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The fractionally quantized Hall states at v= —,
' and —, filling factors have been studied by finite-

size numerical calculations allowing for reversed spins. I report on the fractionally charged defect
states, including their spin distribution, and the spin-wave type neutral collective mode of the —,

state. The defects of the —, unpolarized incompressible fluid are found to be spin- —' objects leading

to singlet and triplet neutral collective modes. Possible relevance to experiments are discussed.

The discovery' of the fractionally quantized Hall efFect
(FQHE) has attracted attention to the properties of an
interacting two-dimensional electron gas in an intense
magnetic field. The bulk of the theoretical efForts have
been aimed at understanding the behavior of a pure sys-
tem of fully spin-polarized electrons confined to the
lowest Landau level. Laughlin's incompressible fluid
picture of the ground state and the fractionally charged
defect excitations has been directly confirmed, and ex-
plains the observed plateaus with Hall coefficient
RH ——h/ve, where v is the Landau-level filling factor.
The neutral collective "quasiexcitonic" excitations of the
incompressible fluid have also been discussed. ' '

Exclusion of turned over spins has been justified by
the large Zeeman energies said to be involved in the ob-
served FQHE. However, as first noted by Halperin, the
Zeeman gap for reversed spin states in GaAs may not be
prohibitively large. In fact, with the magnetic field B in
teslas and assuming a constant g factor, in degrees Kel-
vin, this gap is given as AE, =0.35B. On the other
hand, the scale for the excitation energies of the fully po-
larized neutral system is set by the gap for creating a
pair of oppositely charged defects. In the pure case,
v

3
theoretical predictions for this is app roxi mateI y

b =5&8. Based on these estimates, it is difficult to rule
out spin-reversed states in GaAs for range of fields for
which observations have been made.

However, the experimental gaps are a factor of 3 —4
smaller; more importantly, the observed magnetic field
dependence of the gap in GaAs (Ref. 7) is not in agree-
Inent with the theoretical square-root dependence. In
particular, beyond a threshold field the gap becomes
nonzero, and is seen to increase linearly with the field for
up to 18 T, saturating to, evidently, a constant value for
larger fields. While disorder is a contributing factor for
this behavior, the reversed-spin states are also likely to
be important in the low-field regime.

In this paper I report a finite-size study for up to six
electrons with reversed spins for v= —,

' and —', filling fac-
tors in spherical geometry. I only consider states
within the lowest Landau level. The aim here has not
been to achieve quantitative fit to experimental data; in-
stead, a clear picture of the spin reversed excitations has

been obtained. Most of the results are presented with
physical spin in mind, though conclusions can equally be
drawn for spin-polarized systems having SU(2) internal
symmetry, such as valley degeneracy in Si.

On the sphere, each electron carries a total angular
momentum L =E; 2E is an integer representing the to-
tal flux in units of the flux quantum No ——h /e. To
thread the amount 2K of flux through the sphere, the ra-
dius is given by R =l&E, where l is the magnetic
length. The interparticle separation, in this geometry, is
taken to be the geometric chord distance between the
particles. The only relevant energy in the lowest Landau
level is the Coulomb repulsion e /4776'ol. The energies
are then quoted in units of e /4~col. For the sake of
simplicity, the Zeeman energies have been consistently
left out in this study. Given the value of the magnetic
field, this contribution will be an additive constant pro-
portional to the total spin. In addition to Coulomb in-
teraction, I have also studied a model short-ranged
hard-core potential for which analytical wave functions
can be found.

In presence of spin, the states are classified by four
quantum number: I., M, S, and S, . I. is the total rota-
tional quantum number and M its azimuthal component.
S and S, are corresponding quantities for the spin angu-
lar momentum. The X-particle Hamiltonian is
parametrized by a set of psuedopotential parameters V
obtained directly from the Coulomb interaction, which is
then diagonalized numerically. The model hard-core po-
tential considered here is characterized by two nonzero
parameters Vo and V&.

As in toroidal geometry, the absolute ground state
(AGS) at v= —,

' is the fully spin-polarized Laughlin s in-

compressible fluid, even without the Zeeman energy.
This is a direct consequence of the relatively strong
hard-core component' Vo of the Coulomb interaction.
With V&, V2, . . . , fixed at their Coulomb values, a tran-
sition to an unpolarized compressible (gap~a as
N~ oo) state as a function of Vo is observed (Fig. l).
The precise nature of this state is, however, difficult to
ascertain on the sphere.

In marked contrast to the neutral state, the ACiS of
the charged excitations for the Coulomb interactions, at
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FIG. 1. Dependence of low-lying levels at v= —,', N =4, on
the short-range part of the Coulomb interactions. The thick
horizontal line is the AGS energy (polarized). Each level is la-
beled by (L,S).

FIG. 2. Electron density 4mR p for the quasiparticle
(N =6), centered at r =0 with one reversed spin as a function
of chord distance r/I. a, b, c refer to the total density (thicker
line); density of parallel and reversed spins, respectively. Solid
lines represent Coulomb, broken model hard-core potential.

flux 2K =2K(v= —,')+1, are found to be unpolarized. In
view of the fully polarized state at v= —,', this seemingly
unexpected result is not a finite-size eAect. It is rather a
consequence of a near degeneracy [hE =0 ( 1/N ) ] of a
macroscopic number of states with the ground state at
v

3
~ There exists strong evidence, for example, from

studies of the filled Landau level, that an entire multiplet
of spin-wave excitations (one spin wave, two spin waves,
etc.) are, in the absence of Zeeman energy, gapless; the
long-wavelength spin-wave modes do not appear to in-
teract appreciably to generate a gap. These states are
part of the degenerate manifold responsible for this be-
havior. Further details will be given elsewhere. " In the
case of the quasiparticle with one reversed spin, I have
found a considerable energy gain (0.043 for N =6) rela-
tive to the polarized case. This state is accurately de-
scribed by

4=u, g (u;v, —u~v;) + (u&v, —
u~v~ )

l,j j
1&i &j

where (u, v)=( cos(8/2)e'~, sin(0/2)e '~ ) are spinor
coordinates and (u „v, ) is the reversed spin. This wave
function is an exact eigenstate of the model hard-core
potential with vanishing eigenvalue. It is easily seen that
L =S=N/2 —1 for this state. %' is closely related to the
one suggested in the planar geometry. '

Figure 2 shows the electron density for both the exact
and the model quasiparticle defect having a single re-
versed spin for the six-electron system. The reversed
spin is seen to be localized at the center of the defect.
The exact state appears to be well described by 4 (over-
lap for N =6 is 98.8%). Figure 3 shows the quasiparti-
cle defect with two reversed spins. Again, we see a cen-
trally 1ocalized droplet of reversed spins with
L =S=N/2 —2; because of the lower L value this defect
is less confined, ' and its energy was found to be lower
than the state with one reversed spin. In general, the
ground state Eo(S) for 2' =2K( —,

' )+ I in a given spin
multiplet S is at L =S with Eo(S) &Eo(S') for two spin
multiplets S &S'. Thus, at the expense of Zeeman ener-

gy, the charged excitations become more uniform ter-
minating in the completely deconfined state L =S=0.

The Zeeman energy will severely restrict experimental
realization of these states. However, I have found that
the neutral combination of the fully polarized quasihole
(L =N/2) and the spin reversed quasiparticle
(L =N/2 1) obtain—s a considerable gain in exchange
energy to defeat the Zeeman gap. By a fit of the data to
a polynomial in powers of 1/N, my best estimate of the
gap to create such a pair of defects at infinite separation
for N ~ ~ is 0.075 -+ 0.007—an amount 0.030 smaller
than the polarized gap 0.105 . This gain could very well
compensate for the Zeeman energy in GaAs, making the
pair a strong candidate for a neutral collective mode.
Further gain of energy in reversing another spin is rath-
er small and cannot overcome the Zeeman gap in most
situations.

The combination of the above two defects with

4&R'p

FIG. 3. Density profile of the quasiparticle centered at r =0
for N =6 and S=1 (two reversed spins). The thick line is the
total density. p, (, ) is the density for parallel (reversed) elec-
trons. Also shown are the defects of the hard-core interaction
(broken lines). The dashed-dot lines are the polarized defects,
included for comparison.
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L =X/2 and L =X/2 —1 leads to total angular momen-
tum of the composite object L =1, . . . , X —1. A set of
isolated levels with the correct quantum numbers, pro-
viding a clear evidence of a collective mode for the neu-
tral system at v= —,', is shown in Fig. 4. The angular
momentum L has been transcribed to wave number k by
k =I /R. The behavior at long wavelengths, suggesting
a gapless mode, is consistent with Goldstone's
theorem. ' For real spins, the Zeeman energy will result
in a gap. The parallel to a Goldstone mode, however, is
valid, even though a true massless excitation does not
exist. The collective state for small k can, therefore, be
regarded as an ordinary spin-wave of the polarized in-
compressible Auid. In this regime, the single-mode ap-
proximation (SMA), recently applied to multicomponent
systems, ' is in excellent agreement with the numerical
results. At large k, the spin-wave description is no
longer valid. Instead, there is a well separated pair of
spin-polarized quasihole and a spin reversed quasiparti-
cle, at a relative distance of D =kl /v, with the reversed
spin pinned at the center of the quasiparticle; see Fig. 2.
The two-spin wave collective mode occurs at a lower en-
ergy, but not sufficiently so to defeat the Zeeman gap in
present day samples.

Another state with possibility of reversed spins worth
considering is at v= —,. The AG-S in this filling is a spin
singlet. ' However, due to the large Zeeman energy re-
quired to reverse half of the electron spins, this state
may be less relevant to GaAs (Ref. 9) but will be of in-
terest for systems with two-component fermions, such as
twofold valley-degenerate Si.

Halperin has proposed a. Jastrow-type model wave
function for this state. On the sphere it can be written
as

where primed variables denote the coordinates of the re-
versed spins. O'0 can be shown to be an exact eigenstate
of the short range hard-core potential mentioned previ-
ously. For the six-electron system the overlap between
he exact and the Halperin's wave function is 98.5%.
The variational energy per particle, —0.4919, is very
close to the exact value, —0.4925. Figure 5(a) shows the
pair correlations in the exact ground state, as well as in
Halperin's model wave function. As in the —,

' case, the
exact ground state is well described by the hard-core
model potential.

The fractionally charged excitations of this state occur
at odd X. Figure 5(b) shows the low-lying levels of the
five-electron system at Aux 2K=10. An isolated multi-
plet at S=—,

' and L =1.0, corresponding to the spin- —,
'

quasihole excitation, is found to be the absolute ground
state, in agreement with Haldane's analysis. ' Figure
5(c) shows the charge density for the quasihole defect.
According to hierarchical theories, '' ' the charge of
this excitation is e =e/5. The asymptotic behavior in
Fig. 5(c) is consistent with this. Once again we find
good agreement between the exact excited state and the
defect of the model potential, shown as a dashed curve.

As expected from combination of two spin- —,
' objects, a

triplet and a singlet collective mode excitation of the
neutral system has been seen. Figure 5(d) shows the
low-lying states of the S=1 multiplet. Though the sys-
tem size is not su%ciently large to obtain as transparent
a picture as in the —,

' case, the evidence for a collective
mode with

aconite

gap is clear. The large-k behavior is
consistent with the creation energy of a quasihole-
quasiparticle pair of the five-electron system at infinite
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FICz. 4. Low-lying excitation with spin S=X/2 —l (one re-
versed spin) vs wave number k for various size systems show-

ing a collective mode. The broken line (denoting the "continu-
um") and the solid curve are guides to the eye. The dotted line
is extension of the latter to zero k. The broken curve is the
SMA result for a two-component system.

FIG. 5. (a) Pair correlations for the unpolarized
v= —(X =6) ground state: (curve a) antiparallel spins g+
(curve b) parallel spins g++, and (curve c) total g. Dashed
curves are correlations of the hard-core interactions (b) The
low-lying levels for the —', + a quasihole (X = 5). (c) The
charge profile for this defect centered at r =0: (curve a) is the
total density; (curve b} and (curve c) are densities for reversed
and parallel spins, respectively. (d) The excitation spectrum
for %=4,6 of the v= —state with S= I vs wave number. A

set of low-lying levels (enlarged symbols) having a finite gap
can be identified as a triplet collective mode. The solid and
dashed curves are guides to the eye.
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separation [ =0.067 horizontal line in Fig. 5(d)].
To conclude, I note that the exchange energy gain in

reversing a single spin in the quasiparticle state of the —,

filling (=0.03) appears to be suflicient to compensate the
loss in Zeeman energy in GaAs for magnetic fields up to
a critical field 8, =18 T. At this field strength, the total,
theoretical, cost in energy, for creating a widely separat-
ed quasiparticle quasihole of the polarized system and a
pair having a spin reversed quasiparticle becomes equal.
For B near B, we expect two activation energies corre-
sponding to the fully polarized and the spin-reversed ex-
citation. The data of Ref. 7 is not inconsistent with this
overall picture. However, it is di%cult to reconcile the
magnitude of the low field gaps with the Zeeman energy
for reversing a spin. If the spin-reversed states are the
lowest energy excitations for B &B„ then the gap as a
function of the field will exhibit a weak cusplike singu-
larity at B,. To observe this will require continuous ad-
justment of the field in the neighborhood of B, at a fixed
filling factor. This may be possible in back-gate biased
samples where the carrier density can be varied. How-
ever, as a result, the layer thickness and hence the form
of the interaction will also vary. A realistic calculation
of the gap must include effects of disorder, and admix-
ture of states from higher Landau levels as well as finite
layer thickness. All of these are known to reduce the
pure spin-polarized gap. We expect a similar trend for
the spin-reversed case. Finally, the v= —', state in systems
with SU(2) symmetry appears to possess all the needed
ingredients for FQHE. It should be pointed out that, for

the v = —,
' case, in a two-component system without

symmetry-breaking fields, the Laughlin quasiparticle or
hole states do not occur as low-lying excitations. There-
fore, FQHE does not exist in such systems. This is in
line with the observation' that there is no discontinuity
in the chemical potential at v= —,'.

In summary, I found that the spin-reversed excitations
are qualitatively similar to the polarized ones, but in
general have lower energies, which may in some cases
overcome the Zeeman gap. A more definitive assessment
of the importance of spin-reversed states in GaAs than
given here must await a full understanding of the nature
of the observed gaps; the origin of small gap values and
other features reported in Ref. 7 have not yet been com-
pletely understood. It would prove very interesting if a
direct observation of the spin-wave spectrum became
possible.

Note added. After this work was completed I received
a copy of unpublished work discussing the importance of
the reversed-spin quasiparticle in GaAs based on a nu-
merical study in toroidal geometry. '
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