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Vibrational properties of the amide group in acetanilide: A molecular-dynamics study
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A simplified classical model of acetanilide crystal is built in order to study the mechanisms of vi-

brational energy transduction in a hydrogen-bonded solid. The intermolecular hydrogen bond is

modeled by an electrostatic interaction between neighboring excess charges on hydrogen and oxygen
atoms. The intramolecular interaction in the peptide group is provided by a dipole-charge interac-
tion. Forces are calculated up to second-order terms in the atomic displacements from equilibrium

positions; the model is thus a chain of nonlinear coupled oscillators. Numerical molecular-dynamics
experiments are performed on chain segments of five molecules. The dynamics is ordered, at all tem-

peratures. Energy is widely exchanged between the stretching and the bending of the N —H bond,
with characteristic times of the order of 0.2 ps. Energy transduction through the H bond is some-
what slower and of smaller amplitude, and is strongly reduced when the energies of the two bound
molecules are very different: This could reduce the dissipation of localized energy fluctuations.

I. INTRODUCTION

Around 1973 Davydov' proposed an energy transduc-
tion mechanism based on solitonic motions in the a
helixes of proteins. Yet in 1973 Careri proposed acetani-
lide (ACN) as a relevant model system for the investiga-
tion of physical phenomena in natural polypeptides.
Careri, Scott, and co-workers have recently explained an
anomalous, low-temperature ir absorption band in ACN.
The firm assignment of this effect to a self-trapped state
(Davidov-type soliton) of molecular vibrational energy in
the amide group is a result of major relevance. More-
over, the significance of this effect for the activity of an
enzyme in a biochemical cycle has been recently explored
by Careri and Wyman.

We decided to investigate the molecular dynamics of
ACN with the aim of exploring peculiar features of
molecular energy exchange, possibly due to the nonlinear-
ities of the hydrogen bonding. For this purpose we have
set up a model of a segment of an ACN chain. We have
selected few relevant degrees of freedom of the amide
group (those involved in H bonding) and intentionally
neglected the remaining ones in the molecule. Our aim
was not to analyze a complete model of the ACN dynam-
ics, but to search for a dynamical behavior that could be
related to the solitonic localization of the energy, as found
by Careri, Scott, and co-workers. Therefore, we con-
sidered only the degrees of freedom indicated as relevant
by these authors: ' the stretching of the C =O bond and
the stretching and bending of the N —H bond.

Our model is classical; the use of classical mechanics in
the study of atomic and molecular motions is valid if the
thermal wavelength A. T ——fil(2Mk&T)' of the atoms in
the system is much shorter than the interatomic distances.
This is the case for the present study. The potentials we
used in this work seem to us sufficiently realistic, i.e., they

should have the same form in a quantum-mechanical
treatment.

II. THE MODEL

A pair of ACN molecules (CH3CONHC6H5) belonging
to a chain is shown in Fig. 1, where we also show the set
of coordinates we have used to describe the three degrees
of freedom in each molecule of our model ~ The degrees of
freedom refer to the oxygen (u) and the hydrogen (p, O)

atom of the amidic group. Each molecule as a whole is
kept fixed in its equilibrium position; we let the oxygen
move along the C =0 bond (C=O stretching), and the
hydrogen atom can move along the N —H bond (N—H
stretching) and transversely to the bond (N —H bending),
remaining on the plane of the C =0. . .H —N group.
Each atom vibrates around an equilibrium position, corre-
sponding to a minimum of the potential energy. This
motion, which is due to a restoring force generated by the
presence of the other atoms in the same molecule and in
the neighboring molecules is, to a first approximation,
harmonic. There is also a peculiar interaction between

~ ~ ~

FIG. 1. Set of coordinates used in each ACN molecule. uo is
the equilibrium distance between C and 0; po is the equilibrium
distance between N and H; 0=0 at equilibrium. Numerical
values are given in Table I.
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TABLE I. Values of the constants in the expressions of the forces.

q
q'
Qp

po
rp
d
cosa
sina
Mi
M2

Excess charge on oxygen
Excess charge on hydrogen
Equilibrium length of C—O bond
Equilibrium length of N —H bond
Equilibrium length of O. . .H bond
Half-length of C—N bond
Cosine [m.—(C=O H angle)]
Sine [m —(C=O . H angle)]
Oxygen mass
Hydrogen mass
Pulsation of the C=O stretching
Pulsation of the N —H stretching
Pulsation of the N —H bending
Longitudinal polarizability of C—N bond

—1.5417 &( 10 ' esu
+ 4.8990&10 " esu
1.2187 & 10 cm
1.0800 & 10 cm
1.8633)&10 ' cm
0.6767 &( 10 cm
0.7564
0.6541
2.6565 ~ 10 g
1.6730)& 10 g
3.1384)& 10' sec
6.3146)& 10' sec
3.0159&( 10' sec
2~ 10 ~4 cm'

the oxygen and the hydrogen of the same amidic group:
The movement of one of these two atoms generates a
change in the charge distribution along the electronic
structure of the group, which in turn exerts a force on the
other atom. Furthermore, the hydrogen bond, which is
the main intermolecular interaction, directly affects the
degrees of freedom considered in our model. We there-
fore introduce three interactions: the restoring action of
the medium, the intramolecular interaction that we have
just described, and the intermolecular hydrogen bond.
The total force acting on an atom in its equilibrium posi-
tion being zero, we must subtract from the last two forces
their equilibrium value. The dynamics is thus due to the
harmonic restoring forces and to the change in the two
other interactions which arises when the atoms move from
their equilibrium positions.

A. Harmonic forces

We indicate with v&, v2, and v3 the values of the charac-
teristic frequencies of C=0 stretching, N—H stretching,
and N —H bending, respectively. We choose typical
values for these frequencies: v&

——1665 cm ', v2 ——3350
cm ', and v3 ——1600 cm ', and have the following ex-
pression for the harmonic potential energy of the ith mol-
ecule:

U/ = 2M/Q7[(u —uo)(i) ] 2 2

FI,'„———M
&
~&(u; —uo ),(i)

Fh', ,' = —M2~2(P; —Po»

Fh g
———M2co3Po0; .(i) 2 2

(2.2)

We collect in Table I the values of all the constants used
in our expressions.

B. Intramolecular interaction

The intramolecular interaction has been simulated by
means of a dipole-charge interaction. In order to obtain a
manageable expression we "straightened" the geometry of
the peptide bond (see Fig. 2); we placed the O, C, N, and
H atoms on a straight line, at mutual distances equal to
those in the equilibrium configuration of the crystal. Ex-
cess charges were attributed to the oxygen and hydrogen
atoms; these charges generate in the middle of the C—N
bond an electric field which, due to the polarizability of
the bond, induces an electric dipole moment on it; the di-
pole field acts in turn on the charges. The C—N bond
has an electric polarizability whose value is not exactly

0

known; we have taken the value of 2 A, typical of many
similar groups containing the carbon atom. The dipole-
charge (DC) force has been calculated with an expansion
in powers of the atomic displacements from the equilibri-
um positions, up to second-order terms. Explicit expres-
sions for the forces acting on the stretching of the oxygen
(FD'c „) and on the stretching of the hydrogen (FDC ~) of

+ $M2[~2(P! Po) +~3Po~i] ~— (2.1)

where col ——2~vie, and uo and po are the equilibrium
lengths of C=O and N—H bonds, and M& and M2 are
the oxygen and hydrogen masses. By differentiation we
can obtain the expressions of the harmonic forces. It
should be noted that 0 being a rotation around an axis,
when we differentiate with respect to L9 we get the momen-
tum of the force relative to that axis. Nevertheless, we
use a uniform notation (F) for all the derivatives with
respect to the coordinates. We get the following expres-
sions for the harmonic forces acting on the ith coordi-
nates:

Q+

H

Uo

FIG. 2. Geometry adopted for the calculation of the dipole-
charge intramolecular interaction. The C—N distance is 2d. p
is the dipole induced on the C—N bond by the charges on 0
and H; its sign in the expressions of the forces refers to the direc-
tion of the axis shown in the figure.
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the ith molecule are given in Appendix A. We neglected
variations of the excess charges during the motion of the
atoms, because they would lead to corrections of higher
order.

terms in the atomic displacements in order to calculate
the forces due to hydrogen bonding: FHb „, FHb, and
FHb &. In Appendix B we present the explicit expressions
for these forces.

C. Intermolecular hydrogen bonding

The intermolecular interaction is represented in our
model by the hydrogen bond between the H atom in the
N—H group and the oxygen atom of the carbonile C =
0 group in the neighbor molecule. The hydrogen bond is
best represented by an electrostatic interaction between
charge excesses on nuclei plus a Lennard-Jones (LJ) in-
teraction. The repulsive part of the LJ potential can be
disregarded because the van der Waals radius of hydrogen
in the N —H bond is negligible compared to the distance
between this atom and the oxygen in the near molecule.
It is also possible to neglect the attractive part of the LJ
potential, because it is weaker than the electrostatic in-
teraction by at least 3 orders of magnitude, as can be easi-

ly estimated from the parameters given in Ref. 9 and from
data in Table I. So we have modeled hydrogen bonding
by a simple electrostatic interaction between the charge
excesses of hydrogen and oxygen in two near molecules.
Also in this case we used an expansion up to second-order

D. Equations of motion

M1Qi Fh, u +FDC, u +FHb, u

2Pi hp+ DCp+ Hbp+ 2Pi ~i

M2p;'; =Fh",g+F'H'b, g
—2M2p; p; ~; .

(2.3)

To have an estimate of the relative importance of the
various terms in these equations we write them in a sys-
tem of units in which the mean atomic displacements
from equilibrium positions are of the order of unity.
These units are 10 ' cm for the lengths and 2.5&&10
rad for the angles, and have been determined by equating
the harmonic terms in (2.1) to kz T, with T= 100 K. Col-
lecting homologous terms in the equations, we get

It is well known that the use of polar coordinates in a
Lagrangian formulation leads to the appearance of
velocity-dependent terms in the Lagrange equations. Tak-
ing these terms into account, the equations of motion for
the ith molecule in our model are as follows:

ii; = —9.8X10 (u; —u )+6.2X10 (p; —p )+6.6X10 (p;, —p )+7.8X10 0;

—3.7X 10 (u; —uo) —5.3 X 10 (p; —po) —9.7X10 (u; —uo)(p; —po)

+ 5.3 X 10 (p;+ )
—po) —4.2X 10 8;+)+5.1 X 10 (u; —up)(p;+ )

—po)

+2.0X 10 (p ~] —pp)0 + &+ 1.9 X 10 (u —uo)H;+ ]

p; = —4.0X10 (p; —po)+9. 8 X 10 (u; —uo)+1.0X 10 (u; i
—uo)+1.2X 10 (p, —po)

—7.7 X 10"(u, —u, )' —1.7 X 10"(p, —p, )(u, —u, )+4.0 X 10"(u, , —u, )' —1.7 X 10266',

+1.7X10 (u; &

—up)(p; —po)+3. 1X10 (u; &

—uo)9;+6.2X10 p, 8, ,

10 ~p20;= —1.1X10298;+2.0X1026(u;
&

—uo)+2. 4X10'4(u;
&

—uo)~

+5.0X 10 (u, ~
—uo)(p; —po) —5.6X 10 9;(p; —po)

—1.3X10 (u;, —uo)0; —2.0X10 p;p;0; .

(2.4)

It is evident that in each equation the largest term is the
first one; all other terms, linear and nonlinear, do not
exceed a small percentage of the leading one. Notice that
the term 10 p; in the last equation is of the order of uni-
ty in the new units. The period of the vibration of the hy-
drogen atom being of the order of 2 )& 10 ' s, the
velocity-dependent terms of the last two equations are of
the same order of magnitude as the other perturbation
terms. The smallness of the latter with respect to the har-
monic term justifies the approximations we used in deriv-
ing them.

K. Calculations

To integrate the equations of motion we used the well-
known central differences algorithm

q;(t+h)= —q;(t —h)+2q;(t)+h q;(t)+O(h ),
where q; is a generalized coordinate (u, p, O) of the ith
molecule, and h is the integration time step. In our case
we have to know the q;(t)'s to calculate q;(t +h), be-
cause there are velocity-dependent terms in the equa-
tions for q; [see (2.3)]. To this end we have used a Tay-
lor expansion up to second-order terms in h:

q, (t)=q;(t —h)+hq;(t —h)+O(h ) .

Using this expression in (2.3) does not affect the precision
of the algorithm, which is still exact up to terms of the
fourth order.

We considered the temporal courses of dynamical vari-
ables and their power spectra, computed by a
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FIG. 5. Temperature dependence of the dominant vibration
frequencies as derived from the power spectra of the three excit-
ed coordinates. v =v(Hz)/c.

computable and turn out to be 1663, 3343, and 1617
cm ' for u, p, and 0, respectively. These frequencies are
indeed found in the power spectra at low temperature,
within the computational error. Figure 5 shows, however,
that raising the temperature lowers slightly the vibration
frequency of 8 (about 0.01 cm '/K) and raises markedly
the vibration frequency of p (about 0.04 cm '/K), which
is again a typical nonlinear effect.

We have investigated further features of the energy ex-
change between u2, p3, and 03 as a function of tempera-
ture. In a series of runs we initially assigned energy only
to p3 and 03, at each temperature we varied the fraction of
the total energy initially given to the stretching p3. In
Fig. 6 the fraction of total energy periodically exchanged
between stretching and bending is plotted as a function of
the fraction of total energy initially present in the p3 coor-
dinate. In all these runs the energy did not pass in any

significant amount to the uz or u3 coordinates, which
were initially at rest. This is a general feature we have
found in our runs: despite the presence of couplings, the
dynamics of the initially excited degrees of freedom is not
very much affected by the presence of other potentially
available degrees of freedom, if these are initially at rest.

The effect of the nonlinearity is clearly shown in Fig. 6
by the temperature dependence of the curves. If we had a
set of purely linear oscillators, changing the temperature
would only rescale the energies; so all points in this plot,
where fractional energies are reported, should lie on the
same curve. But this is not the case. Let us also note the
two extreme cases: when the whole energy is initially in
the bending, this energy can be exchanged with the
stretching apparently at all temperatures; but when the
whole energy is initially in the stretching, exchange with
the bending takes place only at quite a high temperature.
This asymmetrical behavior too is a manifestation of the
nonlinearities, as explored by increasing the temperature.
There is a sort of threshold for the exchange of energy,
when the energy is concentrated in the stretching; apart
from a slight temperature effect, it is evident that the ex-
change is most efficient when the two degrees of freedom
have about the same energy.

We performed also runs in which a fraction of the total
energy was initially given to the u2 vibration, while p3 and
03 equally shared the remaining quantity. Figure 7 shows
the amount of energy periodically exchanged by u as a
function of the fraction of total energy initially given to it.
No energy exchange takes place when the u2 coordinate
on one side, or the p and 0 coordinates on the other are
initially at rest; energy can be efficiently transferred
through a hydrogen bond only if all the degrees of free-
dom are similarly excited. Thus at all temperatures there
is a sort of exchange window, which favors energy
transfer between molecules at similar temperatures and
lowers energy transfer between "cold" and "hot" mole-
cules. Further comments on Figs. 6 and 7 will be given
in the concluding section.
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0.01 X 1000 K

0 700
0.0 0.00 —@ & 100 K

(Init. . Energy on ps)/(Tot. Energy)

FIG. 6. Fractional energy periodically exchanged between
stretching (p3) and bending (03) of a N —H bond, as a function
of the initial energy fraction in p3, all other coordinates were ini-

tially at rest. (0) 15 K, (X) 75 K, (+ ) 225 K, ( ) 590 K, (o)
1200 K.

0 0.5 1

(Init. Energy on uz)/(Tot. Energy)

FICi. 7. Fractional energy periodically exchanged between a
C=O bond (u2) and a N —H bond (p3, 03) as a function of the
initial energy fraction in u~', p3 and 03 equally shared the remain-

ing energy at the beginning of the run.
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The peculiar energy-exchange regime just described has
a reflex also in the power spectra of the degrees of free-
dom. In Figs. 8(a) and 8(b) we report power spectra of the
p3 coordinate when only this coordinate is initially excit-
ed. At the lowest temperature (i.e. , 20 K) there is only a
neat peak around the characteristic frequency of the N-
H stretching near 3350 cm ', no other peak appears in
the spectrum, indicating that the other degrees of free-
dom, initially at rest, do not affect the dynamics of the vi-
bration we are considering. When the energy is 100 times
higher (i.e., at 2000 K) the spectrum base line is raised by
the same factor and numerous spectral lines grow up in
the characteristic region around 3350 cm ', but also
below 300 cm '. These low-frequency lines must be relat-
ed to the energy exchange with the 0 vibration. A richer
spectrum is displayed by the p3 coordinate when the initial
energy is given also to u2 and 93 [Figs. 8(c) and 8(d)]. At
low temperature the spectrum shows, beside the charac-
teristic frequency of the N —H stretching, peaks around
3240 and 1660 cm '. While the latter is clearly related to
the coupling between p3 and u 2, the former corresponds to
the second harmonic of the N —H bending and suggests a
resonance between the two degrees of freedom of the H
atom. There is also a small peak at low frequency, which
indicates again that the dynamics of the N-H stretching is
modulated by the slow energy exchanges. At high tem-
perature numerous other lines appear in a picture indicat-
ing a transition to a different multiperiodic regime. Still
the main lines can be attributed to the same mechanisms
as at low temperature, if one takes into account the shift of
the characteristic frequencies at high temperature (Fig. 5).
So the peak around 3400 cm ' is the fundamental line of
p3, and the peak around 3205 cm ' is the second harmon-
ic of 03, the peak corresponding to the coupling with u 2 is
almost imperturbed (as is the frequency of u 2 when tem-
perature changes), while the low-frequency region shows
the growing weight of the .low energy exchanges. As we
have already noticed the u vibration is more rigid in its en-

12 —,

, p =(o)
2

Q

U 4
0

V3

0
]2

c' 10
c 8

0
Cg

T=20K '=(c) T=-20K

0
0 1000 2000 3000

v(cm ')
0 1000 2000 3000

v(cm ')

(only u2 initially excited) (uz, p~, 0~ init. ially excited)

ergy exchanges, and this is reflected in its power spectrum.
The power spectra of the u 2 vibration, when this is the
only excited coordinate [Figs. 9(a) and 9(b)], are very simi-
lar to the spectra of the u z coordinate when p3 and 03 also
are initially excited [Figs. 9(c) and 9(d)]. In the second
case, there are small peaks corresponding to the frequen-
cies of the hydrogen atom. This coupling with the other
degrees of freedom increases only slightly at the higher
temperature. Moreover, the absence of the spectral lines
at low frequency should be noted: the dynamics of u2
seems not to be affected significantly by the slow energy
exchange.

B. Long-time energy exchanges

FIG. 9. Power spectra of the u coordinate at different temper-
atures and initial conditions. Graphs on the left refer to the u2

coordinate when only this one was initially excited. Graphs on
the right refer to the u2 coordinate when u2, p3, and 03 initially
had the same energy.
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In order to look at the efficiency of the intramolecular
dipole-charge interaction as an energy transduction mech-
anism we also excited differently two contiguous zones of
the chain, and checked if there was energy exchange be-
tween the two in experiments 400 ps long. We initially
excited u2, p3, 8&, u3, p4, and 84; the first (second) zone is
the one specified by the first (second) three coordinates.
Initially the energy was uniformly distributed among the
degrees of freedom in one zone but different amounts of
energy were given to the two zones, corresponding to
different temperatures. During the runs we compared the
average energy in the two zones with the initial values;
and found that no appreciable flow of energy outside the
initially excited region takes place. Therefore, characteris-
tic times of a possible significant energy transfer across a
molecule via the change-of-polarization mechanism simu-
lated by the dipole-charge interaction, must be longer
than 400 ps.

FIG. 8. Power spectra of the p3 vibration at different tempera-
tures and initial conditions. Graphs on the right refer to runs in
which u2, p3, and 03 had the same energy; graphs on the left to
runs in which only p3 was initially excited.

IV. DISCUSSION AND CONCLUSIONS

We started this investigation with the aim of building a
model for a peptide hydrogen-bonded chain. We have
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neglected several of the molecular details, but the equilib-
rium positions determined by experiment and reasonable
values for the physical constants in the calculation of the
forces have been retained. The interactions we modeled
provided a nonlinear coupling between the degrees of free-
dom we have considered, and we have studied the way in
which this coupling transduces energy along the chain of
molecules. The main conclusions are the following.

(i) The dynamics is quite ordered, showing regular vi-
brations of all degrees of freedom over very long times,
even at high temperature.

(ii) Energy is widely exchanged between the stretching
and the bending of a N —H bond, with a characteristic
period of about 0.2 ps. This exchange is maximum when
both degrees of freedom have about the same energy, and
it is strongly reduced when the two degrees of freedom
have very different energies.

(iii) An energy transfer through the H bond takes place
between an H atom and the related 0 atom; this exchange
is periodic (period of about 0.4 ps), is of small amplitude,
and is most effective when the two molecules bound by
the H bond have similar energies.

(iv) No significant energy transfer across a peptide
group, via the dipole-charge interaction, was detected;
characteristic times of this process should be greater than
400 ps.

(v) Energy exchange is lower and slower at lower tem-
peratures.

Thinking of an ACN chain, attention is drawn to the
phenomenon of energy trapping or soliton excitation. '

In this context, the lack of energy diffusion across the
peptide group that we observe might be of no great
relevance. Indeed, we have not included in our model the
vibration of the C—N linkage, which would probably
provide a much more efficient coupling than its polariza-
tion. On the other hand, the characteristic features of the
energy exchange through the hydrogen bond might con-
tribute to the trapping of localized energy by hindering its
Aow to a neighboring molecule. This can be seen in the
following way, considering the results in Figs. 6 and 7:
absorption of an ir photon of 1650 cm ' amounts to an
energy increase corresponding to AT=hcvfkz -2380 K;
let us suppose that the absorption process leads to a sud-
den transition in the energy of one of our vibrational de-
grees of fre, dom. If the system is initially at a tempera-
ture of 20 K, as a result of the photon absorption this de-
gree of freedom will increase its energy to 2400 K, while
the other two will stay at 20 K. The intermolecular re-
gion entailing three degrees of freedom has a total energy
corresponding to 2440 K; therefore, it can be thought of
as being at an average temperature of about 815 K. The
initial energy being concentrated mainly on one degree of
freedom, the horizontal coordinate in Fig. 7 has a value
near 0 or 1; as a consequence, the exchange of energy
through the hydrogen bond between the oxygen and the
hydrogen in the excited region almost vanishes. More-
over, Fig. 6 shows that if the excited degree of freedom is

p or 0, the energy exchange between the two is also re-
duced. Altogether, quantumlike absorption of radiative
energy modifies the dynamics of the excited region in such
a way as to diminish the dispersion of this energy.

It may be noticed that this mechanism is less efficient at
higher temperature. In the example given before, 98% of
the average energy corresponding to about 815 K is con-
centrated on the excited degree of freedom. If the temper-
ature of the system before absorption was 200 K, after the
transition the average energy of the excited region would
correspond to about 995 K; but the most energetic degree
of freedom would account for only 87% of the energy,
while each of the others would have nearly 7%%uo of the to-
tal. Figure 7 shows that in this case the energy exchange
through the hydrogen bond is only reduced by about a
half with respect to the state in which equipartition holds.

Point (iii) of this section suggests a slight tendency to-
ward self-trapping of energy even in the absence of ab-
sorbed radiation. Indeed, a thermal fiuctuation which
produces a local concentration of energy on few molecules
diminishes the rate of energy exchange between these mol-
ecules and the rest of the chain; in other words, a thermal
Auctuation tends to stabilize itself.

It seems advisable to extend our study in order to take
more features of the real system into account. Work is in
progress to develop a more complex model in which the
molecules will be allowed to vibrate around their equilib-
rium positions; those low-frequency vibrations are in fact
believed to play a role in the generation of a solitonic exci-
tation in ACN. An extended analysis of the energy
transport along an ACN chain requires the inclusion of
the C—N stretching in the model.
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APPENDIX A: DIPOLE-CHARGE FORCE

The dipole is located at the center of the C—N bond;
the charge excesses are positive for the hydrogen atom (q')
and negative for the oxygen atom (q). We get (see Fig. 2)
for the dipole-charge forces acting on these two atoms

(u+d)'

FDc p=-
(p+d )'

The sign of the forces refers to the axes along which the
displacements u and p are measured; d is half the length
of the C—N bond. The dipole p is generated by the
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(u ~d
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(uo~d)

+
I
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charge excesses of the two atoms, and its component
along the C—N bond is

where a is the polarizability of the bond. We have sub-
tracted the equilibrium value of the induced dipole, which
has already been taken into account in the balance of all
forces which determine the equilibrium position of the
atoms.

We now develop (A 1) and (A2) in powers of u —up and

p —p0 up to terms of the second order. Inserting the ex-
pansions of (A2) into the expansion of (Al) and keeping
again terms up to the second order yields
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APPENDIX B: HYDROGEN BONDING FORCES

In order to obtain explicit expressions for this force we
write the distance between the oxygen in the ith molecule
and the hydrogen in the (i+1)th molecule as a function

«u;, p;+&, and 8;+& (see Fig. 1 and Table I). With the
help of the Carnot theorem, a power expansion up to
second order in the displacements from equilibrium posi-
tions yields the following expressions, in which again we
subtracted the equilibrium values:
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