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Stability of the McCumber curve for long Josephson tunnel junctions
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The stability of the McCumber solution of the perturbed sine-Gordon equation that describes
the dynamics of a long Josephson junction may conveniently be studied within the context of a
Fourier-Galerkin approximation. In the absence of an externally applied magnetic field, this pro-
cedure predicts analytically how the number, locations, and widths of the unstable regions of the
McCumber curve depend on the junction parameters. These instabilities are of physical interest
because they evolve into the fluxon oscillations associated with zero-field steps. In the presence of
a small applied magnetic field, the same procedure provides a technique for studying Fiske steps.

I. INTRODUCTION

The determination of instability regions associated
with the McCumber curve in the current-voltage (I-V)
characteristics of long, narrow (hysteretic) Josephson
tunnel junctions has attracted research interest because
the existence of such instability regions is directly con-
nected with the experimental observation of zero-field
steps (ZFS’s) in the I-V characteristics of such junctions.
This connection was first pointed out in 1973 by Fulton
and Dynes,1 on the basis of observations on a mechani-
cal analog of the long Josephson junction. Later, the
problem was studied analytically by Burkov and Lifsic.?
More recently, Pagano et al.® have considered the prob-
lem in some detail, reporting analytical, numerical, and
experimental results. Briefly, the picture that emerges
from these studies is as follows: To observe ZFS’s exper-
imentally, one raises the bias current applied to the junc-
tion from zero up to the critical value, whereupon the
junction switches from the zero-voltage state to the gap
state. The bias current is then reduced to some nonzero
value; during this phase the McCumber curve in the I-V
plane is traced out. Raising the current again then al-
lows tracing out the ZFS’s.

This situation may be understood theoretically by per-
forming a stability analysis of the particular solution,
corresponding to the McCumber curve, of the perturbed
sine-Gordon equation that describes the dynamics of the
junction. The simplest case is that in which there is no
external magnetic field applied to the junction. In this
case it is particularly convenient to perform a mul-
timode, i.e., Fourier-Galerkin, decomposition of the
model equation since the McCumber solution corre-
sponds to excitation of only the zero-order mode. The
stability of this solution is governed by the higher-order
mode equations, which, in the linear approximation,
reduce to a set of uncoupled, damped Lamé equations,
for which exact, analytic solutions have been found.
Such Lamé equations exhibit parametrically excited un-
stable solutions in some regions of their parameter space;
these instabilities evolve with time into the fluxon oscil-
lations associated with the ZFS’s.

The application of an external magnetic field provides
a mixing mechanism between the various mode equa-
tions, thus rendering the analysis less tractable. For a
sufficiently small field, however, we can once again
linearize the higher-order mode equations. In this ap-
proximation, the essential effect of the field is simply to
add an inhomogeneous driving term to the odd-order
mode equations. This term is responsible for the appear-
ance of (odd-order) Fiske steps (FS’s) in the I-V charac-
teristic of the junction.

II. MATHEMATICAL MODEL

The mathematical model of the overlap-geometry
Josephson junction is, in normalized form, the perturbed
sine-Gordon equation®

¢xx —¢tt - Sin¢:a¢t —B¢xx1 =Y (1a)
¢,(0,0)=¢, (L,t)=7n . (1b)

Here, ¢(x,t) is the usual Josephson phase variable, x is
distance along the junction normalized to the Josephson
penetration length, and ¢ is time normalized to the in-
verse of the Josephson plasma angular frequency. The
model contains five parameters: a, 3, v, L, and . The
term in a represents shunt loss due to quasiparticle tun-
neling (assumed Ohmic), the term in 8 represents dissi-
pation due to the surface resistance of the superconduct-
ing films, y is the spatially uniform bias current normal-
ized to the maximum zero-voltage Josephson current, L
is the normalized junction length, and 7 is the normal-
ized external magnetic field, applied in the plane of the
junction and perpendicular to its long dimension. In re-
cent years this model has been shown to describe a wide
range of experimentally observed Josephson phenomena,
often to a surprising level of detail.

A number of approaches have been employed in the
literature to solve Egs. (1). One of these, which has been
found convenient in particular for the study of periodic
limit cycle behavior, is the Fourier-Galerkin approxima-
tion, i.e., projection onto a truncated series of Fourier
spatial modes whose amplitudes are unknown functions
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of time. To illustrate this approach we consider first the
case of homogeneous boundary conditions, i.e., 7=0 in
Eq. (1b). We take as a solution ansatz the form

2 ¢;(t)cos(jmx /L) , (2)

where N is some finite number. The choice of this form
stems from considering, at any instant of time, a
reflection of the function ¢(x,¢) in the interval x =0to L
onto the interval x =0 to —L in such a way as to con-
struct a periodic, continuous, smooth, even function
with spatial periodicity 2L. In the limit N — « the rep-
resentation of Eq. (2) is exact; the practical usefulness of
this approach depends upon being able to obtain a
“reasonable” description of the system behavior using a
relatively small value of V.

Inserting Eq. (2) into Egs. (1), and using the ortho-
gonality properties of the trigonometric functions, we
obtain the following set of ordinary differential equations
for the mode amplitudes ¢;(z)

Bo+ado=v 1/L)f _ sinddx (3a)
G +(a+Boy)b,, +wm¢m

—@/L) [* sing cos(mmx /L)dx ,  (3b)

- m=1,2,...,N

in which w,,=mw/L, and ¢ is given by Eq. (2), and
overdots denote derivatives with respect to z.

III. McCUMBER STABILITY ANALYSIS

A McCumber solution of Egs. (1) is one without spa-
tial structure; in terms of the elastically coupled
pendulum-chain analog of the sine-Gordon system it has
all of the pendula rotating in synchronism ‘“‘over the
top.” In terms of Egs. (3) it is represented by a
configuration  having  ¢¢oA0 and ¢,(1)=0, m
=1,2,...,N. In this situation Eq. (3a) becomes

$o+ady=y — sindy , @
and all of Egs. (3b) become identically zero. In the ab-
sence of loss and bias (a =y =0), the rotating solution of
Eq. (4) is exactly

do(t)=2am(t /k;k) , (5)

where am is the Jacobian elliptic amplitude function® of
modulus k, with 0<k < 1. For nonzero a and y we as-
sume that Eq. (5) solves Eq. (4) in the power-balance ap-
proximation, i.e., we equate the average power furnished
by the bias supply, P,,=y{d,), to the average power
dissipated, P, -—a(¢0) where angular brackets denote
a time-averaged value. Carrying out this operation
yields the following expressions for the McCumber
branch of the I-V characteristic of the junction:

(6a)
(6b)

y =4aE (k)/mk ,
V=_do)=m/kK (k) ,
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where K (k) and E (k) are, respectively, the complete el-
liptic integrals of first and second kinds.’
To study the stability of this solution we suppose now

that the ¢,,(¢), m =1,2,. . .,N, are all small but nonzero.
Defining
N
€= Y ¢;(t)cos(jmx /L), (7)

j=1
we expand sing to linear terms as
sing = sin(@o+ €)= singy+ € cosgy . (8)

Inserting Eq. (8) into Eqgs. (3), and utilizing once again
the orthogonality of the cosines, we obtain

$0+a¢o=7’— singy ,
égm +(a+ngn )¢m +m3n¢m = _¢m COS¢O ’
m=12,...,N .

(9a)

(9b)

The equation for ¢q, Eq. (9a), is exactly the same as in
the unperturbed case, Eq. (4). Equations (9b) represent a
set of NV uncoupled, linear, parametrically excited oscilla-
tors in which the ¢, term is the parametric driver. Since
these equations are uncoupled, they may be solved in-
dependently, which greatly simplifies the analysis.

Inserting the expression of Eq. (5) for ¢, into the gen-
eric member of Egs. (9b), we obtain explicitly, for the
nth mode, the equation

b + (@ +Bw)d, +[w2 +1—2sn(t /k;k)]d, =0, (10)

where sn is the Jacobian elliptic sine function of
modulus k. Defining the new time variable, 7=t /k, we
transform Eq. (10) into

2k2sn?(1;k)]p, =0,
(1)

b, +k(a+Pol)d, +[k* w2 +1)—

where overdots now denote derivatives with respect to 7.
We may eliminate the first derivative term in Eq. (11) by
means of the standard transformation

¢, (7)=
under which Eq. (1

7)exp[ — 1k (a+Bwl)r], (12)

1) becomes

V+ (kwk +1—LHa+Pwd)?]—2k*sn*(1;k) |y =

(13)

Equation (13) is Lamé’s equation. A detailed discussion
of the exact analytic solution of this equation (in some-
what more generalized form) may be found in Whittaker
and Watson® (who attribute the original solution to lec-
ture notes of Hermite dating from 1872). Following
their discussion, we find two linearly independent solu-
tions of Eq. (13) to be

¥ () =[H(7—10)/6(7)] expl +Z( rom,
y_(r)=[H(t+719)/0(7)]exp[ —Z(79)T] ,

where H, 6, and Z are, respectively, the eta, theta, and
zeta functions of Jacobi,> provided the constant 7

(14a)
(14b)
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satisfies the equation
cn?(7g; k)ds? (7, k) —ns* (13 k)
= -k} +1—Ha+Bal)?], (19

where cn, ds, and ns are Jacobian elliptic functions.’
Using various identities amongst these functions,” we
may simplify Eq. (15) to

sni(rpk)=1/k*— 0} +Ha+Pwl)* . (16)

The nature of the functions in Egs. (14) depends on
the value assumed by the right-hand side of Eq. (16).
We may a priori distinguish four possible cases.

Case 1: 0<1/k*—? +Ha+ Bw?)*<1. Using vari-
ous results from Ref. 5, we may establish that 7 is real,
0<7y<K (k), H/6 is real and periodic, and Z (1) >0.
Hence, from Egs. (14) and (12), the stability boundaries
of Eq. (11) are given by

8=Z(19)—Lk(a+Pwi)=0. (17)

6 <0 implies stability; 6 > 0 implies instability.

Case 2: 1/k*—w? +LHa+ Bw?)*<0. We may estab-
lish that 7, is pure imaginary, Z(7,) is pure imaginary,
and H /6 is complex, but periodic. Hence, Re(8)
= —1k(a+Bw?) <0, which implies stability.

Case 3: 1<1/k?—wl+tHa+ Bwol)<1/k%: We may
establish that 7y is complex, Re(7y)=K (k), Z(7,) is pure
imaginary, and H /0 is complex, but periodic. Hence, as
in case 2, Re(8)=—Lk(a+Bwl) <0, which implies sta-
bility.

Case 4: 1/k*<1/k?’—0?+Ha+Bol)<w, ie,
a+Bw? >2w,. We may establish that 1, is complex,
Im(7y)=K (k'), where k' is the complementary modulus,
and H /0 is complex, but periodic; however, the nature
of Z (1) is not (at least to us) completely clear. Howev-
er, we note that for “physically reasonable” parameters
case 4 is unlikely: e.g., with «=0.05 and 8=0.02, case
4 is obtained only if L/n <0.0314 or if L/n> 126,
where L is the normalized junction length and n is the
order of the ZFS.

Consequently, in practice, the only physically relevant
situation is case 1. The computational procedure in-
volves fixing the parameters a, 3, L, and n, and iterating
Egs. (16) and (17) until a value of k is found which gives
8=0. The stability boundaries in current and voltage
are then found by inserting this value of k into Egs. (6).
The necessary calculations may be carried out readily
using a programmable pocket calculator.

As a check on this theory we have compared our
present results with those obtained by Pagano ez al.? by
means of a perturbation expansion of Egs. (9b) in the
high-voltage region of the McCumber curve. We have
also compared our results with those obtained by a
direct numerical implementation of Floquet theory.’
Agreement was found in all cases.

IV. SOME PARTICULAR RESULTS

Suppose we wish to establish a stability boundary at
V' =0, i.e., we impose 8(¥ =0)=0. From Eq. (6b), V =0
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corresponds to k=1. For k=1, both sn(7ry;k) and
Z (1) reduce to tanh(ry), so that, from Egs. (16) and
(17), the condition for 8(V =0)=0is

[1—0; + Ha+Bwl )] *=Ha+pw?) , (18)

i.e., L/n =m. For L /n >, we have 6(V =0)> 0, which
implies instability. From these facts one might be
tempted to infer that for all L /n > the instability re-
gion in voltage extends from some maximum value, say
Vo, down to ¥ =0. Numerical calculations show this to
be almost, but not quite, correct: For L /n very slightly
greater than , the instability region may consist of two
disjoint pieces separated by a region of stability. For ex-
ample, for a=0.05, B=0.02, and L /n=3.142, the
McCumber curve is unstable from ¥V =0 to 0.287 and
from ¥V =0.589 to 2.39; but already for L /n =3.143 the
intermediate stable region becomes unstable, and the in-
stability region extends smoothly down to ¥ =0.
Another consequence of this theory is that instability
regions corresponding to the same value of a, 8, and L,
but different n, can overlap. This situation is illustrated
in Fig. 1, which shows the instability regions for
a=0.05, 3=0.02 and n =1,2,3, as a function of L. For
different values of a and S8 the form of the instability re-
gions remains quite similar to that shown, the major
difference being that the “peak points,” i.e., the points
where the width of a region goes to zero, move to higher
voltages for smaller ¢ and/or 3. The numbers in
parentheses in Fig. 1 indicate which McCumber regions
are unstable in the various zones of the V-L plane. The
existence of overlapping instability regions might imply
the existence of a switching mechanism between different
ZFS’s, but a verification of this hypothesis lies beyond
the scope of a linear stability theory. In any case, the
above two observations suggest a simple explanation for
the frequently observed experimental fact that it is often
difficult to bias on low-order ZFS’s in longer junctions:
If the low-order instability regions overlap, and if the
lowest region or regions extend down to ¥V =0, then it
seems not unlikely that in descending along the
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FIG. 1. Junction-length dependence of instability regions
for a=0.05 and B=0.02. Numbers in parenthesis indicate
which McCumber regions are unstable.
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McCumber curve one might switch directly to the zero-
voltage state, skipping over the intervening ZFS’s.

A linear stability analysis can provide estimates of the
stability boundaries along the McCumber curve, but it
cannot furnish the time evolution of an unstable solu-
tion. This question was addressed in Ref. 3, where it
was shown by direct numerical integration of Egs. (3)
how such an unstable solution evolves into the fluxon os-
cillation associated with a ZFS. The existence of such a
dynamic route is also suggested by the following analytic
argument: Suppose in Eqgs. (3) that only one spatial
mode, say the nth, is excited, but that its amplitude is
not restricted to be small. In this case Egs. (3) can be
written explicitly as

(19a)
(19b)

bo+ado=r —Jo(d,)sind, ,
bu +(a+Bw2 )b, +0Ed, =—2J,(8,)cosdy ,

where J, and J; are Bessel functions of the first kind.
With the assumption that ¢o=wt, with o constant, Eq.
(19b) becomes just the equation derived by Takanaka® to
study the I-V profile of ZFS’s. In fact, all of Takanaka’s
results are reproduced by applying the Krylov-
Bogoliubov approximation procedure’ to Egs. (19).
Similarly, a two-mode approximation to Egs. (3), togeth-
er with the Krylov-Bogoliubov procedure, gives rise to
the results of Chang et al.,'® and an N-mode approxima-
tion to those of Enpuku et al.!!

V. MAGNETIC FIELD EFFECTS

In the presence of an external magnetic field, 7540 in
Eq. (1b), the solution ansatz of Eq. (2) is no longer ap-
propriate since it does not satisfy the boundary condi-
tions. The expedient normally employed in this situation
is to replace Eq. (2) by an ansatz of the form

N
dx,t)=f(x)+ 3 ¢;(t)cos(jmx /L) , (20)
j=0

where f(x) is some function that satisfies Eq. (1b).
Several different such ansatze have been used by various
authors: Enpuku et al.!' use f(x)=nx. Watanabe and
Ishii'? use the procedure, due to Olsen and Samuelsen,'>
of choosing an f (x) that corresponds to two static virtu-
al fluxons placed outside the two ends of the junction.
Kawamoto!'*!® uses, respectively, in the two papers cit-
ed, a static fluxon lattice array and a static fluxon-
antifluxon array for f(x).

The basic mathematical requirement on f (x) is that it
must satisfy Eq. (1b). In addition, a ‘“good” choice for
f(x) presumably should be computationally simple and
should lead to a relatively rapid convergence of the trun-
cated Fourier series in Eq. (20). Since we are not aware
of how to guarantee a priori this second condition, we
shall, in what follows, use the Enpuku et al.'! ansatz,
f(x)=mnx, because of its simplicity. This choice [with
the substitution of Eq. (20) for ¢] leaves the form of the
dynamical equations, Egs. (3), unchanged.

The main effect of the introduction of the magnetic
field is that now there is, in general, always an excitation
of the spatial modes that does not any longer allow a
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separation of the junction dynamics into independent os-
cillators, as in the discussion leading up to Egs. (9).
Consequently, in order to make some analytical pro-
gress, we now assume that nL << 1, and we assume that
this implies that € in Eq. (7) is small. Expanding sin¢ to
linear terms in small quantities, we may write Eqgs. (3) as

bo+ady=v — sin(dg+nL /2) , (21a)
G +(a+Bok)b,y + (@}, + cosdo)d,,
=(4yL /m*7?)P,, cosd, , (21b)

where m =1,2,...,N, and P,, =(0,1) for m (even, odd).

With the substitution ¢y=¢y+71L /2, Eq. (21a) be-
comes identical to Eq. (9a). Equations (21b) differ from
Egs. (9b) only by the presence of the inhomogeneous
driving term (4nL /m*w?)P,, cosd,, which is present
only for odd m. Since Eqgs. (21b) are, by construction,
once again linear, their total solution is just the sum of
the homogeneous solution, i.e., that found in Sec. III
above, plus a particular integral. The homogeneous
solution shows exponential growth when the dominant
frequency of cos¢, is approximately 2w,, (for any m).
Outside of the instability regions the homogeneous solu-
tion tends asymptotically to zero. The particular in-
tegral, on the other hand, is essentially a resonance hav-
ing a peak response when the dominant frequency of
cosd, is approximately w,, (for odd m). Thus, in the
context of the linear approximation, the appearance of
ZFS’s may be attributed to a parametrically excited reso-
nance of the multimode equations, whereas the appear-
ance of the odd-order FS’s derives from a directly excit-
ed resonance of these equations. A complete analysis of
magnetic field effects, and in particular an analysis of the
even-order FS’s, requires going beyond the linear ap-
proximation. This may be effected by perturbation
theory, as in Ref. 3, or else by a direct numerical in-
tegration of Egs. (3), in either case using the ansatz of
Eq. (20) for ¢.

VI. CONCLUSIONS

The linear stability analysis described above provides a
simple explanation for a number of frequently observed
experimental facts, e.g., the fact that it is often difficult
to bias on low-order ZFS’s in longer junctions. More-
over, it underscores the fact, first suggested by Chang et
al.,,'® that both ZFS’s and FS’s might be described within
the context of a single, unified model. It should be not-
ed, however, that this analysis applies only to the mech-
anism of switching from the McCumber curve. There
presumably exist also other mechanisms for biasing on
steps (both ZFS’s and FS’s); the study of these will
presumably require other tools.
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