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Upper critical field for a high-T, electron-phonon superconductor: Regime of T,/mt„—l
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We have calculated the upper critical field H, 2 for an electron-phonon superconductor in the
limit when the critical temperature T, is of the same order as a typical phonon energy col„. This
extends well beyond the conventional range for which T,/co~„~0.25. In this very-strong-coupling
regime, the strong-coupling corrections to H, 2 are found to be much less than one, in sharp con-
trast to the usual case for which they are invariably greater than one. On the other hand, the
value of the reduced critical field h, 2 at zero temperature can be larger than in Bardeen-Cooper-
Schrieffer theory by more than a factor of 3. Also, as a function of reduced temperature (t),
h, 2(t) displays an unusual positive curvature for t in the middle of its range and h, 2(0) acquires a
very strong impurity dependence.

While the electron-phonon interaction has been very
successful in describing, in detail, the properties of con-
ventional superconductors, ' it may turn out not to be
the mechanism responsible for superconductivity in the
heavy-fermion materials and in the recently discovered
high-T, oxides. Perhaps the simplest general argument
against a pure electron-phonon interaction in the case of
the high-T, oxides is the drastic diff'erence in the scale for
T„which can be as large as 100 K in the oxides, to be
compared with a maximum of 23.2 K for Nb36e. Anoth-
er argument is the lack of isotope eA'ect. Several theories
based on purely electronic mechanisms have already been
put forward, ' but no consensus has, as yet, been
reached. In fact, one can find many papers, both experi-
mental' ' and theoretical, ' that argue for a conven-
tional mechanism although, presumably, with unusually
large values of the electron-phonon interaction.

In this work we do not propose to review and, even less,
critically examine all the accumulated evidence for or
against the electron-phonon interaction or for some other
mechanism, or even for a combination of both. Instead we
want to study the behavior of the upper critical magnetic
field H, 2 that is predicted within Eliashberg theory when
the critical temperature becomes comparable in magni-
tude to a typical phonon energy. The thermodynamic
properties, in this extreme limit, have recently been
worked out by Marsiglio, Akis, and Carbotte, and were
found to be quite unusual. We stress that, in our ap-
proach, no attempt is made to justify the large values of
electron-phonon spectral density that will be required. In-
stead we simply assume them to be given, and work out
their consequences for superconducting properties. The
reader should keep in mind that there are criteria of lat-
tice stability that must limit the size that the electron-
phonon interaction can have in a given material. It is not
the purpose of this work to address this important issue.

The equations for the upper critical magnetic field
H, 2(T), as a function of temperature T, that form the
basis of our work were first given by Schossmann and
Schachinger. They can be written, with no Pauli limit-

ing, in the form

t5(ico„) =trT g [X(co —co„)—p*]

and

a(ico )
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+ trt + sgn(co„), (2)

with

2na2F(n) dn
n 2+ (co —co„)2 (4)

with the Matsubara frequencies ico„=itrT(2n —1) and
n =0, + 1, + 2, . . . . The parameter t +, which appears
both in the equation for the pairing energy h(i co„) and in
the renormalized frequency co(ico„), is related to the im-
purity lifetime r by t+ = I/(2trr). The parameter p is
the Coulomb pseudopotential, which is a parameter that
we fix at some convenient value, usually 0.1. In Eq. (3),
the parameter a is defined by a = —,

' eH, 2(T)vF with e the
electron charge and vF the Fermi velocity. Finally,
a F(co) in Eq. (4) is the electron-phonon spectral density.

In the approach we wish to take here a F(co) can, in a
sense, be chosen at will and it is not essential to attempt to
choose some model that might be realistic for the high-T,
oxides. Indeed, as we have already mentioned, it may well
turn out that a different mechanism applies or perhaps
that it is the combination of two such mechanisms. Nev-
ertheless, to be specific, we will start with the a2F(co) cal-
culated by Weber for the case of La& 85Sro»Cu04. His
spectral density gives a value of T, around 36 K. The

Z[co(ico„)] J dq e ~ tan '
q . (3)2 I'" ~, Ja

Ja f co(ico„)
f

In Eqs. (I) and (2),
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characteristic Allen-Dynes phonon energy co~„associated
with this spectrum is —14.0 meV and is defined by
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If Weber's a F(co) is multiplied by a constant value 8 so
as to get a T, of 96 K instead of 36 K, we find a value of
T,/co[„=0. 6, which is very much greater than the values
found in the conventional superconductors. As we have
said, these all fall in the range (0~ T,/to[„~0.25). This
implies that we are now in a very diferent regime for
which no expansion in powers of T, /co[„m akessense and
we need to proceed numerically.

To be able to systematically span the small and high
T,/ru[„region, we suggest the model

a'F(ro) =Ba,'F'(roy),

0.5

Q [ I I I I I I l I I [ l I I I I

l.5 [ [ [
j

[ [ [
j

[ [ [
)

[ [ [
i

[

— (b)

I I [ I I [ I

where the superscript zero on the right-hand side of Eq.
(6) denotes our base spectrum for La[ s5Sro [5Cu04 and
a F(ru) on the left is our model spectrum. The two con-
stants B and y are actually not independent in what fol-
lows. For a given choice of y, which can be used to soften
of stiAen the spectrum because

(7)
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the value of B is fixed to get a T, of 96 K for p* =0.1.
We could think of changing the value of T, but we argue
that this is unnecessary. For a given shape of tr F (ru), the
quantities which we wish to calculate can be shown to de-
pend only on the ratio T,/ra[„, and not on each factor
separately. Hence, one can alternatively use some base
spectrum and form model spectra by simply multiplying
by some overall factor B leaving cui„ fixed and continuous-
ly increasing T„ thus, spanning the same range of T,/to[„
as with model (6). Since the properties of interest are
universal functions of T,/to[„, for a given shape, nothing
new is generated. In our study of the upper critical field
there is a potential complication since the impurity pa-
rameter t+ also enters the equations. One can maintain
the property of universality in this case as well by also
scaling t t /y.

Having specified our model for a F(ro), we can now
present results for H, 2(T). As is done conventionally, we
introduce a strong-coupling correction factor rtH, (t +, T)
through the definition

H, 2(t+, T) =rtH, (t+, T)Ha2cs(t+, T),
where we have made the impurity dependence of H, 2 and

gH, explicit, and H, 2, on the right-hand side, is the BCS
result to which we compare. Note that the Fermi ve-
locity drops out of gH, so that it is not an added parame-
ter. This is so because we have not included Pauli limiting
in our calculations. In Fig. 1(a) we show results for
rtH, (t +,0) at T„and at zero temperatures for two values
of t +, namely, the clean limit t + =0 and a reasonably dir-
ty sample with t + = 100 me V. First note that the
diff'erence between our results for t+ =0.0 and t+ =100
meV are not large and we will not need to stress this fur-
ther. Since gH, measures deviations from BCS in the lim-
it T,/to[„0 the correction factors rlH, will tend towards

FIG. l. (a) The strong-coupling correction parameter,
r)H 2(1,T) is displayed for T =0 and T =T„and for t + =0 and
100 meV. We have used the spectrum calculated by Weber for
La& 8&Sr0~5Cu04 with p* =0.1. T, was held fixed at 96 K by
scaling the spectrum in height while the abscissa was scaled in
order to sweep through the values of T,/co[„displayed in the
figure. Note that all the correction parameters display the same
qualitative trend. In the conventional strong-coupling regime
(TJru[„50.2), all the corrections are greater than one, and
modest. However, in the very-strong-coupling regime
(T,/r[[[„= 1), the corrections differ substantially from unity,
and are less than one. No significant qualitative diff'erence is no-
ticeable between t+ =0 meV and t+ =100 meV. (b) The same
results are displayed as in (a), but for a Pb spectrum. No quali-
tative change from (a) is observed, indicating that the results
noted in (a) are not very model dependent.

one, for any temperature and impurity content. As
T,/to[„ increases rlH, increases and a T,/to[„expansion
should apply. This is the conventional strong-coupling re-
gime where all known electron-phonon superconductors
fall. As T,/co[„goes beyond 0.2 to 0.25 the situation rev-
erses. The coefTicient gH, first exhibits a maximum and
then starts to drop. For values of T,/to[„of order 1, rtH,
takes on a value well below one; this surprising result
could not have been guessed at from an extrapolation of
what is known in the conventional case for which qH, is
always greater than one.

In experiments one often measures the slope at T, of
the upper critical magnetic field H, 2(T) and uses this
slope to get a measure of the zero-temperature Sommer-
feld constant y(0). In the analysis, a BCS relationship is
almost always used' ' to relate these two quantities.
Convenient relationships that apply in the clean, dirty,
and intermediate impurity case have been given in many
places; among them is the useful recent compilation of Or-
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lando, McNiII; Foner, and Beasely. For the dirty limit
we can write, assuming that BCS theory applies,

5 1111
j

I I I I
j

I I I I

j
I I I I

j
I I I I

j
I I I I

j
I I I I

j
1111

j
I I I I

j
I I I I

(a)

dH„(T)
dT

=4.48 x 10 y(0)pn, Oe K ', (9)
CO

II
+

where p&, is the resistivity of the sample in A cm.
Strictly speaking, only the impurity scattering contribu-
tion is to be included. For a strong-coupling superconduc-
tor Eq. (9) should be modified to include a factor of
rtH, (t+, T, ). Also, we should take t+ ep but this can
be ignored since gH, is not very dependent on impurity
content. For superconductors in the limit T,/ro~„—1 it is
clear from Fig. 1 that ignoring the g correction could lead
to a gross underestimate of y(0). This possibility should
be kept in mind in the analysis of experiment.

To be sure that the results of Fig. 1(a) are not strongly
base dependent, we have carried out additional calcula-
tions using the Pb a F (ro) as the base electron-phonon
spectral density instead of that for La

& 85Sro & ~Cu04.
These additional results are presented in Fig. 1(b). It is
clear that the diA'erences between the Pb-based results
and those based on LaI 85Sr0~5Cu04 are never great.
While acknowledging that there are indeed small quanti-
tative diAerences that come from the very diff'erent shapes
of the two base a F (co), we can safely conclude that
shape is not as essential feature in determining the quali-
tative behavior of rtH, as a function of T,/rui„. Thus, we
expect that any reasonably shaped spectral density which
corresponds to a value T,/ o r„=i1 will give a value of rtH „
which is much smaller than one and near 0.2.

In Fig. 2(a) we show results for the reduced tempera-
ture (t:—T/T, ) dependence of the normalized upper criti-
cal field h, z (t, t + ) defined by

(10)

The normalization with the slope of H, 2 at the critical
temperature T, means that h, 2 itself is independent of the
choice of Fermi velocity and, therefore, depends only on
a F(ro) and the value used for p* =0.1. We see in Figs.
2(a) and 2(b), which apply respectively to the clean limit
t+ =0 and to t+ =100 meV, that for large values of
T,/ro~„, the curves start to deviate substantially from a
weak-coupling BCS behavior, which is also shown for
comparison, and is typical of the small T,/ro~„ limit of
Eliashberg theory. In particular, the curves acquire a pos-
itive curvature at intermediate values of T. This feature
means that any extrapolated values for h, z(O, t+) based
on its behavior near t =1 and the BCS predictions as
a guide, will greatly underestimate the zero-temperature
reduced critical magnetic field.

In Fig. 3 we look more closely at the value of h, 2(t, t )
for t =0 (zero-temperature limit). Curves are shown for
h, z(O, t +) as a function of T,/roi„ for a Pb-base spectrum
(dotted curve), as well as for a Lai ssSro i5Cu04 base
(solid lines), and for two values of the impurity content,
namely t + =0, the clean limit, and t+ =100 meV, a rath-
er larger impurity concentration. We first note that in the
very-strong-coupling region of T,/ o ri1, the results do
depend on the base spectrum used, with those for a Pb-
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FIG. 2. (a) The reduced upper critical magnetic field, in the
clean limit, is displayed as a function of reduced temperature
T/T, We show .curves for three systems in the very-strong-
coupling regime for both Pb and La& 8&Sro»Cu04. For Pb they
can be characterized by T,/rpI„=1. 14 (system 1), T,/rIII„=0. 86
(system 2), and T,/rpI„=0. 57 (system 3). For LaI II5Srp IgCu04
the scaled spectra have T,/pII„=1. 19 (system 1), T,/rIII„=0. 83
(system 2), and T,/rpI„=0. 60 (system 3). Also shown is the
BCS result, for comparison. Note that in the very-strong-
coupling regime the curves have developed a large positive cur-
vature, a feature missing in the BCS model. Also note that for
Pb the value of h, 2(0, t+ =0) is still increasing as T,/ pIiIs in-

creasing above unity, whereas, for La& 85Sro»Cu04
h, 2(0, t+ =0) has attained a maximum value near T,/roI„=0. 6
and is slightly decreasing as T,/rIII„ increases further (see Fig.
3). (b) The same results are displayed as in (a), but for impuri-
ty parameter t + =100 meV.

base considerably larger. At T,/ro~„=1.2, h, 2(O, t + =0)
=1.3 and h, 2(O, t+ =100)=1.56. These values are very
much greater than the BCS values of 0.73 for the clean
and 0.69 for the dirty limit, respectively. Even larger
values can be obtained when t + is increased further, as is
illustrated in the inset of Fig. 3, which shows the unusual-
ly large impurity dependence of h, 2(O, t +) when
T,/ c„o=i114. Note that it is only around t+ =10000
meV that we begin to see signs of saturation in the curves
and that h, z(O, t +) has reached —2.5 for the dotted curve
based on a PB spectrum.

In conclusion, we have calculated the upper critical
magnetic field H, 2(t+, T) for two model electron-phonon
spectral densities within the Eliashberg formulation of the
theory. With T, fixed by choice at 96 K and the Coulomb
pseudopotential p* set equal to 0. 1 we have spanned the
region from small values of T,/roI„ to large values, near
and even above one. This was accomplished through a
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FIG. 3. The reduced upper critical magnetic field at zero temperature, h, 2(0), is shown for the scaled spectra as a function of
T,/co~„, for impurity parameters t + =0 and 100 meV. All curves show a modest decrease below their respective BCS values as T,/co~„
increases beyond BCS. As T,/aii„ increases even further, however, the corrections become larger than unity, and show significant de-
viations from BCS in the very-strong-coupling regime. Note that the diference between t+ =0 and 100 meV becomes much more
pronounced as T,/coi„ increases (although a value of T, c/o~„exi tss in the intermediate strong-coupling regime for which there is no
difference). The striking enhancement of the difference between the clean and dirty limits in the very-strong-coupling limit, is illus-
trated in the inset, where the dirty limit deviates from the clean limit by roughly 100%, as compared to 5% in the BCS model.

change of the vertical and horizontal scale in the spectral
density. %'hen T, is comparable in size to a typical pho-
non energy (coi„), which we call the extreme strong-
coupling regime to distinguish this regime from the con-
ventional usage of the words "strong coupling, " which ap-
plies to the case T,/cui„~0. 25, we find that the strong-
coupling corrections gH, to H, 2 are much smaller than
one, in sharp contrast to the conventional ease for which

gH, is larger than one. Also, the zero-temperature value
of the reduced upper critical magnetic Geld h, 2 can take
on values much larger than in BCS theory, sometimes by
a factor as large as, and even larger than, 3 and it displays
a very strong impurity dependence. As well, the tempera-
ture dependence of h, 2(t +, t ) becomes very diH'erent from
that of a BCS superconductor and exhibits a positive cur-

vature at intermediate values of t.
The above unusual features are not expected to depend

qualitatively on the detailed shape of electron-phonon
spectral density used. They should apply to any Eliash-
berg superconductor for which the critical temperature is
of the order of the phonon energies. Of course, we have
not addressed, in this work, the problem of stability of the
lattice, which may well become a factor before the large
values of electron-phonon interaction needed in this work
are reached. Nor have we been concerned directly with
the question of the actual mechanism responsible for the
superconductivity in the oxides. Rather we have shown
that an electron-phonon superconductor with high T, will
exhibit properties that are quite different from those of a
BCS superconductor.
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