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Vortices in superfluid *He differ qualitatively from all other vortices. In conventional quantized
vortices (*He, superconductors) the order parameter is a scalar function with cylindrical symmetry
that vanishes on its axis, but in superfluid *He the order parameter has nine complex components.
More interestingly, the symmetries of the differential equation describing the vortices can be bro-
ken by its solutions. In the pressure-temperature phase diagram of *He-B, there is a first-order
transition (observed in the shift of the NMR line) between two different vortices that, as recent
theory has shown, have different broken symmetries. The vortex observed at high pressures has
broken parity with either left- or right-handed vortices. The low-pressure vortex (which is the
vortex obtained in the weak-coupling Bardeen-Cooper-Schrieffer theory) has, in addition, broken
rotational symmetry around its axis, resulting in a novel double-core structure. The Ginzburg-
Landau theory of vortices reproduces the properties of the transition, accounts well for the mea-
sured susceptibility and magnetization, and gives detailed predictions about properties not yet
measured, such as the jump of the magnetization in the transition, the shift of the transition line in
magnetic field, and the orientation of the double-core vortex. The lack of helical instability in the
double-core vortex implies that the identification of the vortices is unique. The transition between
vortices is interpreted in simple physical terms. A qualitative explanation is given to the metasta-
ble state of the low-pressure vortex observed at low temperatures. The numerical method for solv-
ing the Ginzburg-Landau equation is discussed.
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I. INTRODUCTION

Superfluids cannot rotate as a solid body. Instead, the
rotational state is realized by an array of quantized vortex
lines in the fluid. While these vortices have been exten-
sively studied in the familiar superfluid *He, this paper
deals with the other superfluid isotope, *He, where vortex
experiments have been carried out since 1981. More
specifically, the vortices are studied in the B phase of *He.
This phase was considered as roughly equivalent to the
“He superfluid phase until the remarkable observation of a
transition line within the B-phase region'~* (see Fig. 1).
Interpreting this as a transition between two different
kinds of quantized vortex lines means that the vortex
structure in *He-B must be more complicated than in *He,
where only one kind of vortex is possible. It was a chal-
lenge for theory to explain the transition and describe the
two vortices.

All the theoretical studies of vortices in *He-B have
used the Ginzburg-Landau (GL) theory. The GL
differential equations were first correctly solved by
Ohmi, Tsuneto, and Fujita.” I call their solution the
normal-core vortex. They noted that the vortex has a
small magnetization at zero field. A second type of vor-
tex was found by Salomaa and Volovik.®® I call it the
A-phase-core vortex. (Salomaa and Volovik originally
named it the v vortex according to their symmetry
analysis. Because the vortices are now identified, I
prefer the more easily understandable name. Also, there
is a large number of symmetry classes that could have
the name nonaxisymmetric v vortex they use for the
double-core vortex.) They also applied the standard
symmetry analysis!® to vortices and obtained a useful,
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partial classification of the possible symmetries of vor-
tices. They interpreted the vortex observed at low pres-
sures as the A-phase-core vortex, but they were unable
to identify the high-pressure vortex: they found the
normal-core vortex to be only a saddle point of energy.
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FIG. 1. The phase diagram of superfluid *He in the

temperature-pressure plane. In addition to the superfluid 4 and
B phases, the figure shows the vortex-core transition (solid line
with data points) observed by NMR in rotating B phase (accord-
ing to Ref. 4). The line curves upwards when approaching the
superfluid transition line but the NMR signal goes small there
and the point where the lines meet is not accurately known. The
dashed line is another transition line observed in the critical ve-
locity in 20-um powder (Ref. 5) at zero field (“hydrodynamic ex-
periment”). This transition is not considered in this paper, ex-
cept for a couple of remarks; see Ref. 6 for a theoretical discus-
sion of it.
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This result was reproduced by Passvogel, Schopohl, and
Tewordt!! and by Hasegawa.'? Fetter and Theo-
dorakis'>!* made a variational ansatz and found a tran-
sition between the normal-core and A-phase-core vor-
tices. It was not immediately clear whether their ap-
parent disagreement with Ref. 8 was caused by their
more accurate input parameters (/3 parameters) (Ref. 15)
or by their less accurate solution of the GL equation.
This puzzle was resolved when a third vortex was
found.'® This double-core vortex has broken rotational
symmetry around the vortex axis. The low-pressure vor-
tex was identified as the double-core vortex and the
high-pressure vortex as the A-phase-core vortex. Short-
ly afterwards, Salomaa and Volovik!” confirmed the ex-
istence of the double-core vortex in the weak-coupling
region by their variational ansatz.!®

In this paper I will discuss the theory of isolated vor-
tices in *He-B as completely as possible within the GL
theory. This means describing the equilibrium properties
in the neighborhood of the superfluid transition tempera-
ture T.(p). I will describe the order parameters of the
vortices and calculate the energies. It will be demonstrat-
ed that many of the properties of the vortices can be un-
derstood in simple terms of bulk phases and their inter-
faces. It is argued that the present identification of the
vortices is unique. I will derive the parameters through
which the vortices affect the 0 texture, which is the long-
wavelength soft mode of *He-B. I will not go into the
determination of the 0 texture and the NMR signal in
specific geometries, but that can straightforwardly be done
using the standard texture theory!® and the parameters
given here. It is of interest to study the orientation of the
double-core vortex in the plane perpendicular to its axis.
It turns out that this is determined by the dipole interac-
tion up to fields as high as 50 mT. The shift of the transi-
tion line in magnetic field is calculated as a function of the
i vector and from the experimental transition line in the
p-T plane at 28.4 mT the shape of the line at zero field is
estimated. A comparison between theory and experiment
is given concerning susceptibility, magnetization, and
properties of the transition. A qualitative explanation is
given to the metastable state of the low-pressure vortex
observed at low temperatures.

In Sec. II the standard GL theory is reviewed with spe-
cial emphasis on the numerical values of the input param-
eters. The mathematical formulation of the vortex prob-
lem is derived in the following section. The different vor-
tex solutions are discussed in Secs. IV and V, and the nu-
merical method is explained in Sec. VI. Section VII deals
with the interaction of the vortices with the @i texture and
the magnetic field. Finally, a comparison with experi-
ments is made in Sec. VIII. This article tries to be
selfcontained. For the matters not covered here (such as
introduction to vortices in “*He or the theory of vortices in
the A phase, for example) I should refer to several review
articles. 2022

II. GINZBURG-LANDAU THEORY

Between superfluid *He and 3He, there is one crucial
difference relevant for this paper: In the Bose system
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(“He) there is no reliable microscopic theory or any theory
that goes beyond hydrodynamic theories. In contrast, in
'He there is the quasiclassical theory, which can perhaps
be considered as the most successful theory of
condensed-matter physics. The quasiclassical theory con-
tains the Landau Fermi-liquid theory and the Bardeen-
Cooper-Schrieffer (BCS) theory of superconductivity as
special cases. The quasiclassical theory is an exact expan-
sion in the small parameter T, /Ty~ 107> (the superfluid
transition temperature divided by the Fermi temperature).
Its results should be very accurate and they can be ob-
tained with reasonable amounts of computation. One
should be able to explain almost all measurements in
superfluid *He theoretically using this theory. A review
of the quasiclassical theory as it applies to *He is given in
Ref. 23.

Liquid crystals exhibit properties that are often com-
pared with superfluids. From the point of the discussion
above, they belong to the same category as *He because
they lack a reliable microscopic theory.

The mathematical complexity of the general quasiclas-
sical theory can be reduced by restricting the tempera-
ture to the neighborhood of the superfluid transition
temperature 7.. The general theory reduces to the
Ginzburg-Landau (GL) theory in this temperature range,
which is called the GL region. The GL theory is not
considered as a phenomenological theory here but rather
a special case of the quasiclassical theory. For the pur-
pose of identification of the two vortices, we know a
priori that the GL theory should give the answer (sup-
posing that the transition line goes into the GL region,
which the experiments seem to support). In *He there is
no justified GL theory and a transition of this kind
would be much more difficult to understand there.

The extent of the GL region depends on the property
one is interested in. The GL theory usually gives accurate
results down to temperatures =~0.57, in ordinary super-
conductors. In 3He-B the region of validity is reduced
mainly because there are several possible states which
have small energy differences. For example, the GL
theory can predict the points where the A-B and the
vortex-core-transition lines meet the superfluid-transition
line (Fig. 1) but it cannot say anything about the slopes of
the lines. For a given state, the GL theory should be
effective also below 7, but the validity region is probably
not as big as in superconductors because of the large
Fermi-liquid corrections. An example of this is the criti-
cal velocity shown in Fig. 4 of Ref. 24. It is well known
that the quasiclassical (and GL) theory is valid essentially
up to T, because the critical fluctuation region is vanish-
ingly small in *He.

For completeness, I will review the standard GL theory
below. Several input parameters appear in the theory and
the comparison with experiment depends strongly on their
values. Therefore, they are calculated from cutoff-
independent formulas only and the strong-coupling
corrections are included whenever they are known. The
numerical values of the parameters are listed in Table I at
three different pressures.

The main contributions to the free-energy functional
are the bulk energy3%3?
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Fy= [d’r{—aTr(4d A™)+B,|Tr(4 4T)|?
+Bo[Tr(4 AT*)P+B5Tr(4 AT
+BsTr(A A™A44™)
+BsTr(A4 AT 4*A"))

and the kinetic (or gradient) energy

Fo=K [ d*[(y—2)3;4,0;4%;

w9 Auil -

+0;A4,;0;4,;,+09,4 (2)
Here A is the order parameter which is a complex 3X3
matrix. The components of 4 are denoted by A4,;, where
u is the coordinate index in spin space and i in the orbital
space. The rectangular coordinates x, y, and z are used
for o and i throughout this paper. 47 denotes the tran-
spose matrix of 4, and 4* the complex conjugate of A.

The parameter a in (1) is equal to N(OX1—-T/T,)/3
because the strong-coupling corrections are negligible?’
[N(O)=m*kr/2m*#?]. For the B;’s the weak-coupling
(WC) quasiclassical theory gives

—2BYC=BYC =By =By =—BYC
7£(3) 1
= N(0) 3)
12072 (kpT,)?

which are inadequate to describe superfluid *He. Strong-
coupling corrections give a nontrivial pressure dependence
to the B parameters. There are various proposals for
modeling the pressure dependence; see Ref. 15 for a dis-
cussion. The numerical studies of this paper use the
Sauls-Serene values,?’ which are deduced from normal-
state data and from T,(p). These give the tricritical point
at the pressure of 28.5 bars which does not differ too
much from the true pressure (21 bars). The lowest pres-
sure where the parameters are listed in Ref. 27 is 12 bars
and the weak-coupling values are used at zero pressure in
this paper. The gradient energy coefficients are

&) fivg
K=—21"N(0) T, @)

and y =3 in the weak-coupling theory. These are used in
the numerical calculations at all pressures because the
strong-coupling corrections are estimated only at the melt-
ing pressure. 3

In addition to the terms (1) and (2), there are energy
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terms which in general are much smaller. The dipole en-
ergy, which couples the spin and orbital directions, is

Fp=gp [ d*[|Tr(4)|>+Tr(4 4*)—2Tr(A4 47*)] .
(5)

There are two magnetic field terms. The first term, which
is quadratic in H, is

Fp=g; [d*H-44™H, (6)
which defines the susceptibility X through F;
=—H-(X—X")-H/2, where X" is the susceptibility of
normal Fermi liquid. The second magnetic field term is
linear in H:

Fi :gé f dsr iekvaxAyiA:i ’
which defines a zero-field magnetization M through
F;=-—-M-H.

The dipole energy coefficient g, cannot reliably be cal-
culated from normal-state properties, but it can be deter-

mined from the measured longitudinal NMR frequency
vy near the transition temperature:

_l 3812+ Baas (hVL)2
=5 T1yF: 1-T/T.’

)

(8)
where repeated indices of B denote the sum of the corre-
sponding 3;’s. The weak-coupling expression for g is

_7E3) ’
4877

Yofi
(1+F{)kpT.

9

N(0)

8z

Finally, gz, which is proportional to the particle-hole
asymmetry, can be determined from the splitting of the
A, transition [A,; ~(X—i¥),(X+iy);, for example] at
high magnetic fields:

TAl - Tc
T.H

All the effects considered in this paper follow from en-
ergy terms (1), (2), and (5)-(7). In addition to X and M
defined above, some interesting observables are the su-
percurrent density

gz =1N(0) (10)

4m 3K

(11)
and the spin-current density

TABLE 1. Numerical values for the parameters of the GL theory at three different pressures. The parameters are calculated us-
ing formulas (3), (4), and (8)—(10) and the basic parameters N(0), T., and vy from Ref. 25, F§ from Ref. 26, B;/BY° from Ref. 27, v,

from Refs. 28 and 29, and T 4, — T, from Refs. 30 and 31.

’

a/(1-T/T,) Bs K 1:4)) 8z 8z
Pressure (10" ergs—! (107 ergs—3 (10% ergs™! (10%! ergs—! (10® G~ Zergs™! (10 G~'ergs™!
(bars) cm™3) cm™?) cm™!) cm™?) cm~3) cm—3)
34.36 3.95 6.68 4.04 5.63 1.19 6.37
18 2.96 6.51 6.18 3.30 1.15 3.59
0 1.67 21.6 419 3.25 2.33 1.27
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. 2
]Z‘f"z— # KuvKRe[ Y— 2) A;iajAvj

+ A0, 4,;,+A450;4,]. (12)

Let us briefly consider the GL theory of the bulk B
phase. Neglect first the small-energy terms (5)—(7). The
maximum condensation energy density

:3a2/(12/312+4/)’345) (13)

is achieved if the order parameter has the form

A=AR(f,0)e™ . (14)

Here A=[a/(68,,+2B345)]""* is the bulk gap.  is an ar-
bitrary phase angle, and R is an arbitrary rotation matrix,
which describes the relative rotation of the spin and the
orbit spaces. R is commonly parametrized by an axis of
rotation i and a rotation angle 6. The dipole energy (5)
removes part of this degeneracy by fixing the angle at
Bp=arccos(— 1)~ 104° but leaves fi arbitrary. Finally, the
magnetic energy (6) combined with (5) gives an orientation
energy for 1 as well:

F=—gp; [ d*r@-H)?, (15)
where
5 8p8z
. (16)
80z =7 Bsas

The linear magnetic term (7) vanishes in the bulk.

For future reference it is useful to list the order parame-
ters and energies of two other bulk phases as well. The
bulk A-phase has the order parameter

A=A ,d (u1+zuz), (17)

where A, —a/4/3,45 and d U,, and U, are arbltrary unit
vectors except ;- uz——O The vectors d and 7 are defined
by d= AAd and T=1,x1,, and the condensation energy
is

ch:a2/4ﬁz45 . (18)

The planar phase is never stable in the bulk but it would
have the order parameter

O(1l—ww), (19)

where A;:a/(4[3’12+2
trary. Its energy is

fP=a’/(4B1;+2Bss) - (20)

A=A,R(

Biss) and 7, 0, and W are arbi-

III. FORMULATION OF THE VORTEX PROBLEM

The vortex is defined as a line defect of the superfluid
around which the phase J of the bulk B-phase order pa-
rameter (14) changes by 27. This implies that far from
the vortex line there is a circulating superfluid velocity

f Vﬁ‘:—ﬁ—ﬁ . (21
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Here 7, ¢, and z are the cylindrical coordinates and the
vortex is along the z axis. The latter equality holds be-
cause an isolated vortex always has cylindrical symmetry
at large r if the small-energy terms (5)—(7) are neglected.
[This can be seen by substituting (14) into (1) and (2) and
minimizing the energy with respect to J(r)]. It follows
from Eq. (11) that there is an associated supercurrent den-
sity j, =p,V,, where the superfluid density is given by

2

KA?. (22)

The superfluid velocity (21) diverges at the vortex axis
which implies that the bulk form of the order parameter
(14) cannot be valid there. The determination of the vor-
tex core is the main purpose of this paper.

Throughout this paper I assume the normal-fluid com-
ponent to be at rest. Only in the comparison with experi-
ments will the effect of the solid-body rotation of the nor-
mal fluid be taken into account.

The gradient energy (2) opposes rapid spatial varia-
tions of the order parameter. The characteristic length
is different for different degrees of freedom in A depend-
ing how large is the driving energy for the spatial varia-
tions. For driving energies on the order of the whole
superfluid condensation energy (1), the characteristic
length is the GL (temperature-dependent) coherence
length

ET)=(K /a)*=£0)/(1-T/T)"*.

This is the shortest length in the theory and it determines
the size of the vortex core, £(0)= 14 nm. (All the numeri-
cal values are easily obtained from Table I and are in this
paragraph given at 18 bars pressure.) For the dipole ener-
gy (5) the characteristic length is £, =(K /gp)!/? =14 um.
If the rotation angle deviates from 104°, it reverts to this
value in a length =§&p. Often there is no force present to
drive this deviation, so that 6=6, everywhere. Finally,
the combined field and dipole energy (15) gives a third
length

Epy=(KA*/gp, H))'?=(8 cm)G(1—-T/T,)*/H ,

which is the healing length for the fi texture. [The quan-
tity (%5)'/2H§DZ is often called R-Hg.] For all reason-
able fields, £p, and &, are much longer than £(T) (except
a very thin region near 7, which is not considered here).
It follows that 6 and 0 are essentially constants across the

vortex. This suggests for the order parameter the repre-
sentation
A(r)=AR#,0)A(r) , (23)

where A and R are constants (independent of r). To
study the core structure of the vortex it is enough to solve
for the reduced order parameter A and to take into ac-
count the energy terms (1) and (2) only. The matrix R in
(23) is chosen such that the asymptotic form of the re-
duced order parameter is diagonal:

lim A(r,¢,z)=1e’?, (24)

r— oo
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where 1 is the unit matrix. Once the solution for 4 is ob-
tained, the true order parameter A is given by (23).
Afterwards, one pays attention to the small-energy terms
(5)—=(7) calculating their contributions as a function of
(and 6).

Equation (24) above can be considered as a definition of
a quantized vortex in *He-B. One note should be made:
sometimes an additional integer number m appears in the
exponent, thus defining a multiple quantum vortex. Their
flow energy outside the core is m? times that of a single-
quantum vortex. Therefore it is extremely improbable
that they occur in nature, even more so because they are

This is a nonlinear elliptic partial-differential equation in
three variables for the complex 33 matrix 4. Equation
(25) has to be solved together with the boundary condition
(24). In (25) the B coefficients and the partial derivatives
appear in reduced units: JB;=8;/(3B1;+B3s) and
3, =&(T)9,.

It is useful to consider the symmetries of the problem,
i.e., to list the symmetry operations that leave the problem
unchanged. The continuous symmetries are (a) the
translational symmetry in the z direction and (b) the rota-
tional symmetry around z combined with phase multipli-
cation by the same angle. The latter is denoted by
exp(i®)C%, where ¢ is the rotation angle. The problem
has two basic reflection symmetries, which are (c)
reflection in the x-y plane (o?) and (d) reflection in the x-z
plane combined with time inversion and a phase change
by m(—To”). The time inversion simply reduces to com-
plex conjugation in the present case. Finally, (e) all the
other symmetry operations can be constructed as com-
binations of (a)—(d).

One can give more precise definitions of the symmetry
operations. For example, the symmetry operation (b)
transforms the order parameter field 4 into a field that is
denoted by exp(i)C%4, the value of which at position r
is equal to

eR(Z,9)A[R ~'(Z,9r]R ~'(2,9) . (26)

Note that the rotation has to be combined with a phase
change in this combination; neither alone is a symmetry
of the problem because they violate the boundary condi-
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likely not even locally stable. If at very high rotation
speeds (Q > 10° rad/s) the vortex lattice changes qualita-
tively, it is more probable that there is a transition to
“spin-current vortices.” >

The problem to be solved is the following: minimize
the energies (1) and (2) requiring the boundary condition
(24). One could apply numerical methods directly to
this problem. This paper takes the alternative approach
of first constructing a differential equation. This is
achieved by the standard method of making a variation
to the order parameter and requiring stationarity of the
functional. The resulting GL differential equations can
be written as

i =0 . (25)
T
tion (24). Another example:
(«Tayi)(r)z—gvj*(§;lr)§y’1 , (27)
where S, is a diagonal matrix with elements 1, —1, and

1.

In general, either all the symmetries of a problem are
satisfied by the solution or, alternatively, one or more
symmetries are broken in the solution. Also, one can
often simplify the original problem by exploiting the
symmetries which are known not to be broken. In the
present problem [(24) and (25)], however, one must be
very careful in assuming any symmetries because only
one solution with maximum symmetry has been found’
and it is not enough to explain the observed transition.
The problem would be essentially simpler if the axial
translational symmetry (a) or the axial rotational symme-
try (b) of the solution could be guaranteed. There is a
decisive difference between these two: the former is a
pure translational symmetry but the latter is combined
with a phase winding, i.e., there is a supercurrent in the
direction of the symmetry. There are many cases where
the translational symmetry in the direction of the
current is broken—the mere existence of vortices is a
demonstration of this—but there is no known case of
breaking the pure translational symmetry in any
superfluid problem. Therefore, in the following analysis
the solution is assumed to be constant in the z direction,
but no further assumptions are made. This assumption
is further discussed at the end of Sec. V.

The translational symmetry of the solution in the z
direction simplifies the GL equation into the form

(28a)
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This is now a partial-differential equation in two variables
x and y. The boundary condition for the 3X3 complex
matrix A now reads

lim A(r,¢)=1e" .

r—

(28b)

The symmetries of the problem are (b)-(e) mentioned
above, as the symmetry (a) is taken unbreakable.

IV. THE VORTEX SOLUTIONS

In the preceding section the physical problem of study-
ing vortices was put in a concise mathematical form (28).
In this section three solutions of Eq. (28) are described.
Based on the symmetries of the problem, one can divide
all the possible solutions into classes according to their
symmetries in the same way as one can classify all the
Bravais lattices, for example.!® The vortex problem (28)
is relatively simple because it only has point symmetries
and the possible symmetry groups of the solutions can be
read directly from Ref. 36. They are C,, S,,, C.us Co»
D,,D,,,and D,; (n=1,2,..., «©; S,, and D, are not
defined at » = ). The classification of Ref. 9 is a special
case of this having n = .

There are only two physical (local minima of the free
energy) vortex solutions: the A-phase-core vortex and the
double-core vortex. However, it is instructive to study
first the normal-core vortex. This vortex has the max-
imum symmetry (symmetry group D ;) and it is the vor-
tex that mostly resembles the vortices in “He and in su-
perconductors. As shown in Fig. 2(a) all the elements of
the order-parameter vanish at the vortex center as re-
quired by the symmetries. For example, the rotational
symmetry of the solution implies that the order-parameter
field exp(i)C%A given by (26) is identical to A for all 9.
In the vortex center this constraint reduces 4 to the form

0 0 a,
A4(0,00=|0 0 ia,]|, (29)

a; ia; O

where a; and a, are complex numbers. The symmetry
—To”? [Eq. (27)] reduces a; and a, to be real. Finally,
the symmetry o requires a; and a, to vanish. On the x
axis the symmetries constrain the order parameter of the
normal-core vortex to the form

b, ib, O
A(x,0)= |iby; by, 0|, (30)
0 0 bs

where the b;’s are real functions of x [displayed in Fig.
2(a)]. This defines the order parameter everywhere be-
cause of the rotational symmetry. Far from the core, A4 is
determined by the flow field (21) and it can be calculated
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FIG. 2. The order parameter of (a) the normal-core vortex
and (b) the A-phase-core vortex in the weak coupling. A is
shown in rectangular coordinates on the x axis. This defines 4
everywhere because of the rotational symmetry [exp(i3)C3].
The imaginary parts of A4,, and A4, are small but nonzero.
Noteworthy features in (b) are the slow decay of ReAd,, and
Red,, towards the bulk and the A-phase core by Red,, and
ImA The rotational symmetry requires Azy_tA,x and
A vz —zAXZ at the vortex center.

analytically:’

1+C1 iC3 0
A%x,0=| ic; 1+c; 0 [+0(x77),
0 0 1+C1
c1=[(y+2)B1,—11/(2B34s)[E(T) /x]* , 31a)
a
cr=[(y +2)B1,—v1/(2Bs)[E(T ) /x)*,

=(y —D/(6B)[E(T)/x] .

Note that the deviations from the unit matrix decay as
r ~2 and their amplitude is fixed by the circulating flow.
The A-phase-core vortex breaks the o symmetry, leav-
ing the symmetry group C_,. This allows an order pa-
rameter of the form (29) with a, and a, finite and real in
the vortex core. The parameter a, is the amplitude of the
A phase (17) in the vortex core and calculations show that
it is always larger than a,. The A phase in the center al-
ways has the [/ vector in the direction of +z and the d
vector in the direction +R(i,0)Z. Broken o° symmetry
implies broken parity: the A-phase-core vortex is either
right-handed or left-handed depending on the direction of
d. The complete order parameter is shown in Fig. 2(b).
An important feature of the A-phase-core vortex is that
it does not obey the asymptotic form (31a): the real com-
ponents A,, and A, decay slowly, as » ~!. This can be
understood as follows:'? the superfluid condensation en-
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ergy of the B phase is independent of the rotation of the
spin space with respect to the orbital space. Therefore, a
position-dependent spin rotation costs only gradient ener-
gy and it can heal slowly. The asymptotic structure of
the A-phase-core vortex has, in addition to (31a), terms
describing a spin rotation around the azimuthal direction

¢é:

00 —1
Ax,00=4 2x,0)+c, |0 0 0 5(xﬂ
1 0 0
-3y 0 0 o I
+cs| 0O 0 O x) (31b)
0 0 —1

The analysis of the asymptotic leaves the real rotation am-
plitude ¢, arbitrary and it can be determined only by solv-
ing A for the whole vortex.

In the double-core vortex the continuous rotational
symmetry around the vortex axis is broken. The only
symmetries left are (choosing the coordinate axes ap-
propriately) the reflection symmetry in the x-z plane
(—To”), the reflection in the y-z plane (T'¢”), and their
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. Re A,, Re A,,
Re 3"
" Re Z\”
)
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S ImA,,
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]
T
o
Re l—\"
! double-core vortex
L L | . ,
o 5 x/€ (T) 0
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FIG. 3. The order parameter of the double-core vortex (a) on
the x axis and (b) on the y axis in weak coupling. In (a) the
imaginary parts of A4,,, A4,., and 4,, are small but nonzero. In
(b) the real parts of A,, and A4,, and the imaginary part of 4,,
are small but nonzero. In intermediate directions all the 18 de-
grees of freedom are nonzero. On the x axis the order parameter
has a smooth spin rotation but on the y axis there is an abrupt
change from the center to the bulk B phase at y =~ +3&(T).
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product, which is a discrete rotational symmetry around
the vortex axis by 180° (—C?%) (symmetry group C,,).
Requiring only the discrete rotational symmetry relaxes
the form (29) to

0 0 a,
A0,00= |0 0 ia, (32)
a; ia; O

in the center of the vortex. The reflection symmetries
constrain the a;’s to be real numbers. The dominant of
these are a; = —a,~=1, which form a planar phase (19).
This planar phase has a 90° spin rotation around y, and
the vector W is in the y direction. The presentation of
the complete order parameter is complicated because of
the lack of the cylindrical symmetry. Figure 3 displays
the order parameter on the symmetry axes x and y.
There are nine nonzero components in these directions
but in other directions all the 18 real degrees of freedom
are nonzero. Reference 37 displays one of the com-
ponents in the x-y plane. The asymptotic form of the or-
der parameter is similar to the A-phase-core vortex on
the symmetry axes but the rotation amplitudes are
different in different directions [Eq. (31b) is valid on the
x axis and is slightly modified on the y axis], the rotation
on the x axis around y being much larger than on the y
axis around x.

In the double-core vortex on the x axis the Cooper
pairs having momenta in the x and z direction experience
only a slow spin rotation by 180° as x goes from — « to
+ oo. This is illustrated in Fig. 4. The Cooper pairs hav-
ing momenta in the y direction are like those in the
normal-core vortex, i.e., their pairing amplitude (approxi-
mately) vanishes at the center of the vortex. On the y axis
things are quite different: the bulk B phase (4~ +il) is
out of phase from the planar phase in the center and there

is a clear interface between them at y = £3&(7T). It is in-
structive to study the quantity
T4 A™), (33)

which could loosely be called the superfluid density. It is
displayed in Fig. 5. It has minima at the two points on

x=-®, y=0

x=0, y=0 x=+©, y=0
(z)

- -(x) o
(x) 3 4 _(y)

. —(x)

. gt d d \/ \/dv
d -(x)

? J d 3

: )
ERANG
i z
e .
L.
X

FIG. 4. The qualitative behavior of the order parameter (vec-
tors d¥= AR, d¥’=A4y, and d?=4%2) on a path from
(x,y)=(+ »,0) to (— «,0) that passes between the cores in the
double-core vortex. On a path passing both cores on the same
side, these vectors preserve their directions but have a phase fac-
tor exp(i¢), where ¢ is the azimuthal angle. All the paths end
up with the same order parameter at x = — «; that is, exp(im)
times the order parameter at x = + oo, in accordance with (28b).
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FIG. 5. The “‘superfluid density” (33) for the double-core vor-
tex in weak coupling. The corresponding plot for the A4-phase-
core vortex is a series of concentric circles and it is evaluated in
Ref. 38.

the y axis, which can be called the cores of the vortex.
The 3t9rapping potential of ions is proportional to this quan-
tity.

The double-core character is also displayed in Fig. 6,
which shows the supercurrent (11) around the vortex.
Unlike the others, the double-core vortex has a nonvan-
ishing axial supercurrent (although there is no phase gra-
dient in the z direction). By symmetry, the current has
opposite directions in different quadrants of the plane
(Fig. 7) and the integrated current is zero. (Were it not, it
would imply an instability towards creating a phase gra-
dient in the z direction.) The vortex core also has a com-
plicated pattern of spin currents (12).

V. ENERGIES

It is practical to express the energies (and other physical
quantities of the vortices) relative to the bulk B phase and
per unit length. Far from the vortex axis the superflow
(21) gives an energy density p,v2/2. Because it diverges
logarithmically when integrated over the vortex, we
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FIG. 6. The supercurrent around the vortex on the x and the
y axes in units 20 m3KA?/# (weak coupling). The inset sketches
some flow lines which display the double-core nature of the vor-
tex. In the A-phase-core vortex the flow has cylindrical symme-
try and it is shown by the dashed line in the figure.
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FIG. 7. The axial supercurrent in the double-core vortex
(weak coupling). The current vanishes on the x and the y axes,
its maximum value is 0.006 in units 20m;K A?/#, and its direc-
tion (+z) is denoted by signs. The axial supercurrent is zero in
the A-phase-core vortex.

separate it from all the other contributions to the energy
and write

R
E(T)

4y +2)
3

F =fBX(T) |F+ In . (34)

Here f2 is the condensation energy density of the bulk B
phase (13). The second term in (34) can be called the
asymptotic energy and it is cut off at some large radius
R >>&(T). This term is the same for all vortices. The en-
ergy differences between vortices are contained in F and it
is shown in Fig. 8 as a function of pressure.

0.5F

-

normal -core vortex

F A-phase-core vortex

double -core vortex

-1.0 3
2 |z
S | =
B phase « 8
o] 1 1 1
(¢] 10 20 30

pressure (bar)

FIG. 8. The vortex energies F, Eq. (34), as a function of pres-
sure. The energy is expressed in units of fZ£*(T), which has
simple interpretation as the area in square £(7)’s of the bulk con-
densation energy.
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The energy of the normal-core vortex is higher than of
the other two at all pressures. The double-core vortex is
the absolute energy minimum at low pressures and the
A-phase-core vortex at high pressures. These latter two
remain locally stable in the superheated B phase up to the
melting pressure. The normal-core vortex is not locally
stable at any pressures but is a saddle point of energy.”!!
According to my numerical studies, the A-phase-core vor-
tex is also unstable in the weak-coupling limit and be-
comes locally stable only at elevated pressures; I was un-
able to get convergence to the A-phase-core vortex unless
I constrained the solution to have the rotational symme-
try. This is contrary to the result of Salomaa and Volo-
vik!'7 and the reason for this is not known. Presumably it
cannot be due to their basic ansatz because it should be
exact in studying the local stability of the A-phase-core
vortex.

One can qualitatively understand the energies as fol-
lows, see Fig. 9. The normal-core vortex has the highest
energy because it does not have superfluid condensation in
the core. The existence of the core superfluidity is favored
if more condensation energy is gained in the vortex center
than lost in the increased gradient energy in the interface
between the center phase and the B phase. The double-
core vortex has especially low energy at low pressures be-
cause the planar phase transforms smoothly to the bulk B
phase near the x axis and interface energy is lost only
near the y axis. The A-phase-core vortex loses interface
energy in all directions but it becomes favored at high
pressures because the A phase has lower energy there
than the planar phase.

The increased condensation energy of the A relative to
the B phase extends the core of the A-phase-core vortex at
high pressures but the increasing interface area (and ener-
gy) keeps it bounded. Considering the energies of the two
bulk phases and their interface, it is simple to see that the
A-phase-core vortex remains stable in the superheated B
phase for some finite range of pressures and numerical
calculations show that this range extends over the whole
A phase region. Thus the vortices do not act as a nu-
cleation center for the A4 phase if thermal fluctuations are
neglected, contrary to Ref. 9.

Y B PHASE Y
N\ S
; A PHASE § P;:fs“ER
%/// § X X
O N
MmN N e
INTERFACES

A-PHASE-CORE
VORTEX

DOUBLE-CORE
VORTEX

FIG. 9. The bulk and center phases and their interfaces in the
physical vortices. The cores of the double-core vortex are
bounded together by the planar phase because it has lower con-
densation energy than the bulk B phase.
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The energy of an interface between two phases in gen-
eral depends on the orientations of the phases.*’ In both
physical vortices, the slowly decaying spin rotation of the
B phase outside the core (31b) is a consequence of the B
phase trying to orient itself in order to minimize the inter-
face energy. This also qualitatively explains the absence
of the vortices having symmetries o? or —T0%0* (1 or w
vortices and their nonaxisymmetric generalizations ac-
cording to Ref. 9). These vortices also could have an A
or a planar phase in the center but they do not allow the
minimal interface energy.

The energy diagram (Fig. 8) identifies the vortex ob-
served at the high-pressure-high-temperature corner of
the phase diagram (Fig. 1) as the A-phase-core vortex and
the vortex observed elsewhere as the double-core vortex.
The theory gives the transition at approximately 3 bars
below the tricritical pressure. It is noteworthy that the
theory has no adjustable parameters and only normal-
state data in addition to T.(p) are needed in the calcula-
tion. The transition is first order because both vortices
preserve their identity on both sides of the transition. The
symmetries alone could have allowed a second-order tran-
sition between the vortices because all the symmetries of
the double-core vortex are present in the A-phase-core
vortex as well. Thus it was an incorrect suggestion that
one could rule out some vortex candidates on the basis of
their symmetries.

It is noteworthy that the simple weak-coupling S8
coefficients produce the more complicated, double-core
vortex and the simpler A-phase-core vortex can be ob-
tained only if strong-coupling corrections to 3,’s are taken
into account. It would require some numerical effort to
map the stability regions of the different vortices in the
general five-dimensional 3; space, but the simple qualita-
tive argument above indicates that the A-phase-core vor-
tex is most probably found in places where the condensa-
tion energy of the A4 phase (18) is highest relative to that
of the planar phase (20).

The present numerical method solves the problem of
Eq. (28) exactly by iteration. It is unlikely that there are
other physical solutions than those described above: vari-
ous initial guesses for the iteration were tried, including
several having no symmetries at all, but no solutions
breaking the symmetries of the double-core vortex were
found. An indication that the search has been complete
enough (at least in some subspace of solutions) is that the
same fourth vortex solution was found independently by
Salomaa and Thuneberg (unpublished). This solution
(having discrete rotation symmetry by 90%: iCZ ,07%) is
completely unphysical because it is a saddle point of the
energy (which is slightly lower than that of the normal-
core vortex) and the iteration converges to it only if spe-
cial symmetry constraints are imposed on the solution.
The only doubt on the present identification of the vor-
tices is raised by the possible breaking of the translational
symmetry along the vortex axis. Such a possibility was
argued against in Sec. III, but let us consider it further:
It is, in principle, possible to break the continuous sym-
metry into a discrete one; but, however, the continuous
symmetry most likely remains but combined with another
symmetry. The only such possibility is a helical deforma-
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tion of the double-core vortex, which was suggested by
Salomaa and Volovik!’ to explain the observed metastable
state at low temperatures (see Sec. VIII). The double-core
vortex could either have instability against small helicity
or large helicity. The former possibility was recently
studied numerically by Schopohl,! who found the
double-core vortex stable. Also, the experimental metas-
tability can be understood without invoking helical vor-
tices as will be discussed in Secs. VII and VIII. There-
fore, there is no evidence in favor of helical vortices.

VI. THE NUMERICAL METHOD

The problem (28) was solved numerically. The x and y
variables were discretized with equal steps Ax to a square
lattice (x,,y,,). The derivatives were expressed by the
simplest difference formulas*’ and in the computer pro-
gram the order parameter was treated as a three-
dimensional complex matrix exactly in the same form as
in (28a). Starting from an initial guess 4 ©(x,,y,,), the
order parameter was iterated to convergence. There are
two ways to derive the iteration formula used. The first

approach is the Newton method in function space:**

A‘"*“:E_‘”’—[Q'(_A:(m)]_lg(g (n)) , (35)

where G(A) represents the (discretized) left-hand side of
(28a), i.e., (28a) is equivalent to G(A4)=0, and G' is the
derivative of G. It is standard to neglect the off-diagonal
part of G’ in x-py space. In the present work, (35) was fur-
ther simplified by assuming G'= — 1c 1 where ¢ is some
real parameter. Written more explicitly,

A"y, =4 " (x,,p )+ G (X, A ™) . (36)

The parameter ¢ was chosen “‘experimentally” to get the
fastest convergence. A second way to understand (36) is
to note that it is the time discretization of what is com-
monly known as the time-dependent GL equation:

A m) SF(A)

a———=l 37)
ot 84 T*(x,,0m)

Here F is the free-energy functional (1) and (2) and the
correspondence with (36) is obtained by noting

OF
8;1' T %
n+l)_t(n)

G~— (38)

and ¢ ~1t! . The free energy F was discretized in
x and y so that Eq. (38) remains valid.** It is simple to
prove that in (37) the energy is a nonincreasing quantity.
This implies that (36) can only proceed towards lower en-
ergy if ¢ is sufficiently small (and positive).

The boundary condition (28b) was implemented in
three different ways: (a) fixing the value of 4 according
to (31a), (b) fixing the normal derivative of 4 to zero, and
(c) fixing the value of 4 as in (31a) but multipiled by an
arbitrary rotation matrix. The last method allowed the
smallest computational cutoff radius R, (x2+y2 <R2).
The solution was independent of the boundary condition
used if R, was sufficiently large.

The advantage of (36) is that it is very simple to pro-
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gram. The rectangular coordinates also produce no
artificial singularities. The computing times depend on
the parameters used (lattice spacing, cutoff radius, type of
vortex, reflection symmetries exploited, and needed degree
of convergence) and there is, of course, no upper limit to
the time used. Surprisingly, all the qualitative and also
most quantitative results of this paper can be obtained us-
ing lattice constant Ax as large as &£(7), and the fastest
convergence is obtained with ¢ =0.1. For R, =~ 10&(T) the
computing time is a couple of minutes on a fast computer.
To increase the accuracy, one has to increase R, and de-
crease Ax. Halving the lattice spacing (optimal ¢ ~0.02)
increased the computing time considerably. This mainly
changed the absolute energy and only slightly affected the
order parameter, the susceptibility, the magnetization
(which changed by a few percent) and the relative energies
of the vortices (which shifted the transition pressure by 2
bars).

VII. MAGNETIC PROPERTIES

The previous analysis was based exclusively on the en-
ergy terms (1) and (2). In this section we study the
smaller-energy terms (5)—(7), which also provide the
means of studying the vortices experimentally.

Let us consider the dipole energy (5) first. The true or-
der parameter A can be obtained from the numerically
computed A by multiplying by the spin-rotation matrix
R, Eq. (23). This makes the dipole energy a function of
the rotation parameters 6 and fi. The bulk liquid fixes the
rotation angle at 6,=104° and dilute vortices cannot
change that much. In contrast, i is not oriented by the
bulk in the absence of magnetic field and so it is deter-
mined by the vortices (and the boundaries of the con-
tainer). We are interested only in the anisotropy of the di-
pole energy, not in the absolute value because it is vanish-
ingly small compared to the bulk condensation energy.

One deduces from the asymptotic form (31) that the
dipole-energy anisotropy is logarithmically divergent and
has to be represented in the form

Fp(f)=gpA%EXT) |ap(D)+bp(fi)ln (39)

_R_
&n |’
where the coefficients ap and b, depend on the vortex

and the cutoff radius R appears in the second term only.
For the normal-core vortex

bp(R=2)—bp(Alz)= T ¥ =1 (40)
2/3345

For the physical vortices the coefficients ap and b, are
listed in Table II in the symmetry directions. One needs
to display Fj in two octants of the full i sphere in order
to represent it completely for the double-core vortex, but
to a good approximation

Fp(R)=FpXn}+Fp§n}+Fp(Zn?, (41)

because this is exact in the asymptotic region and the larg-
est contribution comes from there.

The lowest dipole energy for the normal-core vortex is
achieved with 0 in the x-y plane, for the A-phase-core
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TABLE II. The dipole-energy coefficients of (39) for the
physical vortices at zero pressure. The arbitrariness of the zero-
point energy is used to put some coefficients to zero. The
coefficient by is the dominant one for reasonable cutoffs. The
numbers are approximate.

A-phase-core Double-core

vortex vortex
ALz Ai=2 =%  f=§ @A=2
ap —85 5 —4 —290 0
bp 65 0 -20 320 0

vortex with N=7Z, and for the double-core vortex with
fi=X. This seemingly complicated behavior has a simple
physical explanation in terms of the asymptotic form
(31). If the order parameter A is almost diagonal as in
(31a), the dipole energy (5) is minimized with @i pointing
in the direction where the superfluidity is at the weakest.
The azimuthal current preferentially depairs the order-
parameter component parallel to the current which ex-
plains the minimum-energy direction nlZ in the normal-
core vortex. The same mechanism is present in the
physical vortices as well but it is dominated by another
effect: If the long-range spin-rotation contained in A,
(31b), and the explicit rotation R(f,8,) are around the
same direction, the total rotation angle can greatly devi-
ate from the optimum 6, giving increased dipole energy.
This explains the large dipole energies of nlZ in the A-
phase-core vortex and fi=Yy in the double-core vortex.

Out of the magnetic field terms, let us consider the
susceptibility (6) first. In the bulk it gives a reduction
—2g7A%1 to the susceptibility of the normal Fermi
liquid and it is convenient to express the susceptibilities
relative to this bulk B-phase value: 8X=X—XZ. The
asymptotic form (31) gives a logarithmically divergent
contribution and the susceptibility of the vortex has to
be written as

R
&)

Y =OX°re 4 (122" )g, A2X 1) XL =1y
B - 3345

(42)

Here X'=RX, ¥'=RY, and Z'=R7Z are a convenient set
of basis vectors in the spin space which make X diago-
nal. The latter term in (42) is independent of the type of
the vortex. The susceptibilities are shown in Fig. 10 as a
function of pressure.

It is simple to understand a couple of features in Fig.
10 physically. Most of the difference between the upper
and the lower curves comes from the second term in (42)
that is cut off at R =10%(7). The high-susceptibility an-
isotropy of the A-phase-core vertex is explained by the
core A phase: the susceptibility is strongly reduced in the
direction of d vector (d==+%’) and increased in other
directions. The susceptibility of the double-core vortex is
greatest in the y’ direction because the superfluidity is
weakest in the corresponding orbital direction y.

The zero-field magnetic moment is defined by (7). The
nonunitariness of the asymptotic form (31) gives rise to a
magnetic moment density
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The integrated magnetic moments are shown in Fig. 11
as a function of pressure. All the vortices have magnetic
moments only in the —Z' direction. This is just oppo-
site to the asymptotic form and thus the dominant mag-
netization comes from the vortex-core region. The phys-
ical vortices show magnetic moment densities in the oth-
er directions that are generally several times larger than
in the Z' direction but they always cancel in the in-
tegrated moment.

Table II and Figs. 10 and 11 summarize the interac-
tion of the vortices and the 0 texture. The equilibrium
texture in specific experimental configurations can be de-
duced from them using the texture theory.'>** The ex-
periments of Hakonen et al. are discussed in the next
section. This section will be concluded by applying
these results to two more general questions: the orienta-

SX [units of 4mg, A% £3(T))
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FIG. 10. The components of the susceptibility tensor for the
double-core vortex (solid lines) and for the A4-phase-core vortex
(dashed lines) as a function of pressure. To simplify the com-
parison with Ref. 9, the full 8X in (42) is displayed with
R =10*(T) and in units of 47g;A%E(T). The numbers have a
simple interpretation being the (direction-dependent) effective
area/2m [units of £2(7)] in which the bulk B phase is replaced
by the normal state in the vortex. To simplify the transforma-
tion to different R’s, the prefactor B 3! is plotted as a dashed-
dotted line. Most of the susceptibility anisotropy comes from
the logarithmic term in (42) (it equals 23.0 in weak coupling
and 29.7 at the melting pressure). The arrow denotes the posi-
tion of the transition obtained from Fig. 8.
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FIG. 11. The magnetic moments of the vortices as a function
of pressure in units gz A*£%(T). The moment points in the direc-
tion —RZ. The moment of the normal-core vortex is much
smaller (< 1) in these units. The arrow denotes the position of
the transition.

tion of the symmetry-breaking direction of the double-
core vortex and the shift of the vortex-core transition
line in magnetic field.

Without the energy terms (5)—(7), the energy of the
double-core vortex is completely degenerate in rotations
around Z. The dipole forces orient the vortex in zero field
so that fi will be in the x-z plane because 1 in the y direc-
tion costs a lot of dipole energy. A high magnetic field
orients the vortex such that H will be in the y’-z’ plane
because the susceptibility in the yp’ direction is slightly
higher than in the x’ direction. The characteristic field
H, between the low- and the high-field regions is estimat-
ed below. The characteristic field of the bulk B phase is
set by the ratio of the coefficients in (5) and (6):
H™*—(g, /g;)"/?~17 G (at 18 bars). However, this is
modified for vortices because (the anisotropies of) the in-
tegrals in (5) and (6) are largely different, the former being
logarithmically divergent. The most appropriate cutoff ra-
dius for the dipole energy (39) is the dipole length &jp.
Defining the characteristic field H, as the field where the
anisotropies of (5) and (6) (in the x-y plane) are equal, one
gets, from Table II and Fig. 10, H. =180 G at zero pres-
sure, 330 G at 18 bars, and 600 G at the melting pressure.
(The latter two are estimates because Table II is evaluated
at zero pressure only.) The characteristic fields are evalu-
ated at 7=0.97,. The temperature dependence comes
from &(T) in the logarithmic term (39), which tends to in-
crease H, at low temperatures. The linear magnetic term
(7) is too small to be effective in the orientation at any
field. Finally, a highly nonuniform external superflow at
the vortex (caused by other vortices in a vortex lattice, for
example) could orient the double-core vortex through its
anisotropic flow field (Fig. 6) but this effect is not impor-
tant at the present vortex densities (unit-cell radius
R =100 pum at 1 rad/s).

The vortex-core transition pressure is shifted in magnet-
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ic field because the energies of the vortices are shifted
differently due to their different susceptibilities. Estimat-
ing 8p, /8F ~22 bars/fEE*(T) from Fig. 8 and the suscep-
tibilities from Fig. 10, the shift (at constant T /T.) is ob-
tained as

8p, =(—0.7SH}% —0.5TH} +1.36H2)

1 bars
1-T/T, G?

x107° , (44)

where Table I has been used at 18 bars. For a fixed direc-
tion of the vortex and the field, the shift can either be to-
wards lower or higher pressures depending on the n vec-
tor [X'=R(1,0,)%, etc.].

VIII. COMPARISON WITH EXPERIMENTS

The different vortices have been observed in a cylindri-
cal cell rotating around its axis (z) characteristically at
Q=1 rad/s. This corresponds to an equilibrium vortex
density n,=2m;Q/n#% and gives R =1/(wn,)!"?~=100
pm for the cutoff radius. The vortices were observed be-
cause of their effect on fi and the angle between the mag-
netic field and i was deduced from the NMR frequency
shift in most experiments** (related techniques were also
used). The field was tilted 25° from Z and its magnitude
was 284 or 569 G, the former giving better resolution.
Near 7. the NMR signal is so small that it is not possible
to measure at temperatures higher than ~0.97,.. The
predictions of the GL theory are expected to be fairly ac-
curate at this temperature allowing quantitative compar-
ison between the theory and the experiment.

There is some ambiguity in the comparison of the
theory and the experiment because the theoretical results
are given as a function of the “Sauls-Serene pressure”
which differs from the true pressure. Below (and at the
end of the preceding section) the following values were
used in calculating the properties of the transition: f3 pa-
rameters at the theoretical (Sauls-Serene) transition pres-
sure and parameters of Table I at 18 bars (real) pressure.

In analyzing the experiments, the effect of the rotation
(©2||Z) on the 1 texture was described by two terms,

F,=2gp, MH-R-2), (45a)

Fy=3%gp,c(H-RZ), (45b)

and values for the (2-dependent) parameters A and « were
determined from the observed NMR shift. These are the
same energy terms as (6) and (7) and one can thus derive
theoretical expressions for A and «:

5n, .
A= (Xyrxcospz +Xpsingz —X,o10) (46a)
4gpz
5n,
K= — . (46b)
4gpz

The latter is quite obvious but there is a difficulty in the
former: (45a) describes the susceptibility difference be-
tween the z' direction and the x'-y’ plane but there is an
anisotropy within the x'-y’ plane as well for the double-
core vortex. Although the latter anisotropy is relatively
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small, it is important to take it into account in a precision
calculation of the relative jump of A in the transition. Ex-
pression (45a) can be preserved by introduction of the az-
imuthal angle ¢, in (46a) that specifies the direction in
the x’-y’ plane in which the susceptibility is effectively
measured in the experiment. In high fields ¢, =90° be-
cause the susceptibility is largest in the y direction. At
the experimental field, however, the orientation of the
double-core vortex is set by the dipole energy and the fol-
lowing approximate procedure may be followed to get ¢ .
The magnetic field direction H is tilted from Z by 25° and
the angle 3 between i and H can be read from the NMR
shift. Because X, — X, >> | Xyx—X, |, the vectors Z,
H, and R ~!(f,0,)H are approximately in the same plane.
The dipole energy orients the vortex so that 1 is in the x-z
plane. Finally, ¢, is given as the azimuthal angle of the
vector R “'H in the x-y plane. This is a straightforward
geometrical problem and for a typical S=15° one gets
¢z =16°% deviating considerably from the high-field re-
sult. ¢z =0 to a good approximation in (46a).

A second point of concern in the theoretical expression
for A (46a), is the logarithmically divergent susceptibility.
The simplest thing is to cut it off at the unit-cell radius R,
but there is a better prescription: the normal fluid is in
solid-body rotation in the experiment and the velocity
determining the asymptotic form (31a) is actually

#i
._V":
2m3

A

¢ 47)

1 r

PR

Vs

instead of (21). The susceptibility anisotropy is corre-
spondingly reduced and one gets (42), but the logarithm
replaced as

- (48)

The theoretical values of A are listed in Table III at
three different pressures. Their agreement with experi-
ment*”*® is good: At a fixed pressure one can reasonably
extrapolate from the data points at T=0.97, to the
theoretical value at T =T,. The same applies to the pa-
rameter k (also given in Table III), but the experimental
accuracy of « is much poorer and one can only say that
the agreement is much better than by an order of magni-
tude only.

TABLE III. Theoretical values for the experimentally acces-
sible parameters A and « at Q=1 rad/s and T=09T,. « is
linear in Q and independent of 7. The same applies to A, ex-
cept for an additional dependence coming from the logarithmic
term in (42). It is assumed that ¢, in (46a) is zero and the
correction (48) is made to (42). The unit of k is 1 G.

A-phase-core Double-core

Pressure vortex vortex
(bars) A Kk (G) A k (G)
34.36 0.15 0.99 0.098 0.64
18 0.30 1.94 0.24 1.31

0 1.66 4.29 1.28 2.75

A direct test of the vortex-core structure is the relative
jump of A at the vortex-core transition. Putting in the
numbers as explained above in this section, one gets

A -phase-core double-core
A —A

kdouble-core =0.31. (49)

This value is valid only at 7=0.9T. and at the rotation
speed of 1 rad/s. The dependence on the temperature
and the rotation speed comes from &£(7) and the cutoff ra-
dius R in the logarithmic term (42), the former of which
even gives rise to an unphysical divergence at T =T, but
apart from that, the ratio (49) is a constant in the GL
theory. (A previously reported estimate (20%) (Ref. 16)
for the ratio was obtained neglecting the fine corrections
made here [¢,, Eq. (48), and improved accuracy of Table
I].) The experimental value for the relative jump is
0.35+0.05, in agreement with the theory.

The relative jump of k can be directly read from Fig.
11, giving a 50% jump upwards in the transition from the
double-core vortex to the A-phase-core vortex. This jump
is in the opposite direction as it is at lower temperatures.
At present this prediction cannot reliably be verified due
to experimental inaccuracies.

The small differences between the theory and the exper-
iment come from inaccuracies associated with the follow-
ing (listed approximately in the order of decreasing impor-
tance): experiment (especially its extrapolation to T.),
cutoff radius and ¢, for A,B coefficients, coefficients of
Table I, numerical solution of (28), and quasiclassical
theory.

The dipole energy (5) was neglected in the analysis of
the experiments. Mostly this is justified because it would
give a 1% correction to the A parameter. The whole
effect of k, however, is on the order of the dipole energy, a
point that may deserve further study.

The shift of the transition line in magnetic field is cal-
culated in (44) as a function of n. This gives shifts that
should clearly be seen in the experiment if the direction
of fi could be chosen freely. However, essentially no
shift of the transition was seen. There is no contradic-
tion between the theory and the experiment because
R ~'H deviates from Z by an angle 45°-60° in all the ex-
perimental runs in the GL region and in those directions
the terms in (44) largely cancel each other. At low tem-
peratures (7T=0.87,) the angle is larger, indicating a
shift towards lower pressures, and at higher tempera-
tures it is the opposite. This means that, in principle,
the transition line at zero magnetic field should be above
the measured line (see Fig. 1) at low temperatures and
below at high temperatures, although the shift does not
exceed the experimental accuracy. This is of interest for
the other transition line seen in the hydrodynamic exper-
iment (dashed line in Fig. 1): The magnetic field
difference between the NMR and the hydrodynamic ex-
periment does not explain the difference in the transition
lines.

The magnetic field also introduces a hysteresis into the
transition. There are approximately 600 vortices in the
experimental cell and thermodynamically the transition
occurs when the configuration with one type of vortex
crosses in energy the configuration of the other type.
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These configurations have different fi vectors (because the
transition is observed as a change of f). It is reasonable
to expect the real transition to occur when it becomes en-
ergetically favorable for one vortex to change its type
without essentially changing fi, which is collectively deter-
mined by all vortices (if the field is not too high). The
hysteresis is explicitly given by (44) because it gives two
different shifts depending on either fi (below or above the
transition) to put in. It is not clear which of the hysteretic
states is realized in an experiment where the cell is spun
up at essentially constant temperature and pressure. This
may complicate the precision measurement of the transi-
tion line.

Although the GL theory cannot accurately evaluate the
latent heat of the vortex-core transition, it should give its
order of magnitude. Calculating the entropies from Fig.
8, one can estimate the latent heat at the low-temperature
part of the transition line to be =107° uJ/mol at 1 rad/s.
The latent heat was not studied in the NMR experiment,
but it was studied in the hydrodynamic experiment (see
Fig. 1). The reported latent heat,* however, is 6 orders of
magnitude larger than the theoretical and therefore can
only be attributed to a misinterpretation of the experiment
as discussed in Ref. 49.

A metastable vortex state with a higher-susceptibility
anisotropy than that of the equilibrium low-pressure vor-
tex was observed at low temperatures (beyond the GL re-
gion).? At first sight this fitted well to the picture that
the low-pressure vortex has broken rotational symmetry
and thus different susceptibility in the x’ and y’ direc-
tions, but there was a difficulty: the magnetic field tends
to orient the vortex so that in the equilibrium state the
greatest susceptibility is in the direction of the field, im-
plying that the equilibrium state has the highest suscep-
tibility anisotropy (XX, >>X,,+; see Fig. 10). This is
just the opposite of the observed behavior. Salomaa and
Volovik!? suggested as a solution that the equilibrium
structure of the low-pressure vortex is helical: In the
equilibrium the susceptibilities X, and X, would be
effectively averaged, whereas in the transition from the
A-phase-core vortex the field could possibly orient the
nonhelical metastable state. This marginally gives a
qualitative explanation to the observation, but what
could cause the helical deformation of the double-core
vortex (see the discussion at the end of Sec. V)? In fact,
there is a more natural explanation to the problem: At
the experimental field of 284 G, the double-core vortex is
oriented by the dipole interaction instead of the field, as
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shown in the preceding section. It is natural to identify
the metastable state as a randomly or magnetic-field-
oriented state and the equilibrium state as the dipole-
oriented one. Unfortunately the GL theory cannot be
used to calculate the NMR shifts at such low tempera-
tures but qualitatively it explains the observed behavior
well. The present theory predicts that the metastable-
state NMR shift disappears at high fields, where the
double-core vortex is oriented by the field.

IX. CONCLUSION

The GL theory of the vortex-core structure in
superfluid *He-B was presented. The theory (having as
input only normal-state data in addition to the superfluid
transition temperature and no adjustable parameters)
gives a transition between two vortices 3 bars below the
tricritical pressure, in good agreement with experiment.
All the measured properties of the vortices such as the
susceptibility anisotropy and the magnetization are well
accounted for by the present theory. Although the
vortex-core transition (observed by NMR) seems to be
conclusively identified, the source of the other transition
(observed in critical velocity in powder geometry, Fig. 1)
remains open. The determination of fi texture** and the
description of the vortex lattice are problems of the hy-
drodynamic theory (not GL theory) and are therefore
not considered here. Nonequilibrium properties were
not discussed because they cannot be calculated with the
GL theory. Schopohl has recently calculated the excita-
tion spectrum of quasiparticles in the physical vortices
using the quasiclassical theory.’® The full quasiclassical
calculation is also needed at low temperatures, where
work is in progress.’! The vortices in the 4 phase also
form a complicated problem that is not studied here, but
perhaps the present numerical method could be effective
there as well.

ACKNOWLEDGMENTS

I want to thank P. J. Hakonen, R. Keolian, J.
Kurkijarvi, N. Schopohl, J. T. Simola, and J. W. Wilkins
for useful discussions. This work was supported by the
Research Institute for Theoretical Physics at University of
Helsinki, by the Institut flir Festkorperforschung der
Kernforschungsanlage Jiilich, and by the National Science
Foundation through the Materials Science Center at Cor-
nell University.

IP. J. Hakonen, O. T. Ikkala, S. T. Islander, O. V. Lounasmaa,
and G. E. Volovik, J. Low Temp. Phys. 53, 423 (1983).

2p. J. Hakonen, M. Krusius, M. M. Salomaa, J. T. Simola, Yu.
M. Bunkov, V. P. Mineev, and G. E. Volovik, Phys. Rev.
Lett. 51, 1362 (1983).

3J. P. Pekola, J. T. Simola, P. J. Hakonen, M. Krusius, O. V.
Lounasmaa, K. K. Nummila, G. Mamniashvili, R. E.
Packard, and G. E. Volovik, Phys. Rev. Lett. 53, 584 (1984).

4M. Krusius, P. J. Hakonen, and J. T. Simola, Physica 126B, 22
(1984).

5J. P. Pekola and J. T. Simola, J. Low Temp. Phys. 58, 555

(1985).

SE. V. Thuneberg, Europhys. Lett. 3, 711 (1987).

7T. Ohmi, T. Tsuneto, and T. Fujita, Prog. Theor. Phys. 70,
647 (1983).

8M. M. Salomaa and G. E. Volovik, Phys. Rev. Lett. 51, 2040
(1983).

SM. M. Salomaa and G. E. Volovik, Phys. Rev. B 31, 203
(1985).

101, D. Landau and E. M. Lifshitz, Statistical Physics (Addison-
Wesley, Reading, MA, 1969).

1T, Passvogel, L. Tewordt, and N. Schopohl, J. Low Temp.



36 GINZBURG-LANDAU THEORY OF VORTICES IN SUPERFLUID *He-B 3597

Phys. 56, 383 (1984).

12y, Hasegawa, Prog. Theor. Phys. 73, 1258 (1985).

BBA. L. Fetter and S. Theodorakis, Phys. Rev. Lett. 52, 2007
(1984).

14A. L. Fetter, Phys. Rev. B 31, 7012 (1985).

15J. A. Sauls and J. W. Serene, Phys. Rev. B 32, 4782 (1985).

I6E, V. Thuneberg, Phys. Rev. Lett. 56, 359 (1986).

17M. M. Salomaa and G. E. Volovik, Phys. Rev. Lett. 56, 363
(1986).

18A. L. Fetter, Phys. Rev. Lett. 57, 2092 (1982).

19H. Smith, W. F. Brinkman, and S. Engelsberg, Phys. Rev. B
15, 199 (1977).

20A. L. Fetter, in Progress in Low Temperature Physics, edited
by D. F. Brewer (North-Holland, Amsterdam, 1986), Vol.
10.

21V, P. Mineev, M. M. Salomaa, and O. V. Lounasmaa, Nature
(London) 324, 333 (1986). The interpretation of the double-
core vortex given in Fig. 8 of this reference does not satisfy,
among other things, the symmetries of the vortex.

22A. L. Fetter, Can. J. Phys. (to be published).

23], W. Serene and D. Rainer, Phys. Rep. 101, 221 (1983).

24D. Vollhardt, K. Maki, and N. Schopohl, J. Low Temp.
Phys. 39, 79 (1980).

25D. S. Greywall, Phys. Rev. B 33, 7520 (1986).

26J. C. Wheatley, Rev. Mod. Phys. 47, 415 (1975).

27y. A. Sauls and J. W. Serene, Phys. Rev. B 24, 183 (1981).

28A. 1. Ahonen, M. Krusius, and M. A. Paalanen, J. Low
Temp. Phys. 25, 421 (1976).

29G. F. Spencer, P. W. Alexander, and G. G. Ihas, Physica
107B, 289 (1981).

30D. C. Sagan, P. G. N. deVegvar, E. Polturak, L. Friedman,
S.-S. Yan, E. L. Ziercher, and D. M. Lee, Phys. Rev. Lett.
53, 1939 (1984).

31U. E. Israelsson, B. C. Crooker, H. M. Bozler, and C. M.
Gould, Phys. Rev. Lett. 53, 1943 (1984).

32N. D. Mermin and G. Stare, Phys. Rev. Lett. 30, 1135 (1973).

33L. J. Buchholtz and A. L. Fetter, Phys. Rev. B 15, 5225
(1977).

34J. W. Serene and D. Rainer, Phys. Rev. B 17, 2901 (1978).

35The estimate for Q by M. M. Salomaa and G. E. Volovik,
Phys. Rev. Lett. 52, 2008 (1984), is too small by 3 orders of
magnitude at least.

36L. D. Landau and E. M. Lifshitz, Quantum Mechanics (Per-
gamon, London, 1958).

37E. V. Thuneberg, Phys. Rev. Lett. 57, 2093 (1986).

38V. P. Mineev and M. M. Salomaa, J. Phys. C 17, L181 (1984).

39D, Rainer and M. Vuorio, J. Phys. C 10, 3093 (1977).

40R. Kaul and H. Kleinert, J. Low Temp. Phys. 38, 539 (1980).

4IN. Schopohl (unpublished).

4ZM. Abramowitz and L. A. Stegun, Handbook of Mathematical
Functions (Dover, New York, 1970).

43S. L. Adler and T. Piran, Rev. Mod. Phys. 56, 1 (1984).

44E. B. Sonin, J. Low Temp. Phys. 55, 533 (1984).

45Yu. M. Bunkov, P. J. Hakonen and M. Krusius, in Quantum
Fluids and Solids— 1983 (Sanibel Island, Fla.), AIP Conf.
Proc. No. 103, edited by E. D. Adams and G. G. Ihas (AIP,
New York, 1983), p. 194.

46¢, =arccos{cos(B)/[1—5sin*(B)/8]' /%] /sin(u+v/2), where
v=arccos[1—5sin*3)/4] and B is the angle between fi and
H and p the angle between Z and H.

47p. J. Hakonen, M. Krusius, G. Mamniashvili, and J. T. Simo-
la, in Proceedings of the 17th International Conference on
Low Temperature Physics (LT-17), edited by U. Eckern, A.
Schmid, W. Weber, and H. Wiihl (North-Holland, Amster-
dam, 1984), p. 1366.

48P J. Hakonen (private communication).

49E. V. Thuneberg, Phys. Rev. B 33, 5124 (1986).

0N. Schopohl (unpublished).

5IN. Schopohl and E. V. Thuneberg (unpublished).



