and the pressure derivatives of the elastic
constants quantify the pressure-induced changes in these
slopes. A decrease in an elastic constant under the
inhuence of pressure can indicate incipient lattice insta-
bility because it corresponds to a reduction in crystal
stiffness to the particular acoustic-phonon mode. ' At
about 853 K berlinite (the trigonal a form of A1PO4) un-
dergoes a structural transformation to the hexagonal P
form, " a transition which is associated with softening of
a zone-center optic phonon. ' ' The finding here of a
negative pressure derivative for C« indicates that even
at room temperature there could be a degree of interac-
tion between the soft optic phonon and the transverse-
acoustic phonon in the same crystallographic direction
leading to the anomalous behavior of C«with pressure.

EXPERIMENTAL PROCEDURE AND RESULTS

Good optical-quality single crystals of berlinite
(A1PO4) were grown using a slow-heating technique in
an autoclave using methods described elsewhere. ' The
defects in these crystals have been characterized by opti-
cal and scanning electron microscopy and by their effects
on electrical properties. To determine the crystal orien-
tation needed for ultrasonic-wave propagation, the Laue
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x-ray backreAection method has been employed. To
specify the elastic moduli without ambiguity and relate
them to other physical properties, in particular the pho-
non dispersion curves, it is necessary to define the crys-
tallographic axial set with respect to the atomic arrange-
ment in the crystal in which the measurements are
made. This has been achieved by following the IRE
standards on piezoelectric crystals the Z axis parallel
to the optic axis, the X axis parallel to one of the three
binary axes (normal to the Z axis), and the Y axis com-
pletes the right-handed orthogonal axial set.

Several specimens with pairs of faces parallel to better
than 10 radians were cut and polished. The cuts
prepared include X, Y, Z cuts and one off' axis (see Table
I for the directions selected for ultrasonic wave propaga-
tion). The density of berlinite was determined using the
liquid-immersion technique as 2.652+0.020 g cm
This is in reasonable agreement with results of other
workers 2.620 gcm using the same technique, 2.618
gem by the x-ray powder method the density re-
ported by Mason was 2.566 g cm

To obtain the ultrasonic-wave velocities (Table II), the
transit time of a 10-MHz ultrasonic pulse was measured
by the pulse-echo overlap technique. ' X- and Y-cut
quartz transducers were attached to the specimen with
Dow Resin 276-V9. The six independent elastic con-
stants (Tables III and IV) have been obtained from mea-
surements made on six modes (2, 3, 7, 8, 9, 10) which do
not involve a piezoelectric contribution, and so are re-
ferred to as unstiffened modes. There are considerable
discrepancies between published sets of elastic constants
for berlinite (Table III). Hence it was considered neces-

sary to make an extensive series of measurements to
resolve this problem. The mean elastic constants ob-
tained are compared with those of other workers in
Table III. The results lie close to the data sets given by
Refs. 3 and 4 and can be considered as providing
confirmation of those measurements. The values of C»,
C33 C]2 and C44 measured here lie between those ob-
tained by those two groups of workers. There is sub-
stantial scatter in the values of C&3, our own value of
C]3 being a little larger than that given in Ref. 4. That
of C66 is slightly smaller than those given in Refs. 3 and
4. The source of much of the difference between the
elastic-constant sets probably stems from the difhculty of
preparing high-quality berlinite crystals; each group of
workers would have been working with crystals having
different defect structures. Workers seeking a set of elas-
tic constants may be advised to use a weighted average
(Cii ——6 5, Cip ——0 90, Ci3 ——1.24, Ci4 ———1.24, C33
=8.72, C44 ——4.31, C66 ——2.86 in units of 10' Nm ) of
those given in Refs. 3 and 4 and the present data.

However, the present aim of measurement of the
hydrostatic-pressure derivatives of the elastic constants
necessitates use of the actual ultrasonic-pulse transit
times obtained on our own crystals to provide a basis for
determining the relative effects on wave velocity induced
by hydrostatic pressure, and this has been done.

Hydrostatic-pressure dependences (Fig. 1) up to
3&&10 Pa were made in a piston and cylinder apparatus
using Plexol 201 as the pressure-transmitting media. To
bypass the requirement of calculation of the change in
crystal dimensions under hydrostatic stress, the concept
of "natural velocity" W (Ref. 24) has been used. The

TABLE I. The effective second-order elastic constants (C;, ) of berlinite. Y'/+45' designates a propagation direction in the
{+Y+Z) plane at an angle of 45' to the + Y axis. e is the piezoelectric tensor and e is the effective dielectric tensor.
e 26

———(e
& & +e &4 ) /2, e 26

———( e» —e && ) /2, ez2 ——( e] & + e33 ) /2, L denotes longitudinal, FS denotes fast shear, SS denotes slow shear, S
denotes shear, QL denotes quasi-longitudinal, QS denotes quasi-shear, C;, =C;, , e;, =e;, .

No. N U Mode pW

10

11
12

13

14

X
X
X
Y
Y
Y
z
z
Y'/+45

Y'/+45

Y'/+ 45'
Y'/ —45

Y'/ —45'

Y'/ —45'

X
Y
z
Y
z
X
z
Y
Y'

z'

X
Y'

zt

L
FS
SS

QL
QS
S

L

QL

S

QL

QS

Cll +e ]i /6]2

(C66 + C44 ) /2+ [(C66 C44 ) + C i4 ]'"/2
(C66+ C44 )/2 —[(C66 —C44)'+4C i4]'"/2
(C44+Cli)/2+ [(C44 —Cii)'+4Ci4]'"/2
( C44 + Cl i )/2 [(C44 Ci 1 )'+4C i4]'"/2
C66+ e ]1 /&11

2

C33

C44

(C[] + C33+2C44 —2C[4)/4
+[(Cii —C33 2Ci4) /4+(C44+Ci3 —Ci4) ]' /2
(C I [+C33 +2C44 —2C]4 ) /4
—[(Cii —C33 2Ci4) /4+(C44+C, i —Ci4) ]' /2

(C44+ C6e+2C]4)/2+(e2t-, ) /t-q2

(C I & + C33 +2C44 —2C &4 ) /4
+[(C,i

—C33 2Ci4) /4+(C~+C, i —C,4) ]' /2
(C

& ] +C33 +2C44 —2C )4 ) /4
—[(Cii —C33 2Cig)'/4+(Cgg+C„— Ci4)']' '/2
(C44+ C66 —2C]4)/2+(ep'6) /epp
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Mode

1

2
3
7
8
9

10
11

4501
2827
4337
5732
4032
5416
3306
3089

(poW )'

3.704
1.573

—1.663
6.312
1.221
3.683
3.377

—2.812

(poW )

5.373
2.119
4.988
8.714
4.312
7.780
2.900
2.531

TABLE II. Natural wave velocity W (units ms '), the initial
slope (poW )' of the hydrostatic-pressure dependence, and the
elastic modulus (poW ) (units 10' Nm ') for each ultrasonic
mode (nomenclature given in Table I) propagated in berlinite
at 298 K.

B =1/(2S, +S3),
A =C33(C„+C,2)—2C, 3(C33)

I- =Bi]+B&z
—4B&3+2B33

Q = (Sp —2S, )( C, i + C12 ),
R =2(2si —3S3)C33+4S3C]3

S= (Ci i + Ci2 —4C|3+2C33 )

T=B33 1+(2S,—3S3)C33

U=C33[B„+B,2+(S3 —2S, )(C„+C,2)],
V=4ci3(B 13+ 1 —S3si3 ),
Si ——SI i +Si2+S]3

S3 —2S]3+S33

(3)

hydrostatic-pressure derivatives of the SOEC's were then
obtained from

To express the data in a thermodynamic form suitable
for ease of calculating the mode Gruneisen parameter,
the hydrostatic-pressure derivatives BIJ (Table V) have
been obtained using

(pW )'=pWo(2f'/fp+7 —2NkM~Spm|)& o, (1)

where Wo and fo are the mode velocity and the pulse-
echo overlap frequency at atmospheric pressure, f' is its
pressure derivative, 7 is the isothermal compressibility,
N corresponds to the wave-propagation direction and
SIJ are the elastic compliances. The pressure derivatives
BC;~/BP for the berlinite are compared with those of
other rhombohedral crystals in Table V.

The pressure derivatives of the effective bulk modulus
for a uniaxial crystal can be written as follows:

B ii
—ac|i /aP —1 —(S3 —2si )Ci, ,

Bi2 ——ac|2/aP —1+(Si )Ci2,

B, =ac„/ap —1+(s,)c„,
B„=ac„/ap (s, )c„, —

B„=ac„/ap+1 (s, 2s, —)c„,—
B =ac„/ap+1+(s, —2s, )c„,
B„=ac„/ap+1+(s, )c„.

(4)

where

+ U —V]) ), (2)

aB /aP = —2B ((1/B)+ (1/3 ) I A (L —6+Q+R )

—Sl T«11+C12)

Knowledge of the compression V(P)/Vo (the ratio of
volume at a pressure P to that Vo at atmospheric pres-
sure) is central to any understanding of the behavior of
berlinite under pressure. This parameter has been ob-
tained by using the Murnaghan equation which can be
usefully used to estimate the volume dependence of crys-

TABLE III. The second-order adiabatic elastic stiffness constants and isothermal compliance constants of berlinite at room tem-
perature (298 K). Units of stiffness, 10' N m, compliance 10 "m N

6.488
6.344
6.931
6.401

10.500

Ci2

0.898
0.232
1.051
0.724
2.93

Cl3

1.460
0.581
1.349
0.957
6.930

—1.217
—1.214
—1.299
—1.235
—1.270

C

8.714
5.581
8.862
8.576

13.35

C44

4.312
4.315
4.302
4.317
2.310

2.795
3.056
2.940
2.838
3.790

Reference

This work
5

4
3
8

1.745
1.695
1.642
1.731
1.610

S12

—0.295
—0.147
—0.321
—0.282
—0.100

S
—0.243
—0.154
—0.201
—0.162
—0.890

S14

0.576
0.519
0.593
0.578
0.890

S33

1,229
1.749
1.190
1.202
1.610

S44

2.644
2.609
2.682
2.649
5.300

S66

4.079
3.685
3.925
4.026
3.220

Reference

This work
5

4
3
8
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TABLE IV. Comparison of the elastic constant data of berlinite at 298 K with that of other rhom-
bohedral crystals. The units of the elastic sti6'ness and compliance constants are 10' Nm and
10 "m N ', respectively.

Berlinite Quartz (Ref. 20) Calcite (Ref. 21) Bismuth (Ref. 22) Antimony (Ref. 23)

Ci2
Ci3
Ci4
C33

6.488
0.898
1.460

—1.217
8.714
4.312
2.795

8.68
0.70
1.91

—1.80
10.58
5.82
3.99

14.52
5.50
5.25

—2.03
8.43
3.90
4.52

6.33
2.45
2.50
0.74
3.80
1.10
1.94

10.13
3.45
2.92
2.09
4.50
3.93
3.34

S i~

Si3
S(4
S33

1.745
—0.296
—0.243

0.576
1.229
2.644
4.079

1 ~ 30
—0.15
—0.30

0.45
1.02
2.00
2.91

1.09
—0.35
—0.46

0.75
1.76
3.35
2.90

2.61
—0.80
—1.20
—2.16

4.21
11.52
6.79

1.63
—0.61
—0.66
—1.19

3.09
3.81
4.47

tal upon pressures of much greater magnitudes than
directly available in ultrasonic experiments:

I

V(P)/Vp ——[BpP /Bp+ I]
Here Bo and Bo are the isothermal bulk modulus and its
pressure derivative. This equation of state has been used
to calculate the relative compression of both materials
(Fig. 2), taking as input data the derivatives Bp equal to
7.410 and 6.33 and isothermal bulk moduli B equal to
3.023 ~ 10' N m and 4.717~ 10' N m for berlinite
and quartz, respectively, in each case. The volume
change induced by the application of a given pressure is
much larger for berlinite than for quartz —the former
material has much less resistance to the volumetric
stress.

DISCUSSION

In general the atomic structural arrangement of a ma. -
terial and the strength of its interatomic binding forces
determine the elastic behavior of a crystal. Buerger'
considered the berlinite form of AlPO4 to be a half-breed
derivative of quartz, which for comparison can be writ-
ten as SiSi04, in which half the Si + sites are occupied
by Al + and the other half by P + ions. The space
group is P3&21 and the point group 32 (Ref. 27). The
two crystals have the common feature of containing
tetrahedra of oxygen atoms linked together at all the
corners with equivalent species, either silicon or alumi-
num and phosphorus, at the tetrahedron centers. The
lattice parameters (nm) are similar, being at 20 C:

c/a

Quartz
Berlinite

0.491 29
0.494 28

0.540 46
1.097 37

1.100
2~ 1.110

4

I

2

O0
0

O
l

C

Ol

c
O

-6
0 0.5 10 15 20

Pressure (10 Po I

25 30

FIG. 1. The relative changes in the natural wave velocity in-
duced by application of hydrostatic pressure to A1PO&. The la-
beling of the modes is the same as that in Table I.

The main difference between the two structures is the
doubled c-axis dimension of berlinite due to the different
atomic species, aluminum and phosphorus. The bonding
is mixed ionic and covalent in character. Using an elec-
tric field calculation in a charge-density refinement
Thong and Schwarzenbach obtained atomic charges of
+ 1.4 for Al, + 1.0 for P, and —0.6 for O. The P—O

bond is somewhat more covalent than the Al —O bond.
As might be anticipated from the structural similarity of
the two materials, the elastic moduli of berlinite bear a
close formal resemblance to those of quartz (Table IV).
In general its smaller elastic constants show that berlin-
ite is signficantly less elastically stiff than quartz, a
feature which is consistent with reduced covalent and
enhanced ionic contribution to the interatomic binding
as compared with quartz. Unlike many other crystals
having a uniaxial crystal structure such as arsenic, an-
timony, or bismuth and consistent with its three-
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TABLE V. The hydrostatic-pressure derivatives at 298 K of the effective SOEC (dCIJ/dp) and
thermodynamic SOEC (BIJ ) of berlinite and other rhombohedral crystals.

Berlinite
present

work
Quartz

(Ref. 20)
Calcite

(Ref. 21)
Bismuth
(Ref. 22)

Antimony
(Ref. 23)

dCII /dp
dC 12 /dp
dCI3/dp
dC ]4/dp
dC33 /dp
dC44 /dp
dC66/dp

8.792
12.958
3.338
2. 196

12.235
1.663

—2.083

3.28
8.66
5.97
1.93

10.84
2.66

—2.69

3.02
2.05
3.19

—1.25
2.80
0.92
0.49

6.38
2.38
4.69
1.70
6.62
3.37
2.00

10.8
2.9
6.7
2.7
8.0
5.71
3.90

BI2
BI
BI4
B33
B44

9.429
11.908
2.602
2.272

16.877
3.443

—1.240

5.36
7.74
5.05
1.73

12.08
4.08

—1.19

3.59
0.88
2.64

—1.31
5.47
2.20
1.35

6.98
1.44
4.14
1.84
9.20
4.58
2.80

11.14
1.64
5.80
2.67

10.74
6.91
4.70

dimensional, oxygen tetrahedral framework, berlinite
shows no tendency towards layer like behavior (for ex-
ample, Ctt is less than C33). The linear compressibility
p, which is a measure of the reduction in the length of a
line when a crystal is subjected to hydrostatic pressure,
is a useful quantity to consider in relation to elastic an-
isotropy for a uniaxial crystal. The linear compressiblity
in the XY Plane Pzr (=S»+S~q+S~3) (1.21 for berlin-
ite and 0.85 for quartz) is larger than that Pz
( S33 +2S» ) along the Z axis, which is 0.743 and 0.42,
respectively, for these two materials. Thus both crystals
have a markedly anisotropic response to hydrostatic
pressure, a line in the XY plane contracting about one
and one half times more than one in the Z direction for
a given pressure. Hence the effect of hydrostatic pres-
sure is to decrease the a spacing more than the c spac-
ing, driving the c/a ratio further away from 2 for berlin-
ite and from unity for quartz. For crystals with a cer-
tain layerlike character, such as the group-V sernimetals
arsenic, antimony or bismuth, Pz &P~r. This character
is also rejected in the anisotropy of the linear thermal

expansion ' which can be very anisotropic in a layer-
like crystal so that the Z-direction component F33 is sub-
stantially larger than a». In contrast to the layerlike
materials, for berlinite (and quartz), a» is greater than

a33 which is consistent with pz &p~z and C» & C33.
The excitation of lattice vibrations is easier in the softer
directions in the XY plane than along the stiffer Z direc-
tion, hence the larger value of S]] than S33 This finding
is emphasized by the occurrence of negative values of
transverse-mode Griineisen parameters in the XY plane.

Knowledge of the hydrostatic-pressure dependences of
the elastic constants (Table V) permits an assessment of
the anharmonicity of the acoustic modes in the long-
wavelength limit. A physical description of this vibra-
tional anharmonicity is best sought in terms of the
Griineisen parameters in the anisotropic continuum
model. Expressions for the zone-center acoustic-mode
Griineisen I of rhombohedral crystals in terms of ther-
modynamic pressure derivatives have been used to
compute these parameters for berlinite:

I (N)= —(2coP )

X [1+2co[S,(U, + U2)+S3U3] B, t (N, U)+N~—Uq) —B66(N, Np N2U,)—
—B33N3U3 B44[(N~U, +N, U~) +(N3U, +N, U3) ] 2B,3(N)N, U, U, +N—2N3U2U3)

2Bt4(N, U2 U3+2N)N—3 U, U3+2Nt N3 Ut U~ N2U2 U3+N2N—3 Ut N2N3 U~ )]—
where

co=C, t(Nt U, +N2U~) +C66(N, U2 —N~U, ) +C33N3U3+C44[(N~U, +N3U~) +(N, U, +N, U, ) ]

+2C,3(N, N3U, U3+N~N3 U2U3)

+2C,4(N t U2 U3+2NtN2U, U3+2N)N3U, U~ N2U2 U3+N2N—3 U, N2N3 U', ) . —

Essentially as a consequence of the negative pressure
derivative BC66 ldP (Table V), Griineisen I for shear
modes are negative over quite a large range of propaga-
tion directions (Fig. 3). Usually elastic constants and

lattice vibrational frequencies increase under hydrostatic
pressure so that the mode Griineisen parameters are pos-
itive. All the longitudinal and quasilongitudinal modes
show this normal behavior with the Griineisen parame-
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FIG. 2. The compressions of berlinite and quartz, extrapo-
lated to high pressure using the Murnaghan equation of state.

fz 4- (b)

ters ranging between 0.624 and 2.65, the largest value
being associated with the pure longitudinal mode propa-
gating along the Z axis, the direction of strongest bond-
ing.

Aluminium phosphate undergoes an a-p displacive
transformation which closely resembles that in quartz.
At To equal to about 853 K inclusion of 180 rotational
symmetry about the Z axis takes the trigonal n form
berlinite (point group 32) to the hexagonal p form (point
group 622)." The transformation to p is not direct; in
the transition region a spatially inhomogeneous state of
incommensurate type exists. Raman spectra stud-
ies' ' show that as the temperature is increased towards
To an optic-phonon mode softens at the I point from its
room-temperature wave number (-220 cm '); at high
temperature a one-phonon anharmonic coupling ensues
by Fermi resonance with a state at 158 cm '. In the
context of Landau theory the a-p structural change in-
volves a symmetry breaking which is consistent with a
second-order transition. For quartz the tilt angle of the
Si04 tetrahedra about their twofold axis can be taken as
the order parameter. For berlinite the measured
changes in atomic positions with increasing temperature
indicate that as the transition is approached the PO4 and
A104 tetrahedra rotate around a binary axis and that
there is also a relative translation along this axis. ' '
The tilt of the tetrahedra about their binary axis reverses
in a sense at about 40 K below To before changing con-
tinuously to the p-phase orientation. The tilt angle by
itself is not an acceptable order parameter. ' In spite of
this unresolved difficulty it is clear that optic-phonon
mode softening constitutes the driving mechanism of the
transition.

To proceed to find out how this optic-phonon mode
softening might influence elastic sti6'ness, it is useful to
return to consider the situation in quartz, which is better
understood. The transition in quartz is nearly second

3-
L

Ql ~a%~
Qp

2-~ ~ ~0 Po ~ ~ ~ ~ ~ IA ~ '~ ~ ~

~ g ~ S ~ ~ QQ ~ '~ ~ ~ ~ ~ ~ ~1-
QJ e ~

~ ~
Vl ie ~y+ ~ ~ ~ ~ ~

~ ~ 0000 a~ 0 ~ ~

~0 ~ ~ ~ ~
~eo~+~~ ~ ~

~ ~
~ ~-1—

Q) ~ ~
O ~ ~
0 -2—

I

[»0] [ooT] [-' ~g o ] [~oo]

Mode propogotion direction

[010.

FIG. 3. The Brillouin-zone center, acoustic-mode Gruneisen
parameters of berlinite as a function of mode propagation
direction.

order in character and is driven by a zone center soft op-
tic phonon with an energy of 25.8 meV (207 cm ') at
room temperature. Above the transition inelastic
scattering shows the critical behavior expected for a
soft-phonon mode. The eigenvectors for this soft mode
correspond closely to the atomic displacements ap-
propriate to the structural change. Crystallographic and
neutron scattering studies for quartz have been made in
the hexagonal-system reference frame, while all the
elastic-constant work (including this study of berlinite;
see experimental procedure and results) has been re-
ferred to the IRE standard' which is the X, F,Z axial
set in the trigonal system. The phonons which are cen-
tral to discussion of the mode softening have wave vec-
tors parallel to [$00] (Ref. 41) in the hexagonal reference
frame and will be denoted [$00]H', their direction of
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TABLE VI. A collection of Gruneisen parameters and thermal expansion (in units of 10 ' K ')

data for rhombohedral crystals in the high-temperature limit (T & OD ). Data are extracted from vari-
ous tables given in Ref. 15. The thermal expansion data for A1PO4 are taken from Ref. 32.

Quartz
Calcite

Bismuth
Alg03

LiNb03
A1PO4

—0.16
0.87
1.90
0.54

—0.31

el

0.26
—0.13

0.20
0.39
0.05

th

0.96

1.10
0.48

0.646

1.18

1.32
0.43

0.649

&33

0.80
2.51
1.7
0.57
0.75
1.59

1.30
—0.49

1.14
0.50
1.54
0.97

propagation corresponds to the Y direction in the trigo-
nal system which is used to define the ultrasonic-mode
propagation directions and elastic-stiffness relationships
of Table I. X-ray measurements" show strong diffuse
scattering along the [(00]H direction of a quartz. Now
neutron inelastic scattering studies have shown that
softening of the optic phonons occurs predominantly in
the [$00]H direction ' and is the origin of the strong x-
ray diffuse scattering along this direction. In the quartz
structure there is only one irreducible representation for
phonons with wave vector q along the [$00]H direction;
one phonon branch cannot cross another so as the optic
branch softens it depresses the transverse-acoustic
branch in this direction. In the long-wavelength limit
the slope of this depressed acoustic branch is given by

co/q =(C66/p)'

The measured value of C« for u quartz is consistent
with the calculated depression of this acoustic branch
for wave vector q close to the zone center; ' C«shows
an anomalous increase with temperature and BC«/BP
has a negative value (Table V) which is often indicative
of acoustic-mode softening. Since the a-P transition in
berlinite has a close structural affinity with that in
quartz, it can be anticipated that anharmonic coupling
of the soft optic mode to the transverse acoustic mode
should also occur and that the behavior of C«should
reAect this. It does. C« increases with temperature and
BC66/dP is anomalously negative (Table V). In both ma-
terials the transverse-acoustic branch having modes
propagating normal to the binary direction in the plane
normal to the threefold rotational axis show unusual be-
havior of the elastic constant C«with pressure which is
consistent with pressure-induced mode softening at the
long-wavelength limit. Negative mode Gruneisen pa-
rameters, which imply a decrease in the energy of the
mode under pressure, are indicative of incipient lattice
instability. ' The long-wavelength acoustic shear mode
Griineisen parameters of berlinite are negative for cer-
tain crystallographic directions most markedly in a core
of directions centered on the Y ([010]) direction (Fig. 3).
This is consistent with the predictions of the soft-mode
theory and suggests that even far below the phase-
transition temperature there could already be a degree of
anharmonic coupling between the strain and the order
parameter.

The anharmonicity of the lattice vibrations is respon-
sible for thermal expansion a of a material, as well as

the nonlinear acoustic behavior under a finite stress.
The thermal Gruneisen parameter y'" (See Table VI)

y
th 3(xBs/pC

is a thermodynamic quantity often used to describe
anharmonicity; in the quasiharmonic approximation it
can be determined from a weighted mode average of the
mode CJruneisen parameters y; = —(t) Imo; /t) ln V),

y'"=y C, y, yc, .

For a noncubic crystal y'" is a second-rank tensor prop-
erty, and for a rhombohedral crystal its two independent
components are given by

year ——[(C» +C&2)a»+Ct3a33] V/Cp

yz —(2C~3a~t+C33a33) V/Cp

where Cz is the specific heat at constant pressure
(=93.222 Jmol 'Il ') (Ref. 43). year has been deter-
mined to be 0.649 and yz is equal to 0.646 in the high-
temperature limit T (~OD). The mean long-wavelength
acoustic-mode Crruneisen parameters year (=0.487) and

yz (= 1.227) are quite different. In the high-temperature
limit the thermal Gruneisen parameters include contri-
butions from all branches of the phonon spectrum and
all wave vectors throughout the acoustic and optic
branches which should account for the differences be-
tween the components of y" and y'".

To conclude, for berlinite the elastic constants and
their hydrostatic-pressure derivatives have a similar pat-
tern to those of quartz. Berlinite is less stiff elastically
than quartz. Its smaller pressure derivatives show that
application of pressure does not result in an increase of
the stiffness of berlinite as strongly as in the case of
quartz. Both crystals respond anisotropically to pressure
in a similar manner: a line in the XY plane contracts
rather more for a given pressure than one in the Z direc-
tion. Again like quartz, berlinite has a negative-pressure
derivative BC«/BP, and the long-wavelength transverse
acoustic-mode Gruneisen parameters are negative for
propagation directions centered around the Y axis. This
behavior is consistent with interaction between the
transverse-acoustic phonon branch and the optic branch
in the same crystallographic Y direction, softening of
these particular optic phonons being responsible for the
a f3 structural transf-ormation which takes place at
elevated temperatures.
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